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1. Introduction
In 1971 I published a paper [1], suggesting a nem theory of
operational calculus, 1lore general than existing ones. That nem theory

included the theory of the Lap lace-Carson transformation

(0.0]
(1.1) g<p> * p fefXJ f<u>du
0

mhich is an unessential but sore convenient wmodification of the Laplace
transformat ion

00]
(1.2) tictsy = Jt"lu> du ,

0

and also, iIn the sense of an isomorphism (see Theorem 28 in [1]}, the theory
of flikusinski [2], [3]-

It enabled - like the theory of flikusinski - the introduction of all
functions f<t> integrable in the Lebesgue sense on every finite interval
O< t£T but, moreover, the use of all methods and theorems from the theory
of the Lap lace-Carson transformation (or the Laplace transformat ion) in a
smaller class of functions transformable in the Laplace sense, mhich mas not
possible in the theory of flikusinski.

In this paper |1 propose a generalization of my previous theory, mhich
enlarges the class of feasible functions, enables obtaining some unexpected
nem theorems and simplifies proofs of some old ones. floreover, some other
theories of generalized functions may be embedded in this latest theory. The
main advantages of my previous theory, namely

12 the class of feasible functions f<t} is larger than the class of
functions transformable in the Laplace sense,

22 the class of feasible functions g<p> is larger than the corresponding
class of flikusinski®s operators,

32 there exists the possibility of calculating mith functions of tmo
variables Fptt> and thus introducing ne« techniques for solving differential
equat ions,

42 complicated signs of transforms are vreplaced by the sign of
equivalence 2,



are also the aaln advantages of the nev theory! «hich, aoreover, as a sore
general one, gives the possibility of introducing aore new techniques.

The principal idea is the saae as in ay previous theory. Ue divide a
ring of Tfeasible functionskF<p,t> into residue classes of equivalent
functions in such a «ay that

12 the functions
t
F<p,t> and p f Fp,u>du
O

are equivalent,

22 a continuous function f(t> is equivalent to zero iff it equals
zero identically.

The first condition 1is an extension of the aell-knoan fact that

*

{fcts } and p {/ fCuldu }
0

are equal in Operational Calculus , there {faA aeans the Laplace-Carson
transform of the function f(t> or the corresponding operator in the theory of
Hikusinski, in both cases p being the operator of differentiation. The
second condition 3 necessary to enable a pass froa a solution given in the
fora of an equivalence to a solution giuen as an equality.
It folloas that, for every feasible function F(p,t> , the function
t
(1.3) ZCp,t> = F(p,t> - p/ F(p,u)du
0

Bust be equivalent to zero. But ae have (1.3) iff

(1.4) F(p,t> * Z<p,t> * mP( X Z<p,t>,

aere X denotes the convolution defined by the foraula
I

(1.5 Ff<p, X FCp,t> = P / Fftp, t-u> F¢(pfu> du
O

It folloas froa (1.3) and (1.4) that



(1.6) eP* X Zip,t> * p / F(p,u>du
@)

Let us notice that for F<p,t> * mP* (1.3) gives Z(p,t> = f . This
means that *P( cannot be afeasible function. On the other hand, «e kno«
from operational calculus that functions of the for« e*P , «here Kk 1is an
arbitrary real number, must be Tfeasible. This observation glues us an
important indication hom to construct the set of feasible functions. It shoms
also hom little freedom me have «hen defining such a set and ho« it is
difficult to find a ne« definition enlarging this set.

It folloas from (1.3) and (1.4) that euery function Z(p,t>, for
mhich function (1.6) is feasible, must be equivalent to zero, fly previous
theory satisfied this condition. But the optimal definition ought to be the
folloming one

m A function 7<p, t> is equivalent to zero j ff function (1.6) is
feasible ",

because this mould give the smallest set of such functions and, in
consequence, the largest set of residue classes. The theory presented in this
paper uses the above optimal definition. This has also been the reason mhy 1
have been seeking after a better, that Is, a more natural theory.

IfT «e «ant to find a function g<p> equivalentto a given Tfunction
6<p,t> then the function

Z(pvt) = g<p> - m)!t)

must be equivalent to zero and (1.4) becomes equivalent to

I
a.n e~p* FCp,t* = g(p> - e-pt6(p,t> - p fe**16Cpu>du
@)

If «¢ defined the set of feasible functions as the set of functions F(p,t)
satisfying the condition

lim e-P*Fp,t) = O for sufficiently great p,
£*00

and if G(p,t> mere such a function, satisfying, moreover, the condition that
the integral
0

/ ™~PO6(p,u> du
O



converges for sufficiently great p , then ae would obtain fro« (1.7)

00
(1.8) g<p> = pJI*~PU6<p,u>du , for large p
o]
In particular, for 6(p,t> * f(t." , «e «ould obtain (1.1) . This «ay «e
have discovered the Laplace-Carson transfor«ation once «ore. Ue have also

sho«n that this transforaation «ay be extended to functions of t«o variables
O(p,t) , because (1.8) Is a general lzat ion of (1.1)

In this paper «e shall deal wml1lh a «uch larger set of feasible

functions, preserving the possibility of the Laplace-Carson transfor«atlon for
a suitable subset of such functions.

If an expression ff(p,t> defines a function F(p,t> then «e shall «rite
F(p, t> ff<p, t>

The sign < «ill denote the end of a definition, of a proof, of a reaark or
an exaaple.



Il. The Ring $

2.1) Definition. The class S Is the set of all functions, peal or
coaplex, of a real or coaplex variable p and a real variable t , such that
for every F<p,t>*S there exists Guch™a real non-negative" nuaber that
for every natural nuaber n tpO the function m<t) :=F(n,t> is defined for
alaost every (to and integrable in the Lebesgue sense on every finite
interval ostsr . -

The above definition enables us to siaplify the presentation, as folloas:

2.2) hotatlon. Ue shall arlte, for F, G&S,

(2.3) FQp.t> - 6(p, t>

iff there exists a real non-negative nuaber pa such that for every natural
nuaber n tpQ the functions fn<t) :=F(n,t) and gn(t) := G(n,t) are identical

for tto . It folloas that any equality of the fora
2-4) f(t) * git>
aill aean identity of the functions  f(t> and g(t> for tto. In

part icular,
(2.5 f<t> * o

aill aean that the function f(t) equals zero for all t iO . Therefore the
fact that a function f(t> vanishes for soae t >0 only, aust be aritten in
another aay. -



For exaaple, »e shall «rite

sin rpp * O

because ie have sin nr - O for n= , although for p * n »e have
sin tp * O

(2.6) Hotat ion. Ue shall «rite

2.7 FCp, t> *  6<p, t>

iff (2.3) is not true, that is, iff for every real non-negative nuaber pQ
there exists a natural nuaber n tpO such that the functions fn<t> F<n, t>
and gn(t> := 0<n,t) are not identical for t to . It follows that

(2.8) f(t> *  g<t)

«ill aean that the functions f(t> and g(t> are not identical for t to
In particular,

(2.9) ft> * o

iill Bean that the function f<t> does not vanish Identically for (to

(but, aay be, vanishes for soae t to). The fact that a function f(t> does
not vanish for any t to aust be aritten in another aay. -
(2.10) Hotgtlon. Ue shall arlte
ii.e.
(2.11) FCp, t> - OCp,t.'

iff there exists a real non-negative nuaber pO such that for every natural
nuaber n tpO0 the functions fn<t> F<n,t> and gn<t> OCn, t> are equal for
alaost every t1tO. -

(2.12) Hotot ion. Ue shall arite

(2.13) F(p,t> -» f(t> or lin F(p,t> = f(t)
p+00 prOO



iff F (p,t)*s, f<t)*S and, for every tto,

(2.H) fn<t> -

ehere fn<t> F<n,t> for sufficiently great w .
Similarly, ae shall arite

a4 a.c.

(2.15) Fpt> -» f<t> or lia Ftp,t> - f(t>
p_>00 p_>00

iff F(p, ef£, and for alaost every (to ae have (2.M).

Ue shall also arite

(2.16) F<p,(> =* f(t> or Lia F@p,= * f((>

p_m p_>oo
iff F(p,t> eS , f(t> g S and fn((> :* F(n,(> converges to f((>
uniforaly in every finite interval OS (ST . «
(2.17) Definition. The classC is the set of all functions f((> ,
real or coaplex, of a real variable t , continuous in every finite interval
ostsr. .

(2.18) Def Init ion. The conuolution of functions Fj<p,(\ P(pt) e S
is the function

(

(2.19) FfCp, (> X FzCp,(> = p / Ff<p,(~u>F ~u ) du . «
@)

(2.20) Theorea. If Ff<p, (>, F*p,(>«S then F<p,>xP,t>e S

Proof. Let pj be a real non-negative nuaber such that for every
natural ntpj the function Fj<n,(> , jm,2 , is defined for alaost every
t to and integrable in the Lebesgue sense on every finite interval OS ( Sr.
Then for every natural nuaber n t wxf.(pitp2> the function Ff(n,(>zF™n,(> is

defined for alaost every t to and integrable in the Lebesgue sense on every
finite interval ostsr. This aeans that  Ftfp, ttiF&'p,t.'e5 . .



(2.21) Theore». If Ftfp, t>, P, t>*S  then HCp, t>X Fp, t>*S

Proof. In the previous notation, for every natural number n txtaxCpf,pfd
the functions FfCn,t> and R2(n/t> are defined for altost every t to and

integrable in the Lebesgue sense on every finite interval OS t<T. Then,
by virtue of the Convolution Theore* (see [1], Uol.l1l, p.110) , for every
natural number n i *ax.<ppp2> the integral

n J FfCn, tru> Fj<n,u> du

O
exists for alaost every (tto and 1is integrable in the Lebesgue sense on
every finite interval ostsr. This leans that FCp, t>YF&p,t>eS . .
(2.22) Theorei. The convolution (2.19) is associative, coaautatlve and

distributive lith respect to addition.

Proof. Let FCp,t>, GOp, t>, HOp,t> « S . Then ie have
t t-u /A=
(FCp,t> X G(p, t>) X HOp, t) » p? f f FCp, t-u-v>GCp,v> HCp,u> du *
O O
it ( m
s F?1 JFCp,t-m)GCpm-u) HCpu>dmdu = p / FCp, t-m) p / GCp,m-u> HCp,u> du dm
O u @] @)

* FCp, t> X (GCp,t) X HOp, t>)

This aeans that the convolution (2.19) is associative. Ue have further
t t

FCp, t> X GCp, t> - p JFCp, t-u> GCp,u>du - p 7/ GCp, t~v> FCp,v>dv - GOp, t> XFCp, t.\
0 b

This Beans that the convolution (2.19) is coBButative. Finally, «e have



t
F<p,t) X (G<p, t> +H(p,t>) = p fF(p, t-u> (GCp,u>+H<p,u>)du =
0]
t t
» p fFp,tu>Gpu>du + p fFp, ta)Hpu>du m
O O

F(p,t>Y£(p,t> + FCp, t> XH<p,i>

mhich aeons that the convolution (2.19) is distributive with respect to

addition. .

(2.23) Theorea. The class S foras a coaautatiue ring aith respect

to addition and the convolution (2.19).

Proof. The theorea folloas froa Theoreas (2.20),(2.-21) and (2.22). a

(2.24) Beaark. If Fp,> * fit> and F(p,t) eT , ae «rite siaply
F(p,t> * g<p> and F<p,t>*S, ae arite siaply

MS*S. Sia Marly, if
g(p>*S . °
(2.25) Theorel. If f<t) 1is a function defined for alaost every t (O
and integrable in the Lebesgue sense on every finite interval OStST
then f<t>*S . In particular, if f<t>*C then f<t>*S , ahich aeans
that CcS.

Proof. The theorea folloas iaaedlately froa Definition (2.1). a

(2.26) Theorea. The class C foras a ring aith respect to addition and

the aultiplijcation defined as folloas
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t
fCtse j=<(> t/p f(t> X g(t> - _f f(t-u> g(u> du .

6

Proof. The theorem follows fro« the «el i-known fact that f<t\ $<t>*C

imply fit)xg<fdeC and f<t>Qg<i> e C (see, Tor example, [2], [3]
or [41) . -
(2.27) Theorem. The ring C has no zero divisors, that is, if
f(t\ g(t>~C and i/p f(t> X g<t> = o then either f<t>= o or
g(t>= 0.

Proof. The proof is to be found in [5], p-16-20, or in [3]. -
(2.28) Theorem. If g(n> is a sequence defined for all natural numbers

n >pc to then gp>eS ,

Proof. The theorem follows immediately from Definition (2.1).

(2.29) Theorem. If gCp*eS and F<p,t>eS then g(p>F<p,t> &S.

Proof. The theorem follovs immediately from Definition (2.1). -
(2.30) Theorem. If F(p,t)e.S and f(t> i3 a measurable function
bounded on every finite interval o< t<T then f(t>F(p,t> e S.

Proof. The theorem folloa3 from Definition (2.1)
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(2.31) Theorea. Ue have

t t
FCp,t) e S iff / F(p,u)due S iff p/ F(p,u>dueS.
@) @)
Proof. If F<p,t>*S then for every natural nuaber n tpQto the
funct ion
t
/ F(n,u> du
@)
iIs defined for every t to and, being continuous inevery finite interval
OS tS T, iIs integrable in the Lebesgue sense on that interval, ahich aeans
that
t
(2.32) f F(p,u>du e S
Conversely, if ae have (2.32) then for every natural nuaber n ip0O i O
the integral
T
J F(n,u>du
@]
I3 defined for every TtO, ahich aeans that F(n,t> is defined for alaost
every t to and integrable in the Lebesgue sense on every Tfinite interval
0StST, that is, F<p, Thus ae have F<p,t>*S iff
t
f F<p,u>du ¢ S
@)
Since, according to Definition (2.1),
f (
f F(p,u*du e i iff p/ Fp,uJdu eS ,
b b
the proof is complete. -
(2.33) Theorem. If for every natural nuaber ntpQto functions
F(n,t> and 6<n, t> are continuous 1in every TfTinite interval ostsr ,

ah ich iap lies Fp,t>, Gp,t> « S , and if

G<pt> = g(t> ,

(2.34) Ftp, I> ft>
p+00

p_*oo
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then fit.', git." e S and

(2.35) t/p Fip, t." X Gp,t.'  =>  i/p fit." X git.’
/MOO

Proof. It follows from (2.34) that the functions fit} and gi't.' are
continuous In every finite interval OS (ST and, therefore, integrable in
the Lebesgue sense on that interval. Recording to Theorem (2.25), ae have

f<t\ git.'e 9.
Froa (2.34) we obtain for o <t <T

IF(n, t> - fCtA < £ and \O<n, t> ~ g(tA < rj(in) ,

«here
€n> - o] and r(n> 0]
[1°° /75°°

Consequently, «e have

I i/n F(n,t."Xe<n, t> - f/n f<t>Xg(t> \

t t
- I /7 <n tu>Gnu>du - 7/ f<ta>g(u>du | I.
@] 0]
t
i / \F<n, t-u> 6(n,u> - f<t-u.>g<u>\ du
@]
t
- f \F(n, t-u) G(n,u) - f(t-u> G(n,u)+ f(t-u) G(n,u) - f(t-u)g(u>\ du i
@]
t t
1 f\F(n, t-u) - f<t-u>11G(n,uA du + / 1fCt-uA\Gn,u>- giuA du 1
@) @]
T T
1 f Sh*(oe¢ TInN') du + / F TO1n'du
@] @]

TO €<n> + TP r}n> + T €n> T)(n> -* 0

ehere IfCtA < F, <o Tfor os (ST. This aeans (2.35). .

(2.36) Theorem. If F<p,t>*iS> fit.'eC, fit.'* O, then
a.«.

(2.3?) fit.'" XFip,t> = o Iff Fp,t.' * o
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Proof. If fft>X F(p,t> - 0 then also 1/p? X f<t> X F(p,t> - o ,

that i3,
t

f/p fct> X / Fp,u>du - O
6

By virtue of Theore« (2.27), there exists such a real
natural nip0 «e have

t

f FChu>du — O
(0]

It follows that Hp, & - 0O

tr.e.
Conversely, If Fp,t& & 0 then

fit> X F(p,t> = p / f(t-u) F(p,U) du

This completes the proof. -

pO0 >0

that for every
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1. The Ring F

(3.1 Def inition. fl function F(p,t> till be called feasible iff

IS F<p,t> e S,

22 there exist real numbers ab , o <a< f, bto and a function
c<t>e.C, c<t>*0, such that

(3.2 e-<at (c<t>X FCp, t>) =? o . -
p>00

(3.3) Theorea. fl function F<p,t> is feasible iff

12 FCpt> g S ,

22 there exist real numbers ab , o0 <a< r, b to and a function
cftseC, cCtt* o, such that
t
(3.9 ¢-(@t+bJdp / c<t-u> F(p,u> du = 0]
0 p-*°°
Proof. IT a function FCp,i> is feasible then, by Definition (3.1), ee

have F(p,t>*S and (3.2). It follois that

i/p e~(at (cftd XF<p, t>) => o)
p-*00
mhich 1is equivalent to (3.4).
Conversely, if «e have F(p,t>*S and (3.4) then for any q> b we have
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t
e-(at+g)p p f c(t-u> F(p,u> du =3 o
@] JOvo
that 1is,
s-(at +gq)p (c<t>YJIr<p,t>) = O

pyoo

and, by Definition (3.1), the function F(p,t> is feasible.

(3.5) Thcorca. For any functions F~(p,t> , el and any real
numbers a,p,y,S me huve

(3.6) #<EU Ffp, t> X +&¥ FJp,t) =
eW +/?'.'P f Ff(p, X FAp,t.)
sceu +/? wE> (FfCp, t> x t.)
and
G.7) e<ut+2p)p (f Ap,t> X R2<p,t>)
e«Xt Fftp, t> X e<at+fi*> F2<p,(d
Proof. Ue have
e(at Ff<p,t> X eCrt FAP, i>
|
p/ *fi)P FfCp, tu> e(Y*4&¥ FjCp,u> du
@)
(
eW +P+ pfe<*-7><Fftp, ttu>F*p,u>du
0

e(yt +/?2+S,p ( ex~r>pt Fftp, t.t x PCpt>)
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Ue prove the second part of the forwula (3.6) in the same «ay. The forwula
(3.7) follows from (3.6) «hen »e put cc-y and - -

(3-8 Theoree. If «e replace the numbers & b in a true formula (3.2)
or (3.4) by any numbers r >a, s >b , where r </, then we obtain a true
formula.

Proof. Introducing u:=r-a>0 and Vv :=s-b we obtain fro» (3.2)

j-frt+s# = *r(ut+i'& e~<dn Jtb-'P (cat YSCp, (,*) => 0
p_+00
The proof for (3.4) is analogous. -
(3.9 Theoree. If for any function f(t>eC, * o, we replace the
function cft.> in a true formula (3.2) or (3.4) by /p then we

obtain a true fornula.

Proof. If (3.2) is true then, by (3.6) and Theorem (2.26), also

(-(at tb.pd/p c(t>x f<t>x F(ptt>) s

= 1p f<t) X +b*P(c<t> X F(p, t>) = 0

The formula (3.4) is equivalent to

r/p CCtI>xfo,t>) = 0
p+oo

and the proof 1is analogous. -

(3.10) Definition. The set F is the set of all feasible functions, .
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(3.11) Theorem. The set F forms a commutative ring, that 3, a
subring of the ring S.

Proof. It Ffi'lp, t>, FtfPft)* F  then,according to Definition (3.1)
and Theorem (2.23), Ff(p, t>, FNip, tt,  Ffip, (MFfip, (A, Fl<p, t> XF*p, « S
and there exist real numbers ap b2 0-°1 < Oe*2< ¥ DbliO
b2t 0 and functions Cf<t>, , cf<t), eji'td * 0 , such that
(3.12) e-tejt+dj.p (cj<t>XFj<PfO ) = 0 for j =12.
P+ao

By Theorems (3.8) and (3.9), me have for a .«nwxii?/ ,a$>, b :=*Qx<bfb2>,

t
e-<at *b.)p ( f cfCtru) @<u>du X Fj(p,t> ) = 0] for j = 1,2
0 p~00
and hence
t
e-<at*6.p (fcfit-u) ciu>du X (Ffip,t) IF&p, t>)) = O
@] pAee

It follows that the functions Ff(p,t> "F*"p~O and Ff<p, tt - Fgtp, t> are
feasible.
Ue have furthermore, in view of (3.12), Theorem (2.31) and the formula

GB.7N,

t

e-(@t+2b.p ( f Ci<t-u> cNiuS du X (Ffip, t>XFjip, t>)) =
O

1/p *~<at +2b'P (cf<t> Xc2<t> XFfip, t> XFjfp, t>)

- 1/p(*-<** +b& (cfit.' XFf<p, t>) X c(jt +b*> (cfCt> XFXp, t>)) = 0

It follows that the function Ff<p, t> XFMP, is feasible.
This completes the proof. -

(3.13) Theorem. Ue have fit."eF iff f(t>«S , that is, iff Kbt
is defined for alwost all tto and integrable 1in the Lebesgue sense on
every Tfinite interval OStST.
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Proof, If f<t>+F then, by definition, . Conversely, If
f<t>«S then for a*o , any b>0 and <c(t> :=f ee have
t t
s-(at +b.p f f(U>du = P f f(u> du = 0.
o 0 p->°°
By Theorea (3.3), t'(t>*F. -

(3.14) Theorea.Ue have g(p.>eF iIff there exists a real non-negative
nuaber k such that

(3.15) e~*Pg<p> > o
p->0
Proof. If g<p>*F then, by Theorea(3.3), thereexist real nuabers
ab, O<a<f bto and a function <c(t)*C, c(tt* O, such that
t

(3.16) e~<Qf c(t-u> g(p) du = O,

0 e
that 1is,

t
(3.17) m(at +b)p gCp,i f clu>du = O
O p><>

Let tO be a realnuaber such that the integral 1In (3.17) is not zero for
t=tQ . Then for k :=atO+b ee obtain (3.15).
Conversely, if »e have (3.15) then for any function c(t>*C, o,

and a=o0, b=k »e have(3.17), that is (3.16), and byvirtue of Theoreas
(3.3) and (2.28), gCpteF. -

(3.18) Theorea. For any real r «e have (TeF .
Proof. The theorea folloas froa Theorea (3.14), because for any Kk >o0
e have
e-*Ppr -> o . .

p_*oo
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(3.19) Theorea. For any real r *e have ¢V e F .

Proof. The theore« Tfollow fro* Theorea (3.M), because for any
k>M tie have

¢kpjy> = ¢-Ckerp » q - -
P+OO
(3.20) Theorea. If FCp, t> *S then for any function fCt> « C ,
t'(t>mo0 , »e have
(3.21) fCt>X FCp,t) e F iff FCp,t> e F
|
Proof.If F(p, ts e F then, by Theorems (3.13) and (3.11),
fCtIX FCp,t>eF . Conversely, if fCt)X FCp,t> e/ then, by Definition
(3.1), there exist real nuabers ab , o0 <a< /, b to and a function

cCt)*C, cCto , such that

¢,-Cat +b.p t) X r'Ctd XFCp, t>) = O

P=¥0
Hence
1/p e~iat *bIP (cCtS X f(t> XFCp, t>) = e~iat +b)P (i/p cCt> X f(t> XFCp, t>) =
t
S-Cat +b>p ( J fCu.!' At X FCp, tS ) = o ,
O p~>00
mhich «eans that FCpit>e F . -

(3.22) Theorea. Ue have, for any functions gCp), FCp,t) e S,

gCpSXF<p,t> e F iff gCp) FCp,t>e F

Proof. By virtue of Theorems (2.23) and (2.29), ve have
gCp)X FCp,t>*S and gCp) FCp,t>e S . Sinee
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oCp>X FCp,t) = /X gCp)FCpt> ,
our assertion follows fro* Theorea (3.20). -
(3.23) Theorea. For any real r ae haue
Fop, t> 6 Fiff fT Kpts e F
Proof. By Theorems (3.18) and (3.11), if FCp,t> *zF then

fTx FKOp,t) e F and, in vie« of Theorea (3.22), fT FCp,t> e F .

Conversely, If ff FCpt> « F then, by virtue of the first part of
our theorea, FCpit> * p™*' //*FCp,it> e F . .

(3.24) Theorea. Ue haue
t

(3.25) FCpt> g F iff p/ FCpu>du e F
6
Proof. In vie« of Theorea (2.31), our theorea follois froa the fact
that
t

p f FCp,u>du = f X FCp, ,

O
according to Theorea (3.20) . -

(3.26) Theorea. Ue have
t

(3.27) FCp,t) e F iff JFCpu>du e F
0]

Proof. In vie» of Theorea (2.31), our theorea folloas froa Theoreas
(3.24) and (3.23). -
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IU. Distributions and congruent functions

(4.1) Definition. The class Z is the set of all functions ZCp,t>"S
satisfying the condition

4.2 eP* X ZCp,U e F . -

“4.3) Theorea. Z i1s a subset of F .
Proof. For any ZCp,t>*Z define the function

(4.4 FCp,t> = Z({p,t> + *P* X ZCp;t>

Since

FCp,t> - /X FCp,t> * ZCp,t>+ *P*X Zfa, > “ /X Zfc,~ -

- fX eP( X ZCp; i,> *

- Zcp, *>+ @P* X Z<E, - /X ZCp,t) -
- CePt - t)X ZCp,t) = ZCp, t) ,
me haue
(4.5 ZCp, V = FCp,ts - 1X FCp, )

It follow fro* (4.4) and (4.5) that

(4.6) *pxX ZCp,t> = fXFCp.,e F
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By virtue of Theorea (3.20), ae have F(p,t> e f and, 1in viei of (1.5,

Z(p,t>*F . This completes the proof. -
a.n Theorea. The class /  foras an ideal of the ring F
Proof. First, ae shall shoe that Z forts a group aithrespect to

add ition. Let o, &, 2?7(p, > e Z . Thus

*px X Zfip, & e F and ePfx Zp,t> e F
Hence

(ZfCp, b+, ) * ePtX Zikp,tb + eP(XZ™p, b e F}
mhich aeans that /<, tJ *Zip, e 1" Ffloreover, it folloos froa (1.2)

that Z(p,t>*Z iff -Z(p,t>*Z . Thus Z foras agroup aith respect to
add it ion.

Hot, it is sufficient to shoe that if Z(p,t> *Z then, forevery
F<p,t>*Ft ae have Z(p,t>X <Kp, & e Z . Indeed, (1.2) iaplies

ePtX Zp, X Fp, e F

ahich aeans that Z(p,t>X p,> e Z . -
(1.8) Def init 1on. The distribution ring *) or, siaply, the ring B
is the residue class ring F/Z into ahich the ideal Z divides the ring
F . .
(1.9 Def init ion. fl distribution is any residue class belonging to
the ring B . -

Here, the aord "distribution” has not the aeaning used iIn the

theory of distributior-
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(4.10) Definition. Each function FCp,t>*F belonging to a distribution
ft i3 to be called a representative of this distribution and is Britten in
the for»

8 = { FCpt>} . -

(4.11) Def inition. Any functions  FfCp,t>, R2<pit> e f are said to be

congruent iff they are representat ives of the sate distribution and in such
a case «e «rite

(4.12) FfCp,t> s FCp,t> . -

It follows that (4.12) holds iff FfCp,t> - F"p, t> e 2 . The
congruence FCp,t> a o aeans that FCp.,t>*Z

4.13) Theores. The relation (4.12) 1Is a congruence «odulo Z and,
herefore, it has the fol losing properties

4.14) FCp,t> = FCp, t) ,
4.15) if FfCp,t> mF~Cp,t> then PCpft>s FfCp,t> ,
4.16) if F*p,t> =Fjp,t> and HCp, t>= F&p, t> then FCpt>= Fjp, > ,
n n
4.17) if FjCp,t> s 6jCp, t> forj*t, ...,n then X FjCp.t>= £ §Cp, t>,
/-t J-1
4.18) if FjCp,t> s 6jCp,t> for j*f,...,n then

FfCp, t>X ... X Fnpt> =  GICp, .. X enpt)
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(4.19) if FjCp,t>a 8j(p,t> and HjCp,t>*F for j=t,...,n then
n n

X ("j<P,t>X FiCp,t>) & X ( Hj<P,t> X SjCp, t>)
j-t i-f

Proof. fill the above properties are eell-knoin properties o

any
residue class ring. -
(4.20) Theorea. For every FCp,t>*F le have
t
(4.21) FCp,t> s p / F(p,u>du
@)
Proof. In vie» of Theore« (3.24), it is sufficient to prove that
t
ZCp,t> - F(p,U - p/ FCpU>du - F(p,ts - tXFCp,t> e Z
o]
Ue have, according to Definition (4.1),
*P(X ZCp,t> = aPtXFCp (> - eP*X 1 X FCp,t> =
= eP*X FCp,(S - (mP*- 1)X FCp,t> =
- f XFCp,t> e F
This completes the proof. -
(4.22)Thcorci. R function ZCp,t>*S belongs to ideal Z iff there
exists a function FCp,t;e F such that
t
(4.23) ZCp,t> = FCp,tt - f XFCp,t) = FCpt) - p / FCp,u>du
Proof. By Theorea (4.3), if ZCpt>e Z then the function (4.4)

satisfies (4.5). Conversely, by Theore« (4.20), the function (4.23) belongs

to Z . .
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Theore« (4.22) sho»s that Z is the smallest subset of
the congruence (4.21) for every function F<pit>g F

(4.24) Theore«. If gp>+F and F(p,t.”*zF  then
(4.25) g(p>x F(p,t> m g<p.F(p,t>
Proof. By virtue of Theore« (3.22) g(p> F(p,t> *F

Theore« (4.20)
t

g<p~"XF<p,t» - p f gtp> Ftp,u>du = gtp> FCp, t>
O
ehich «as to be proved. -
(4.26) Theore«. If Fftp,t> = FjCp,t) and gtp)*F then
(4.2?) gtp>F1p,I> a gtp>Fjtp,t>

F

ensuring

and by

Proof. According to (4.19), «e have gtptx Fftp,t> s gtp.>x Fj(p,t> =

Hence, by Theore» (4.24), «e obtain (4.27) . -

(4.28) Theore«. Ue have F(p,> = o iff
t

(4.29) pf Ftpu>du 5 O
0]
Proof. The theore* follows fro« (4.21) . -

(4.30) Theore«. Ue have FCp,t> 3 o iff
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t
(4.31) k; Ffpu>du — O

Proof. By Theore»s (4.26) and (3.18), suitiplying (4.29) on both sides

by 1/ , «e obtain (4.31) and, Multiplying (4.31) on both sides by p
me obtain (4.29) . -

(4.32) Thcore». For euery function f(t>g F we have
(4.33) fas =o0
iff
a.e.
(4.34) f(t> =0
Proof. It is sufficient to prove the theorea only in the case »hen

and condition (4.34) »ay be replaced by

(4.35) ft> -0 ,

because, having it, »e have by Theorea (4.30), for any function U'<t>*F,

( ( a.e.
f<t> = iff  / fu>du = O iff / N\u>du * O iff  f(t> - O
o] o]

Horeover, it is sufficient to prove that (4.33) iaplles (4.35), because
It is evident that (4.35) iiplies

eP(x f<t> - o e F ,
»hich 1is equivalent to(4.33). Thus i1t issufficient to prove that
(4.36) *P(X f(t>e F

iaplles (4.35). Let us suppose that
(4.37) ft> *o
Then, by virtueof Theorea(3.20), »e have (4.36) iff

eP* g F ,
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that 1is, there exist real numbers ab , Ofa<f, biO and a function
c<t>*C, cCtd* 0, such that, according to Theore« (3.3),
t
(4.38) e-(at +bjp f cct-a) e pudu O
0 iMee

This i«plies

t t.Gtu-at-b

Li« fm c<t-u> du
p>00 O
trat-b 0
- Lic f @P* cCt-at-b-vt < + Li« f €©P<c(t-at-b-i,"."du = O.
p+o0 0 p->°° -at-b
No«, let t b/<l1-a) . Since c(t>~C , the function c(t-*t-b-v> is
bounded in the interval -at-b <v £O0 for every b/(l-a> <t ST . Therefore
0]

Lic f eP* cCt-at-b-i0O dle = O

p-*°° -at-b
Thus, »e obtain for every t >b/(f-v>

t-at-b

Mb J LP* c(t-at-b-i.<>di* * O ,

p™o O
that is, for every t>0,

t
lixk J*PVc(t-v) = 0
p>00 O

By virtue of the Theore« on Bounded Ho«ents (see [3], p-395,

or [5], p-18), «e

obtain c<t-v) * 0 for every Vv fro« the interval O <v <t ; that is, c\v>
equals zero for every Vv fro« that interval. Since T nay be arbitrarily
great, «e obtain c(t>* O, «hich contradicts the assumption. Therefore (4.37)
Is not possible and «e obtain (4.35). This completes the proof. -
(4.39) Theore«. The congruence

ff(t> s fiCt*
holds iff

a. &.
fftt) *  fjCt)



28

Proofm Ue obtain this iMediately, »hen »e replace the function

in Theone» (4.32) by  ffCO- ; -
(4.40)Theoree. For any fCtreC , TCO# o, »e have
(4.4D) fCGX Kp, > s O iff FCp, & = O

Proof. By definition, rceY. FCp,t> s o leans that
Lp*xrce>x Fp, te F

By Theore» (3.20), this is equivalent to

tf X FCp, eF ,
»hich »eans that FCp,t> mo . -
(4.42) Theore«. If FCp,t\ 6p,t> e F satisfy the congruence
(4.43) Fp, &Xx 69, s o

and there exist functions HCp,t>*F, fCOeC , fct>* o > such that
(4.44) 6<p,t>x HCp, > s TC> ,

then

Proofm Multiplying (4.43) on both sides by H<p,t), »e obtain by (4.44)
Fp,©)X fCt> a o and then, by Theore» (4.40), KX, so, »hich co»pletes
the proof. -
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(4.45) Theorem. For any f(t>*C, ft>* o, ae have

(4.46) f(t> X FCp,t> s f(t> X FfCp, t> iff Ff<p,t> = FgCp, t> .
Proof. Ue obtain this, »hen replacing the function F(p,t) in
Theorem (4.40) by Fp,t>-F'p,t> . .

(4.47) Thcorca. He have

(4.48) gp> s O and g<p> eF iff g<p> e F

Proof. @ The theorea follois fro« Definition (4.1) and Theore« (4.24). e

(4.49) JjiegrgHi. If g<p>*F and
(4.50) gPp> m o
then for every (¢0

(4.51) Mb inf *P< Ig(PA
p-too

I
o

Proof. According to Theorei (4.47), the congruence (4.50) Beans that

2 P(gp> 6 F

By Theorea (3.3), there exist real nuabers ab , O<a< f, bto and a
function c(t>~C, c<t>* 0, such that

t
(4.52) lgi'pA | Jc<t-u> e P<u~*t~b>du | = O
O p-*00
Ho«, let us suppose that (4.51) «ere false for t=m>0. Then, there «ould

exist tao real positive nuabers r and s such that

le*Pg<p>1 > r for any natural nuaber p>s
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Then it «ould folio» fro» (4.52) that

e-fat +& fclt-u} e PUdu =$ 0
@) /-0
and, analogously to (4.38), »e »ould obtain c<t> « 0 against the
assumption. It follo»s that (4.51) »ust be true. -
(4.53) Theore». If for every t >0
(4.54) li» eP*gp> = o
p>=>

then g(p>*F and

(4.55) gp> = O
Proof. By assumption, »e have for t - O
lim g<p> - o
p_*oo

and, by Theore» (3.14), g(p>"F .

Ue have,further, Tforany real k>0, T>Q andeveryt fro» the
interval O<tST

t
Il e~*P Ox eP*g((p>) I 3 le*Pg<p>1 \pf eP*du\ £
@)
T
£ le=*P gCp>1 1 p / *P*“ du\ = F*P gp>(*PT-i) I £
@)
£ le*P | | &PTgp>1 + 1 eT™Pg(p> I 0

/MOO
It follo»3 that
e*P (fX <P* g<p>) = 0
p_*oo

and, by Definition (3.1), ePtg(p)*F. By virtue of Theore» (4.47), »e
obtain (4.55). -
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(1.56) Example. For any real r >1 me have

*<?> m o

because for every tto me have

»m epP* > = 0
/ »>»

(1.57) Theorem. If F(p,t>*F and for any real r

for O<t <r »hen r >0

(1.58) F<p,t> = 0
for ritSo «hen r <o ,
then
(1.59) 6(p,t> :* F(p,t\r> e F
and
for -r <t <O »hen r>0 ,
(1.60) 6<p,t> = O
for o0 <t <-r ithen r <O
Proof. It r-o then (1.59) 1is evident. Therefore, let us assu»e
that r*0. Since (1.60) follow immediately from (1.58), it is sufficient
to prove (1.59).
By assumption, F<p,t> «5“ . It follow that G(p,t) ei too.
Horeover, by assumption, there exist real numbers ab , o0 <a< /7, bto,

and a function c(t>*C, c(t>* o, such that, according to Theorem (3.3),
t
¢-Cat+bJdp f c<t-u> F(p,u>du =9 @)
e} p_*oo

In vie« of (1.58), me obtain
i *r u*v+r (

e-tet +tar+b,p f ¢ (( +r ~u>F(p,u> du - e~<at +ur +bJP Jc((-xO Gp,v)dv = O
r 0] p->°°

mhich means that 6(p,t)*F. .
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(4.61) Theorea. If, for any real r, Ftp,t> e F 13 a function
satisfying the condition (4.50) and otp,t.> Is defined by (4.59) then

(4.62) Ftp,(S 9 6Cp, (> sfP .
Proof. It follows frow Theorew (3.3) that there exist real nunbers
ab, OSa< 1, b (0 and a function ctt>*C >ft>®m O, such that

t
e-tat +b.p f c(t-u> Ftp,u) du =3 0

0] p~oo
Hence
-r t-v
(4.63) 1J 1¢"totdc(t-v-9> Fpw>dm ]| tit'l = 0
O O p+00
But, in view of (4.58),
-r t-v
| f | +b)p Jci't-i—m}Ftpm>dn\ & 1 =
0 @)
-r t-v
- | J | ¢-tut +%> f Ftp,m> dm \ <it | 1
6 -V
-r t-i< m- u-i.'
1 I/ 1 || +>>9 f ctt-v-m) Ftpm>dm\ «*' \
Q -V
-r f
1/1 eptv-ot-tr\ \) f c(t-u> Ftp,u-iOdul < I 1
O O

-r i
1 | f f aptt~dt~b~\H ) cCt-u,* Ftp,u-v> du <£' \
00

l

t -r m- u-v
- | ¢-tut+b +IH)p f c(t-u>Js P~ Ftp,u-v) dt' du I
b 0

t u
I ¢(-Cat+b+IH>p fc(t-u)Je F<p,m) dndu I
o u+r

and, 1in view of (4.63),

t u
e-tut +b +IH / ca-uS J <P<u~*> Ftp,m> dmdu =0 0

@) u+r p-=>°

By virtue of Theore»s (3.3) and (3.23), we have
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(4.64) pJe F<p,u>du e F

Hence, in vie* of (4.59),

t t*r
p J<s Fp,u>du - pJa Pt~*fJF(p,u>du «
6 0
t t
p/<2P(t*JFp,u>du - p/ eP( FCp,udu
0 -r
t t
p/ eP<*~v*F@p,u>du - p/ eP<t~ir*e”P 6(p,u>du
0 0

*Pp* X (Ftp,t) -a~TP6(p,t) ) e F

it aeons that F(p,t) - e*p 6(p,t> s O t»filch is equivalent to (4.62).

(4.65) Ihgflrei, If
F<p,t> = a<p> ,

ehere  FCp,t\ g<p>*F , and «e put F(p,t> =0 for
any real positive nutber, then

(4.66) F(p,t-r> = g(p>e”P

Proof. By virtue of Theorems (4.5?) and (4.61).

F

e

e

F o,

-r <t <0,

»e have

gp> = Fp,t> = GCpt)LP - FCpt-r>e'P

Hence, by Theorems (3.19) and (4.26), »e obtain (4.66).

r

being
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(4.67) Theorea. It
FCp, t> = 9<P*
mhere F(p,t>, g(p>eF and

(4.68) Fp,t> = O for OSt<r ,

r being any real positive nuaber, then

(4.69) FCp, t +r> s g<p> « W3

Proof. Ue prove this theorea analogously to the previous one. -

(4.70) Theorea. if FfCp,t>, F?<p,t>, gfrt, g2C»> « F and

“4.71) Fi<p,t> = gi<p> , F2tp,t> = gsCp> .
then
4.72) Ff<p,t>X F & U  ngj<p> g"P>

Proof. Byvirtue of the property (4.18) of congruences ae have

4.73) Ff<p,t? x FgCp,t) = gfp> X g3(p>

and, by Theorea (4.24),

4.74) gi<p> X ¢g"Cp) = of-p~ gzfp) =
The congruences (4.73) and (4.74) 1iaply (4.72). -
(4.75) Theorea. If pO is a real non-negative nuaber such that for every

natural p >pc a function F(p,t) 1is absolutely continuous in every finite
interval OStST, then Fp,t), ¢(/itF<p,t> e F and



35

(4.76) a‘ZatF<p,it> = P F(p,t> - P F<p,0> ,
ehere also F<p,0>e F .

Proof. By virtue of Theorea (3.13), ae have Ftp,t> «F . fIs ae knoa
froa the theory of the Lebesgue integral, F<p,t> has a derivative a/atF(p,t>
for alaost every t>0 , «hen p >pO0 is an integer, and this derivative
is integrable in the Lebesgue sense on every finite interval 0 <t<T . It
follows that a/at Ftp,t>*F . Horeover, as ae knoa fro» the theory of the
Lebesgue integral,

t

4.77) / &/auF(p,u>du = F<p,t> - F(p,0>
0]

It folloas fro* Theorea (3.26), that
t
f aZ/au F(p,u>du g F
o

Thus (4.77) iaplies F(p,0)"F and
t

pf aauF(pu>du = pF@pt> - pFpQ>

O
Hence, by Theorea (4.20), «e obtain (4.76). -
(4.78) Thgorew, If pOls a real non-negative nuiber such that for every
natural p >p0 functions F(p,t>, J/Jt F(p,t>, ... , /G/It*~/ F(p,t> are
absolutely continuous iIn every Tfinite interval o<t<T then F<p,t),
i/it KOp t), ... , <fi/Jt* Kp,t) eF and
4.79) ¢/ if* F(p, t> s p* F(p, t> - p* F(p,0> - ffi-t F<i><p,0> -...-p k~n<p,0> ,
ahere
(4.80) F<J>(p,0> .* [f/tt/ F(p,t>]1(sO e F for |

Proof. Ue obtain (4.79) ahen applying Theorea (4.75) * tiaes.
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(4.81) Theorea. Ue have

0]
(4.82) gCp> p/ s'POFCpu>>t e F
0]
and
(4.83) g<p> = F<p,t>
ehere F<p,t>«F , Iiff
@
(4.84) Fi'p,(> :» pf eP(tu*FCpu><A e /'
t
Proof. Let
t
(4.85) ZCp, t> M7, t> - p J FCp,u>du
0]
Then
00 f oo
Zip,t> * P J* P(t-u> FCp,u> du - p2f J eP<*~V>FCp,v>dudu *
t Ou
00 t
= p /«? P<*ru>FCp,u> du - p /<?P<t~*>FCp,u) <J -
0 0
t 0o tUu
- P?f feP<w>FCp,v>dudu + p?f f aP<uwv} FCp,v>dvdu =
00 00
t t
M ePtgCpt - p /eP{trlJ>FCpu>du ~ pgCp>Je P“ du +
0 o]
t t
+ p fepvFCp,v>fpaPududv =
0 \Y;
t
- ePtgCp) - pofe P<*#*t> FCpu>du - eP* gCp> + ¢Cp> +
t t
* p [/« P<t~u>FCp,u>du ~ ptf) FCp,u>du =
(0]

t
- gCp> ~ p f FCp,u> Af
0]

By virtue of Theore« (3.24), «e have
t
pJFCpu>du e F

and also
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t

(4.86) P<p,t>"F iff p JP<p,u>dueF
)

First, let us suppose that (4.82) and (4.83) are true. Then, by Theorea
(4.20), ae have

t
Zp,t> * gp> -piF(p,u>du — U,
@)
that is, aPty. ZCp,t) e F . In vien of (4.85), (4.5) and (4.6), ae have
t
JXPpt> = pf P<PU>du e F

O

Hence, by Theorea (3.24), PCp,t>*F

Ho», let us suppose that, conversely, P(p,t>*F . Then, in vie» of
Theorea (4.22), the function (4.85) belongs to F and ae have Z(p,t) = O.
Hence,

t
g(p> = pJ F<pu>du
O
and ae obtain (4.82) and (4.83). -
(4.87) Theorea. If f(t> eF and there exists a real non-negative
nuaber pQ such that the integral
00
(4.88) o> = p6f b~P° fCu>du
converges for p -pO0 then
(4.89) gp> e F and g<p> = f<t>
Proof. It folloas froa the equality
00 00
(4.90) /P fu+T)du - «PT/ ePvi<v>dv
0 T
that this integral 1is convergent for p =pa and any real Tto . By virtue
of the Fundaaental Theorea  for theLaplace Transforaatlon ([4],p-35), the
integral (4.90) is uniforalyconvergent aith respect to real p >p0 . Thus,
for every real T>0 and €to there exists areal u> T such that
00
I / ePuf<u+T>du | < S , for real p >pc

U
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Since »e haue for any real u froa the interval OSu ST<U

00 u+m-—27Z 00
I f aV* fOn+u) dir | = I /7a PuznMfoedx | =
U+T-u i/+r
00 (0]
- lep<rv>11 feP<TX> f<z> i I fe P<T-z> f(z>dr I -
u+r U+T
V+ x-T 00
I/ STP” f<v dv\ < £
U
me obtain for any natural number A and OStST
00 t oo W-v-u
I e*P (1 x /* P<tv> f(v>dv ) 1 = I p e~*P/ /«? P<u~v> f(v> dv du |
t Ou
t oo t U+T~u
I p m*PJ J et~P* fixm+u> dmdu | i \p / f e~P" f<*+u>dvdu | +
00 O O
t 00
+ I peé¢kpt f1 fa~P"fm+u,idni du i.
b o+'r-u
t o*r
1 I pe*p 1 /1 / eP<v-u> f<y>dv i du + i pe*P1 TE£ |
o u
t u*r
i Ip e*P 1/ 1 \e-P<vu>\ ItCvVAdvdu + Ipe*P ITE£ i Ip exP\ TUf+£) ,
O u

ehere ff is any positive nuaber satisfying the condition

o+r
/ 1fevj\ dt' < fl
b
It folloss that
e*P (1 X /<2 P<*rv> f(v> <*') = "N o
t p+00

and, consequently, in vie« of Theorea (3.23),
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00)
(1.91) FQot> = pfe f(v)at® e F
t
By Theone* (1.81), «e obtain (1.89). -
(1.92) Theorea. If FCpt), t FCp,t>, i/it FCp,t>, i/ it(t FCp,t>) eF then
(1.93) t i/it FCp, t> S Cpt-i> FCp, t> .

Proof. By uirtue of (1.76) se haue
i/it (t FCp,t>) m pt FCp, t>

Subst itut ing herei/ it(t FCp,t>) * FCp,t>+ t i/it FCp,t> , «e obtain(1.93). .
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U. Examples of applications

fill probleas solvable In the operational calculus or in the theory of
the Laplace-Transforaation can be solved also on the basis of the theory
presented here. Ue shall shoa soae examples.

First, ae introduce one definition aore.

(5.D) Definition. The function «ill be called a transform
of o function F<p,t)*Ft iff

(5-2) g<p> 3 F(p,t) . -

If there exists a transform (5.2) of a function F(p,t>, it is not
unique, because ae have also

g(p> + h(p> 3 F{p,t> ,

<here h<p>*F is any function satisfying the congruence
ftp." s O

IfT FCp, t> satisfies the assumptions of Theorea (4.81), its transfora
can be found by leans of the foraula (4.82), ahlch is a generalization of the
Laplace-Carson transforaation for functions of tio variables p and t . But
in «any cases it is also possible to find this transfon in another siapler

may, supposing, of course, that such a transfora exists and 1is a feasible
funct ion.



41

(5G.3) Exmplb. Ue shall find transforms of the fol losing functions
&/K! ( k positive Integer),
(A real and k* a),
sin a* and coscot ( to real and a** o),
( k<f ),

edplit ( Kk an(G r positive ),

sin pt and cospt

It follows fro» (4.79) that

< t*/k!J = f = p* Ct*A'f >
and hence
G.D) &/kf = i/ffi

By virtue of (1.21) le have

t
= pJJ*¥1ldu » p/k _ p/ffc
]
and hence
P
(5.5) =
P~k
In a similar «ay ve obtain
t
sincot s pf sincoudu = -p/cocoscot + p/co |,
O
t
coscot = pJcoswudu - p/cosincot
O
and hence
pco
(5.6) sinatF =  ——————- ,
p?+a*l
P2
G costot s @ ———

P? +IL*
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and hence,
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»e have

e&t 3 p f¢gvVEdu »

for k<1,

Yk ¢P* - 1k

efyt s

Si»ilarly

e-k/~t s

and hence

o-kfTt s

pf

df~*Pr»d u = -

kpT~'+ 1

Ue find
(5.7)

the transforms of
and »e obtain

sin pt a

(5.8) Example.

(5.9)
eith iInitial conditions

x(0> - 5,

By virtue of Theore» (4.78) »e

S pXx
p?Xx
p?Xx

and by (5.4)

(5.10) t = tsp

A-"" - x " +

sin pt

cos pt

x'(0>

have
_Sp
- 5p?

-Sp?

and

=

»

72 —

-2, X

+2p

+2p?-5p

cos pt

2t -

"OD> -

Let us solve the folloving differential

32

5

analogously to (5.6)

equation
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Thus, by (5.-9), ee obtain

<p?X- 5p? + 2p? -5p> - <p*XxX-5p? + 2p> + 4<px-5p> - 4Xx a

i.e. after arrangement
p (fP - p?+ 4p - 4) x = S5p* - 7p3+ 27pr? - 32p + 2
and hence

5p4- 7p3+ 27p2 - 32p+ 12

p CfP-p2+ 4p - 4>

By virtue of (5.10), (56.5)and (5.7) ee obtain

X S e - 3 (+ ** . COoSs 2t
and by Theore« (4.32)
X 5 - 3t + m* - cos 2t . .
(5.11) Exaaole. Let us find the general solution of the Tfollo«ing

differential equation

(5.12) a3 - 2t+ f>x"" + ir-n+ 92+ 2t - 7)x " + <-6t?+Wt+ 4>x* +
+ <-6t+ 6>X “ e~*

introducing

(5.13) u *  O3- 2t+ I>x

we obtain

fts - 2t+ 1 x* + C3t?- 2>x
» {B-2t+ Vx" + (2 -43Ix“ + 0Otx ,

(t?-2t+ f>x*" + (V2 -:;Sx" + FfStx“ + 66X
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and ie can vrite (5.12) in the fora
yrrr L yEs $
In a similar »ay as in the previous exaaple »e obtain
Y0 * "0+ F<y" b - yo>+ p<y''o ~y'o* 1>

(p+ it if?2 - p?>

ehere
ya = y<0>, y'Q = y'W>, y"0 = y"(VS
Hence
B Cp 1 p
ft + — + = —_—
p p -1 2 p+1l
mhere
* - -Vo+vo, * - -y"oty'*-f* C » y“0+ 12

and by (5.10) and (5.5)

y = B+ Bt + Ce* - 172

i.e. by virtue ofTheore» (4.32)
y = B+ Bt + C - 12
Hence, by (5.13)

B+ Bt * Ce* - 1/2e't

t? -2t + 1
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UL. The subring N

(6.D) Definition. Ue say that a coaplex function FCp,t> of a co»plex
variable p and a real variable t belongs to the class ff iff there
exists a real non-negative nuaber pO such that

12 for alaost every t to the function gt<p> :mFp, t> iIs analytic
in the half-plane Rep tpa,

22 for every p aith R* p ¢pO the functions FCp,t\ &/Jp FCp,t>,

F(p,t>, ... are aeasurable alth respect to t In the Lebesgue sense on
every finite interval os tsr , and

32 there exist a real positive nuaber k and functions hgCt> hjCt>,
hgt), ..., defined for alaost every tto and integrable in the Lebesgue
sense on every finite interval os tsr, such that for every p aith

Re p tpO and alaost every tto

(6.2) | Fp,t>] | e*P het> for m=0,t,2,... ,

ehere ae put

<P/JfP Fp, t> Fp, t> . -
(6-3) Theorea. If FCp,(*&/? then for every p aith Re p tpO the
functions FCp,(¢ ¢/Z¢(pFCp,t\ FCp,t>, ... are integrable aith respect to

t iIn the Lebesgue sense on every finite interval o0sts T

Proof. The theorea folloas froa the conditions 22 and 32 In Definition
(6.1). .
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(6.4) Thcorea. Ifa functionF(p,t> satisfies the condition(6.2) for
mmo, 1,...,n-I (or **0,1,2,... ) then
(6.5) f Fpu>du =/ F<p,u> du for *=0,1,...,n

O O

(or a-0,1,2,... )

Proof. He prove the theorem byinduction. It is obvious that (6.5) is
true for m=0. Thus, let us suppose that it is true for a=r , Il.e.,
t t
(6.6) <T/ifff FlIp,u> du = f /Y/if/' F(p,u>du
6 @]

By virtue of (6.2) ®e have

1iZip {e~*p JT/dpT FCp, = I-A- £*P S/if/ Ftp,t> + e+P f +,v * + IFCp,t> | £
£ Ale~*P S/ifT FCp,t> |+ B~*Pr *t/iff+fFCp,i>| £
£ AhrCt> + hr +fCt>

and, therefore, me have
t t

(6.7)i/dp f e~*P jr/ipT FCp,u> du =T iZip {e+p S/if/ FCp,u>) du
0 0

In vie* of (6.6) ve have
/ t
i/ip f ts~P ¢/iff FCpu>du - iZip ( d~tP f <f/if/' FCpu>du ) =
6 . O

- i/ip {e-*P JT/ifffFspu>du) =
o)
( (

- A**P JT/jpr f F(p,u>du + jr * 1/fr +1 FCp,u>du
0 b
t (
-Ae*pJ r/ipT FCpu>du + e-*P r * {/if/+*JFCp,u>du
0 0

and
i
f iZip (**P r/ifT FCp,u>)du
O
t t
-Ae*Pf r/ifT F(p,u>du + f + ¥ifT * 1F(p,u> du
O O

Substituting this into (6.7) and multiplying both sides by ~P , me obtain
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r +1/tf +/ f F(p,u> du / <T+ FCp,u> du
0

lie see that if (6.5) 1is true for m-r then it is true for m=r+/,
too. This completes the proof.

(6.8) Theorea. The class fi foras a subring of the ring F .

Proof. It follows from Definition (2.1) and (6.1) that ficS and
fro» (6.2), for any F(p,t>"fi,
t t t
le\V> f Fp,u>du | / IF(p,uAdu 1 / hjCu> du
0] 0] @)

which »eans that for any q >k
i
/ F(p,u>du = 0
O p_}OO

By Theore» (3.3), FCp,t.*eF.
This »eans that fie F and It reaains to be sho»n that fi foris a
ring »ith respect to addition and the convolution (2.19).

Let us suppose that Fi<p,t\ F¢ Cp,t)*fiand
(6.9) I<*/<& FCp, tA 1 **'P Hm<t> , 7-12; »=0,1,2,... ,

for every p »ith fiep tpj and almost every ttO . Then »e have (6.9)
also for every p »IthRe p tpO \- aax (pj,P2> anf*almost every t >0

It is obvious that fi foras a group »lthrespect to addition, because
the functions FfCp,t.'+ R<pt> are analytic »ith respect to p in the

half-plane Re p >pO and,»oreover, for every p alth Ra p >pQ the
functions Ff(p, zFj(p, ts, I/IpfFfr, t>IF ~, t>)> (¢ /IpPIFCp, t> +F?(p, t>) ,

are integrable aith respect to t in the Lebesgue sense on every finite
interval O0<t<T and

I<*/<&&&, t>tFflp, t>A | *P {hinCt>+ o) for m*0,1,2,...

ehere Kk :swxx<kjke >
lie have for every p »ith R»p ipc , almost every t to and alaost
every u froa the interval O<uc< (
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1a/3p (p FfCp, t-u> Fj(p,u>) I = IFfi'p, t-u> Fjtp,u>+ p a/dp Ffip, tu.> Fjtp,*/." +

+ p Ff<p, t-u> a/ap Fo<pfu> | |
£ 1**2 * DP ( hffiCt-u} h jt/ -* hff<t-u> hjrf-ui + hfgCt-ui hjf<ut) £
£ 2<*f+*2* Dp ( hfgCt-ij>+ hffi't-u)) ( h20ia>+

and, by virtue of Theore* (6.4),
t
a/ap (Fftp, t> XFj<p, t>) = alap (p/ Ff<p,t-u> F2<P,u>du) -

o)
t

= f a/ap (p Fi<p, t-ut Fj(p,u>) du ,
0]
[

ehich »eans that the function Ff<p,t.>XF-2P*t> *s analytic ilth respect to
p In the half-plane p >p0 . It folio« also that the functions
FfCp, t> XFCp, t> , &/ap(Fftp, t* XFftp, t>) ,a?/ap?(Ff<p, ts XFjfp, t>) ... are
integrable vith respect to t in the Lebesgue sense on every Tfinite interval
O<t<T

On the other hand, »e have for m=0,1,2,...

t
p/af* (Fftp, t> XFjCp, t>) = */affi {p | Ff<p, t-u> Fs(p,u> du ) =
o)
*~f M1t
. ( j ) f af7apt FfCp, t-a> * - kj/af*~%j F2(p,u>du +
j=0 o)

) t
+ Pzn(j y | af/apf Ff<p, t-u> p-3/dfT-J Fjip,u) du
j=0 O
and, by (6.9),

[*/af* (Ff<p, t>XF p, t>) | £

*~1M-T t m m 1
£ e<tf+*2+ 1P fa £ (j )f hfj<t-u> h2"mf-j<u>dutE (] )/ hfj<t-u>h2ftrj<u> du) .
=0 o ' j=0 O

It follows that for any Ff<p,t>, B (p,t>*fi «e have Ffp,t> XFjip, t>
This completes the proof. .

(6.100 DEéfinition. fi. function Fcp,t> mill be called superfeasibie
iff  F<p,t>* a . .
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(6.11) Theorea. Ue have  F(t>*R iff f(beS , that is, Iff <t
is defined for alaost all tio and integrable in the Lebesgue sense on
every Ffinite interval o< i<T

Proof. If f(t>*R  then, by Theorems (6.8) and (3.13), f(t «S
Conversely, if Kt>« S then, by Definition (6.1), €T"<t>*R. -

(6.12) Theorea. For any real r ae have /feO .

Proof. The theorea folloas froa Definition (6.1). -
(6.13) Theorea. For any real r ae have (TPeff.
Proof. The theorea folloas froa Definition (6.1). -
(6.14) Theorea. It F(p,t>"R then for any function e S ae have

f(t> XF(p,t> mR

Proof. The theorea folloas froa Theoreas (6.8) and (6-11) . -

(6.15) Theorea. If F<p,t)*R and g<p>*R  then
gp> F(p,ts ¢ R

Proof. The function g<p> F<p,t> satisfies the conditions 12 and 20
froa Definition (6.1). floreover, ae have, according to the condition 32,

1 JP/dpP g(p> | i ca e *P ,
I Jt/jp* F<p,t> | i h<t> for a=01.2,...
mhere k, g, caand bm are real positive nuabers. Hence
I */ & (g<p> FCp,t>) |

= | «<*E>* g(p> * F(p,t) + g(p> mIP/IP FCp,t) | i
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1 I gCp> | | FCp, (A + IgCpA | FCp, t> | i

cme & bOe<P + cQa *Pbma«P =

(cab0 * cObm) e for a=*0,1,2,..

mhlch aeons that the function gCp)FCp,t>  satisfies also the condition 32
froa Definition (6.1). It follow that gCp>FCp,t> e R

(6.16) Theorea. For any real r oe have
Fp t*eR iff ff FOp, t>*R
Proof. By Theorems (6.12) and (6.15), if Fp, t) eR then
ff OptleR
Conversely, if fT FCp,t>*R  then, by virtue of the first part of our
theorea, FCp,t> - p-rff FCp,t>*R . .
(6.17)Theorea. IfFCp,t>*R then also
t t
/ FCp,u>dueR and p JFCp,u>dueR
O o}
Proof. Let fCt):= 1 . Then, byvirtue of Theorems (6.11) and (6.14),

t

p J FCp,u>du * 1x FCp,t> * fCt>x FCp,t> e R
O
Since

( (

J FCp,u>du = 1/p p f FCp,u>du
0 0

and 14> » p~f« R, »e obtain, by Theorea (6.15),
t

JFCp,u>du « R
0

This completes the proof. .
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(6.18) Pefinition. The class Zff is the set of all functions

satisfying the condition

(6.19) eP*X Z(p,t) e 8 . .

(6.20) Theorea. The class Zff fons an Ildeal of the subring fl .

Proof. Ue prove the theorei analogously to Theorem (4.7).

The /~distribution Ring or, siiply, the ring Bff

(6.21) Def init ion.
into ihich the ideal Zff divides the

is the residue class ring B/ Zff

subring 8 . -

N-distribution Is any residue class

(6.22) Def Init ion. fin
belonging to the ring Off .

Each function F<p,t>"B belonging to an ~-distribution

(6.23) Def init ion.
N—distribution, ihich is

Q is to be called a representative of this

mritten In the fori

8 « { F(p,t=} . -

Any functions Fi<p,t>, FAp,t>"B are said to be

(6.24) Def init ion.
~mcongruent 1iff they are representatives of the saie ~-distribution and in
such a case ie «rite
(6.25) FfaO a Mipt) . .

iff FfaO - Fz(p,t> The congruence

It follois that (6.25) holds
Fip,t> B o leans that FCp,t>e Zff.
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(6.26) Theoree. The relation (6.25) j3 a congruence Modulo Zff , that
i3, It has properties analogous to (1.14)-(4.19).

Proof. fill the above properties are «ell-kno«n properties of any
residue class ring. -
(6.27) Uieorci. For every FCp, »e have
t
(6.28) FCp,tS a p / FCp,u>du
O
Proof. Ue prove the theorea analogously to Theorei (4.20). -

(6-29) Theopei. fl function zcp,t>*tt belongs to the ideal Zg iff
there exists a function FCp,t>*8 such that

(
(6.30) ZCp, = FCp,t) - 1x FCp, = FCp,t> - p / FCp,u>du .
0

Proof. Ue prove the theorem analogously to Theorem (4.22). -
(6-31) Thcoree. If gCp>*8 and FCp,t)*8 then
(6.32) gCp>XFCp,t> s gCp)FCp,t>

Proof. Ue prove the theorem analogously to Theore» (4.24). -
(6-33) Theore». If FfCp,t> El FiCp,t> and gCp>*8 then
(6.34) gCp> FfCp, t> s gCp> FjCp, t>

Proof. Ue prove the theore* analogously to Theore* (4.26). -
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(6.35) Theorea. If F<p,tJB o then
t
(6.36) p JF(p,u>du S O
O
Proof. The theorem follow fro« Theorems (6.17) and (6-27). -

(6.37) Theorei. If F<p,t>m O then

t
(6.38) / F<pu>du § O
0

Proof. Ue prove the theorei analogously to Theorea (4.30). -
(6.39) Theqrei. If Ffjpt>m F"~O then FfICp,t> = F&, t>

Proof. The theore» follow froi Theore« (6.8) and Definitions (4.1)
and (6.18), because FiCp,t>- F& .0 e Zfi ¢ Z .
(6.40) Theorea. For every function ft>eS w have
(6.41D) ft> m O
iff

a.3.

(6.42) ret* = o0

Proof. If w have (6.-41) then, by virtue of Theorems (6.39) and (4.32)
e obtain (6.42). Conversely, if «e have (6.42) then

*/>*X f(t> =0 e B ’

ehich {3 equivalent to (6.41). -

(6.43) Theoree. The ~-congruence

fj(t> m  fzct>
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holds iff
I*.
ffCt) - fjCO
Proof. Ue obtain this j»»ediately, when replacing the function fCt)
in Theore» (6.40) by ryt,* - fgCo . .

(6.44) Theore«. It FCp,t>*B and for any real r

for OSt <r when r 0,

(6.45) FCp,t> = O
for rstso »hen r <o,
then
(6.46) Gpt> = Hp(+r> e R
and
for -r st SO when r >0,
(6.47) Apt> = 0O
for O<is-r when r <O.
Proof. By Theore»s (6.8) and (4.57), ®e have GCp,t>*F . Since

Fp, t*ett , the function GCp,t> satisfies the conditions 12 and 22 fro»
Definition (6.1). But FCp,t> satisfies the condition (6.2), »hich i»plies

(6.48) | Apr(>1 1 <X* faCt+r> for m=0,1,2,... ,
and Q@ t>
(6.49) Thcoree. If, for any real r , FCp,tJe/f is a function

satisfying the condition (6.45) and GCp,t> is defined by (6.46) then

(6.50) AGpt) gi FOpt>e W

Proof. Let
t+r
KXp t> = f * P<t-u> FQpu>du

and let us assu»e that the function Fp,t) satisfies the condition (6.2).
First, »e shall show that
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+
(6.51) d*/dp* (Kp,t> * ft r<PAp* ( <=p(t~u> F(p,u>) du
*
This is true for m=0 . Let us suppose that it is true for m=s, that js,
*
F/dp* K(p, t> - /t rF/dp*( J p<tu> F<p,u))
Ue haue for t SuSt+r t

|&/dp (e*P F/dp* ( e P<t~u>FCpu>) |

| -k e*P F/dp* ( « P<t-u>FCp,u>) + e+P F +/dp*+'{ eP<**>F<pu>) | -

*
S
| -ke+tP Z (j ) (t-u>J eP<*nt>j s-j/Ip *~J F<p,u> +
j=0
s+f s+ f
+ a*P X (j ) <t~u>J * p<tru> a* +1-3/dp "J F<p,u> | i
J-o
S S s+fs+r
i k X (j) rd + X (] ) rfh*+ = h(t> >
j=0 j=U
Hence «e haue
t*r
(6.52) a/dp f e+P a*/dp* U P(t~u>F<pu>) du «
t
t+r

= f a/3p (<f*P F/dp* (« P<*rit> F(p,u>)J du
t

Sinee
t +r
&/dp / e*P F/dp* u P<tru> F(p,u>) du
t
t+r
-k e~*P / F/dfF (P<tu> Fpp,u>) du +
t
t+r
+ &P &/dp f a*/dp* (< P<t~u> F<p,u>) du
t
and
t+r

f a/ap ( e*P F/dp* (e P<t~u>F(p,u>) du
t
t+r
-k e~*P f F/dp* (e P<*>>F(p,u>) da *
t
t+r
+ e*Pf F *¥dp** L («@?P<t-“>F<p,u>) du >
t
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e obtain fro« (6.52)

(+r
*f/dp** f KOp,t> -  i/dp J JP/Jp* (* P<tru> F(Pfu>) du -
t
t+r
f +t/Jp* + f («? P<t~u> F<p,u>) du
t
Ue see that if (6.51) is true for a=s:s then it 1is also true for

m-~s+t. Thus (6.51) is true for a*0,1,2,...
It follois fro« (6.51) that the function k\'p,t> satisfies the
conditions 12 and 22 fro« Definition (6.1). lie haue further

t+r
I Kp,t>1 = |/ *<&* (¢P<t~u>F(p,u>) du1 |
t
i t+r
I/ 1</<&e (e P<t~»> Fp,u>) | du
t

t+r a m
J 1Z (j) <-u>J aP<t-u>*-j/afP-j Ftp,u> | du i
t j=o
t*r a m
i / X (j) rJ \*J/dffi-J F<p,u>\ du 1
t j*o
(*r a a

i / S (j) rde*Ph,judu -~
t y=o

= £P b(t>

mhere
t+r a m
bt> :m J £ (] ) nfhgrj<u>du.
t =€

Thus the Tfunction K, t> satisfies also the condition 32 fro» Definition
(6.1) and «e haue K<p,t)*ft
Let

H(p, t> aPt X (GCp,t>- FCp, tJ arP )
t

pie P<~if>(6<pu>- Fp,u>e ™ ) du -
b
( t

n pO/e P<*~u* F<p,u+r>du - pof e P<t~u+r*F(p,u)du =
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t+r
pfz P(t~u*r>FCpu>du
r
t*r
- pfa P<*it+rd F(p u>
r

(

p /«, P<tr-u+r> FCp,u> du
O
t
p fepCtu+r>F<pu> &
r

l

= p Ita+:3f*-" +r > FCp,u> du = parpfdpt>
By virtue of Theoreas (6.12), (6.13) and (6.15) «e have HCp,t>*R .
ecans that
G t> - Fp, | o .,
mhich is equivalent to (6.50) . -
(6.53) Theorea. If
Ftp,t> m  gCp>
ehere  FCp,i>, gCp> e fft and ee put FCp,>=0 for -rf£t <Q,
any real positive number, then
(6.54) Fp, t-r) m oCp) atP
Proof. The theorea follows fro» Theorea (6.49). -
(6.55) Theorea. It
FOp, a oCp>
mhere FXp,t\ gCp> eR and
(6.56) FOpo,t> - o for oEt/r
r being any real positive nuaber, then
(6.57) FQp,t+r) S oCp>a'P
Proof. The theorea follo«s froa Theorea (6.49) . -

r

This

being



(6.58) Theorea. If FfCp,t.\ F~tt, gfCp\ g&P* « R and

(6.59) Fftp, t> a gf<p> , Fs(p,t> m g2p> ,
then
(6.60) Ff(p, t> X FpCp,t> a gfCp.* gjCpi
Proof. Ue prove the theorea analogously to Theore» (1.70). -
(6-61) ThcQrci. It fCt> is a teasurable function bounded on every

finite interval OStST andFCp,t>*ff then fCt> F(p, t>

Proof. The function fct> F(p,t> satisfies all conditions of
Definition (6.1) and hence it belongs to the subring tt . -

(6.62) Theorci. If FCp,t>, (it FCp,t> * ff  then

(6.63) St F<p, t> a pF<p,t> - p F(p,0> ,

mhere also F(p,0)

Proof. If J<H F(p,t>aff then, by virtue ofTheorei (6.17), 1ie have
t

(6.61) / a/du FCp,u> du = FCp,#t> - FCp0> e d
0]

Hence FCp,o>*tt and

t
pf d/duFCpu>du = p FCp,t> - p FCp,0>
U
By Theore« (6.27) *eobtain (6.63). -
(6.65) Theorea. IfFCp, t\ d/dt FOp, t>, ... <fi/d& FCp,t> * 8 then

(6.66) FCp,t> m p* FCp, t> - p* FCp,0> - ffi-1 F<I>(p, o p  Fk~*>Cp,0> ,
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mhere
(6.67) fO*<p,0> [¢i/Zdtf Ftp, t=0 e R for y~ k - /

Proof. Ue obtain (6.67) »hen applying Theore» (6.62) Kk tiies. -

(6.68) Theorea. Ue have

(0.0]
(6.69) 9<P> PJ «3FFCpu>du e R
@)
and
(6.70) gCp> a F(p,t>
mhere Ftp,t>*R iff
00
(6.71D) FCpt> mp J <@ FCp,u)du « R
t
Proof. Ue prove the theorea analogously to Theore» (4.81). -
(6.72) Theorea. If F(p,t> e R and Kk is a real positive number

satisfying the condition (6.2) then for aliost every t >k «e have

(6.73) pe~P( FCp,t> —» o0
P+00
Proof. Ue have, according to (6.2),
| FCp, t> | i <*P hrft)

and for every t >k

Ip FCp, (> | i m-Ct-kJp hgCt) -» O
p_>oo

Hence »e obtain (6.73). -
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(6.74) Theorea. If FCp,(J, dsdt FCp, t>, d/dt(t FCp,t>) e R then
(6.75) t d/dt FCp, t) m Cpt-UFCp,t>
Proof. Ue prove the theorea analogously to Theore« (1.92). =«

(6.76) Theorea. Ue have

(6.77) gCp> S O, oCp>e R iff (P* gCp) e R
Proof. If gCo> m o, gdp>e R then, according to Definitions (6.21)
and (6.18),
JtiXgCpy = gCp>(EePt-t) e R and hence ~>tgCp>"R

Thus, let us no* suppose that
(6.78) o<p> 6R =
Recording to (6.2), ae have
(6.79) I JP/dffiftsP* gCp>) 1 i 0 hnCt> for m*0,1,2,...

Ue shall sho« that there exist analogously functions HgCt>, AfCt> H&'O,
such that

(6.80) | << g0p>| £ e HaCt) for m=0,1,2,...

Since fro« (6.79) «e haue
1 *gCp) | 1 hflCt) ,
it folloss that
1 gCp> ] 1 e-P( hfjCt) i e*P h#Ct>

ehich aeans that (6.80) {9 true for » *O with HgCt' hgCt>. No«, let us
suppose that (6.80) 1is true for me O,t,...,n . Since, according to (6.79),

| +1/dfP* 1 gCp>) | i +ft*

and
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"+* n+1
<P+ Y * 1 g(p>) = X (j ) af/dpf cT * t-j/qf" +H gop.” =
j-O
n+l1 n+1
= éel1x (J) ifS*epdn+RIgip> ,
j=0

that is,

(P +L/dpn * f g<p.’ e~p* S'+Vafp*f fe p* g<p>)

n+f n+1

- X (J ) if J" t-j/tf+ tj g<p>
j-f

me obtain

I S"+Wijp*lg(p>1 i 1 S™+WIP+1 <Pxg<p>) I+

n*f n+1l
* X (J ) tfF I(P*t-YitP+FJIgCp> 1 i
j-f
n*r n+f
i e*Phn+¢i> +& £ (j ) ifHn+Ff-j<i> =
J-f

e*P//n +i<t>

mhere

"%

e = i+ X () thiffe
J=f

mhich Beans that (6.00) is also true for a - n+f . By induction, (6.80) is
true for a*0,1,2,...

Ue see that the function g<p> satisfies the condition (6.2). Since
gtp> =e-ptfyri g(p)) , it satisfies also the regaining conditions fro«
Definition (6.1), «hich aeans that g<p>*B .

By virtue of (6.78) se have also

X g<p> * g<p>"-1)eB ,

ehich leans that g<p.'& O . This completes the proof. -
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UN. The D-Deriuatiue

(7.1) Dofinit ion. If F(p,t)+B then the D-derivotive of F(p,t>
Is the function
(7.2) DF<p,t) = ¢/¢pF<pt> + <fi/p- t>F(p,t> . -
(7.3) Theorem If F(p,t)*B  then DF<p,t> exists and DFCp,t>e 8

Proofm The theore« follo«s fro« Definitions (6.1) and (7.1) and
Theore«s (6.12) and (6.61). -
(7.4) Theore«. If F(p,t>, 6(p,t>*R  then
(7.5) o(F<p,t> =+ G(p,t) ) = DF(p,t> +D6Cp,t>

Proof. The theore« Tfollo«s l««ediately fro« Definition (7.1). -
(7.6) Theore«. If F(p,t>, G(p,t> e B then
.7 D(F<p, /. »XBp, t>) = DFCp,t>XGPp, t> + FCp, t>XDAp, t>

Proof. Ue have, by virtue of Theore« (6.4),
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t

0(FCp,t)X GOp,t)) - Mp 7/ FCp,t-u) GOp,u) dU) -
o)
t t t

= / FCp, t-u) GCp,u)du +p / d/dp FCp, t-u) GCp,u) du +p /FCp, t-u) /dp GCp,u) du +
o) o) o)

t t

+ fF<p,t-u) SCp,u)du - pt/ FCp, t-u) G<p,u) du
@] @]

and

M t) X 6<p, t) + FCp,t) X 06<p,t) =

(d/dp FCp, t) +i/p FCp, t) - t FCp,t) ) X GOp,t)  +
+ FCpt) X (d/dp GOp, t) +/p GCp,t) -t GOp, t) ) -

t t t
p f d/dp FCp,t-u) GCp,u) du + / FCp, t-u) GCp,u)du - p / Ctru) FCp, t~u) GCp,u) du +
O O O

t t

t
+ p/ FCp, t-u) d/dp GCp,u)du + / FCp,t-u) GCp,u)du - p JuFCp, t-u) GCp,u) At
@) @] @]

Hence we obtain (7.7). -

(7.8) Theorea. If FCp,t) a 0 then

DFCp,t) a o

Proof. FCp,t) @ o »eons that

(7.9) e P* XFCp,t) e R

On the other hand «e have

/ t
D( P*XFCp,t)) = D(p fa P<t-u)FCp,u)du) = u(p aP* / iTP™ FCp,u) du) =
@) @)
t t t

- aPt fdpuFCp,u)du + pt *Pt/ d-PuFCp,u)du - p * Pt /7 «VU u FCp,u) du +
b 0 0"



t t t
+ p*Pt f*PU d/dp F(p,u>du + eP* f ePU F(pu>du - pteP* fel*™ F<pu>du -
0] 0] o

f/p (ePtXF<p,t>) + *Pt XQF(p, t>

It follo*s froi (7.9), by virtue of Theorems (7.3) and(6.16), that

DU PfXFtp,t>) g B and p{*PfXFp,tl) eB
Hence *e haue *P( X QF(p,t) e B , *hich *eans that OFp,t>a O . =
(7.10) Theore*. IT F<p,t>, G<p,t> *B and
(7.11) Flp,t> B G(p,t> ,
then
(7.12) OF(p,t> a OGCp,t>
Proof. Thetheore* folio« fro» Theore* (7.8) «hen *e replace F(p,t)
by F(p,t>-6(p,t> . -
(7.13) Theore*. If F(p,t>, G(p,t> eB and
(7-H) F<p,t> a G(p,t>
then
(7.15) d/dpF(p,t> - tF(p,t> a d/dpG(pt> - tG(p,t>
Proof. It follose fro* (7.14), byvirtue of Theore* (7.10), that
DF(p,t> a DG(p,t)
that is,

(7.16) d/dp FCp, t> + a/p - t> Fip, B d/dp G(p,t> + (I/p - t> G(p,t>
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Since (7.14) j»plies, by Theore» (6.33),

/p F(pt> A 1/p 6, t>,

me obtain (7.15) fro» (7.16). -

(7.17)  Theore». If f(t>, g<pS and

(7.18) rets a gcp> ,

then

(7.19 t f<t) a I/p gip> - d/dpg(p>
and

(7-20) t dsdt f<t> a -p d/dp g<p>

Proof. It follots fro» (7.15) that

(7.2) t f(t> a t g<p> - d/dp g<p>.

Analogously to (5.4) »e haue

and, by Theore» (6.33),

(7.22) t g<p> a lhHog<p>

Fro» (7.21) and (7.22) »e obtain (7.19).
It folloss fro» (6.75) that

(7.23) t dsdt f(t> a (pt-i> f(t)
On the other hand, it follows fro» (7.19) that
(pt-1> f(t> a g(p> - P d/ipg<p -

In uie» of (7.18), »e haue

f(t>
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(7.24) (pt-t>f<t> S -p d/dpg(p> -
Fro* (7.23) and (7.24) «e obtain (7.20) . -
(7.25) Theore«. For every F(p,t>*B le have
(7.26) F(p,t> = i/p sP* / p e~-P( DFip,t.>47?
mhere
Hip,t> = / p e-ptOFtp, tSip

denotes the function satisfying the equation

(7.27) J/Jp Hip,t> - p e-p* OFtp, t>

and the condition

(7.28) HCp,> —-» o
p_*oo
Proof. Let us introduce
(7.29) Hip,t> = p e~P* Ftp,t)

By virtue of Theore» (6.72), the function (7.29) satisfies the condition
(7.28). Ooreover, the function (7.29) satisfies thecondition (7.27) too. Any
other function satisfying (7.27) »ust have the for»

Hp, t) = p e~Pf Ftp,t> + fit)

andsatisfies thecondition (7.28) iff f(t> * o . Thus (7.29) 1is the only
solution of(7.27) satisfying (7.-28) and »e have

Ftp,ts » f/p eP* Hip, t>

Hence »e obtain (7.26). -

(7.30) Theorex». If F(p,t)*B  then »e have

(7.3D) DF(p,t> = o iff Ftp,t) = o
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Proof. Substituting in (7.26) UF(p,t.> =0 «e obtain F(p,t> = o0 .
Conversely, substituting in (7.2) Fi'p,ts-0, «e obtain DF<p,t>-0. -

(7.32) Theorel. For every F(p,t>e8 «e have
(7-33) DF(p,t> = 1pep( ¢/dp (p e~p* F(p, t>) ,
(7.34) d/dp F(p,t> « p e-p*d( YpeP* F<p, t> )

Proof. Substituting (7.29) into (7.27) and Multiplying both sides by
YpaP( , « obtain (7.33). Replacing 1/p * P* F(p,t> by F(p,t) in (7.33)

and «ultiplying both sides by p e~P* , ne obtain (7.34). .
(7.35) Theore». If F<p,t>*8 and
(7.36) DF<p,t> B 0

then there exists a function H(p,t)& 8 such that
t

(7.37) FCp, t>= 1/ eP* Jp s~P( ( Hp,t>- p /7 H{p,u>du) <p
O

«ith the condition

(7.38) paP* F(p,t) -> O ,

p_*oo
ehich is equivalent to

(7.39) H(p,t>= HF(p,t>+ eP*X DF<p, t>

Proof. If QFCpts a o then, according to Theore« (6.29), there

exists a functionHCp,I>*8 such  that
t

(7.40) DF(p,t> = H<p,t> - p J H(p,u>du
0

Substituting this into (7.26), «e obtain (7.37) «ith (7.38). Rnalogously to
(4.5) and (4.4), the for«ula (7.40) is equivalent to (7.-39). -
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(7.41) Def init ion. The second D-derivative \P-Fp,t> of a function
FOp, eff is the D-derivative of DF<p,(>, that is,

D2F<p,t> D(D F<p,t.>)

in general, the D-derivatiue D*F<p,fl> of a function F(p,t>*fi is
theD-derivative of O~MFCp, t>, thatis,

(7.42) o*F(p,t> :=D(Dk“VO0, (A for k=1,2,..
Here we put
P fp, t>* Fp, t> ,

D*F(p,t> = DF(p,t> . .

(7.43) Theore». For every function FCp,t.>~ff we have
Dk (D,A0/t>) » Dk+IFfp,(S

Proof. The theore» follows i»mediately fro» Definition (7.41). -

(7.44) Theore«. For every function F(p,tseff and k= 0,1,2,... we have

k k
(7.45) D'FCp, (> = X C-rM+1(j ) (//p t/'t - tJ ) ¢-I/tffi-d Fp, t>
J-O

Proof. Ue shall prove the theore» by induction. By virtue
Definition (7.1), the foraula (7.45) Is true for k=1 . Thus, let us assuae
that It is true for k=r , that Is,

r r

drF<p,t> * £ (-iM +f (j) (j/p tt-t - tJ) r-j/*r~j R<Pt>

j=0
Then we have

1> =d(dr FCp,tA *  d/dp vrFCp, + (i/p - t )vrF<p,t> =
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r r
m X ( j ) ( -ji/p2 tf-*) r-j/dfT-j F<p,t> +
j-O
r r

+ X(-tM*f (j) (j/p V'l - tJ > <r+f-j/jpr+f-j F<p,ts +
j=o0

+ X (M +t (j ) (j/p2tf-* - UP tf - j/p tf + *J* *> f~ I/ *r~j r<p, *>

r r
- X t-fI3*+1(j ) (j/p /=1 - tf ) r +i-j/*r +t-j fo,t> -
j=0

r r
- X f-*M+r (j) (9§ +>/Ptf - d +f) jr-j/jfT-j F(p, t> =
=0

r r
= xr-tjf*f(j) (/P tf-* - tf ) r +i-j/ *r+f-j Ftp, t> -
=0

r+i r
- X (-*M  (j-1) (JI/Ptf~* - tf ) r +'-j/dor+*-j RP/t> =
j-f

= jr +f/ffT +?F(p, t> +
, >$: () (b ' - ) rEATEIRL -
j

+ F-2 @EPpr - r+¥HHpL

r+* r+f

- X)) pt=-7f) At
j =0
Ue see that if (7.45) is true for k -r then it is true alsofor k~r +f .

This completes the proof. -
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(7.46) Theore». If g<p>*R then ie have for k =0,1,2,...
(7.47) O*g(p> & d k/c%Hi g(p)

Proof. Ue shallprove the theorei by Induction. Since (7.47) is true
for k™o , let us suppose that It is true for k*r , that Iis,

Drg(p> S dr/<t/ g(p> .

Then we have, in vlei of Theorei (7.10),
Dr+1gCpS * o(org(ps) m D{dr/4T gp*
= dr +/$r+1g(p> + a/p - t>dr/dpT gip>
Since it follois froi (7.22) that

a/p- t>dr/<$rgpP> a o ,
me obtain

vr*xg(p> S dr *{/ctr*1g(p>

It leans that if (7.47) is true for Kk =r then it is alsotrue for k=r +f .
This coipletes the proof. -

(7.48) Theore«. If F<pt>, g(p> e ff and
(7.49) F(p,t> m g<p.',
then ie have for A--0, 1,2,...

(7.50) olr<p,t> m dkA*fi g(p>

Proof. Itfollovs froi (7.49), by virtue of Theore# (7.10), that
D*F<p,t> a  ofi-g<pd

Hence, by Theorei (7.46), ie obtain (7.50). -
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(7.51) Theore». If then ae have for k= 0,1,2,...
(7.52) D* f<t> - <-i>k+f k/p ( k-f - tk) f<t>
Proof.Substituting F(p,t> - f<t> in (7.45), se obtain (7.52). -

(7.53) Theore«. If f<t>F(p,t> e Rthen te have for k= 0,1,2,...

(7.54) D* (f<t> F(p,t>) - f<t> D*F<p,t>

Proof. Replacing F(p,t> In (7.45) by f<t>F(p,t>, »e obtain (7.54). =

(7.55) Exoaplea. Let us find D-derivatives for soae functions F<p,t>*ft .

D Forf(t> =tr , »here r is any real nuaber, ee have, according
to the foraula (7.52), for k= 0,1,2,...

(7.56) D* tr = C-1Sk*f (k/p tr *k-f - tr+k)

2) For g<p>* 1/p and k -0,1,2,... ae have
(7.57) D* i/fp - <-I>k tk/p ,

because,according to (7.2), »e have D 1/p = - t/p , andsupposing that
(7.57) 1is true for k=r , ae have by Theore* (7.53)

d~1 i/p = O(» i/p) = of(c-i/'r/p) * c-ijr ro i/p = <-ir*f r +1/p,
that 1is, (7.57) for k~r +1.

3) For pp>=maw, «here r is any real nuaber, and for k= 0,1,2,...
e have

(7.58) D VP = (k/p + (r-t™) e rP
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Ue prove this for»ula by induction. It 1is obvious that (7.58) is true for

k*0. Therefore, supposing that it is true for k=g, »e have
ng*t *rp = d{d*i *rp) = d{(g/p cr-t.*rf+ cr-t#)erp) =
- - g/p? *erp + rqg/p 0° +rfr-tdJ# <rp +
+ g/p? *nP + /p <rt*7*rp -9g/pt Cr-i.*rerp -

-t (r-t,*? QrP =

(<g+I>/p (r-t 2+ (r-tfl*9H erp ,

that is, (7.58) for k*q +f . This completes the proof of the foraula
(7.58). .

(7.59) Theore». It
(7.60) g<p) m o, g(p>e R ,

then for any real positive integer n

(7.61) J'ofy.vdfP a O , <fg(p.V&}e R

Proof. It follots fro» Definition (6.1) that <fgp>/<¥**ff , because
<Pt*fg < p : a &+rng(pV4**n . Horeover, according to Theore» (7.8), «e
have Dng<p> B o and, by Theore» (7.16), cPgCpycp*m o . .

(7.62) Theore». Ue have

(7.63) gp> m O , g<p> e ff
Iff

00
(7.61) / g<v>dv m o,
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Proof. Since
00

dzdp J gi'v) Af * 9<pJd 7/
P

it follow fro« Theore« (7.59) that (7.64) i«plies (7.63). Thus, invie« of
Theore«(6.76), It is sufficient to prove that

00
iP* g(p> e 8 j«plies eP( Jg(v>dv * 8
P
Therefore, let us assuae that
(7.65) g<p> c 8
According to (6.2), «e have
1 eP*g(p) | i NP hffCt)

that is,

1 gp*| £ apCt-k>h(t> for al«ost every t tO .
Replacing t «ith t+2k , «e obtain

g<p>1 i e~P<( +*'>hffCt +2k>  for al«ost every t to
Hence

00 00 00
1 Jg<v>ck | £ 7/ 19CIrAd< . ftgft+2kJ / *
p p P
1/(t +k> hg(t +2k> e~P(t +A>
and
00
(7.66) 1 fg<u)dv\ i *~P HgCt> 1 *KP Hg(t> ,
P

ehere

HjCt> = 1/Ct+kS h(jCt +2k>
Recording to (6.2), «e have

(7.67) I P/dp&tg(p>) \ £ het> for 0,1,2,...
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Ue shall sho» that there exist analogously functions H-jCt),
such that
I F/JfPitPt Jg<v> (*.) | 1 Hra> for m=0,1,2,
p
Ue have
00 m m (v9]
/ g(v>dv) - X (]) FV/d™~J d3* /dpt f g(v> &
P j=o P
00]
- g+ f g<v) & S
P
mhere
* *
P = X () >t  JF-t/Jpf-1 g<p>
j=f
m
= X &+10) F/Jp* g(p> =
s=0

- X X (s) n <r/Jp* g<p> ~

= X X (s) (P* F/Jp? g(p>
J=0 s=0

o~f J J
* X P~J~F X(s) *-*/&-*&* F/tp*g<p> =
Jj‘o s=0

M-1

= X p=d~F */& (**#8&>)
J*0

Hence, by virtue of (7.66) and (7.67), »e obtain

(0 0] M1
I F/df* {&* f g<v>dv ) 1 i t* >*P Hg(t> + X hj<t>
P J=o0

e*P Hrt> for m -0, 12,...
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mhere
m-F
H(t> C HtfO + Z hjit>
j=0
This weans that the function
(00]
eP* / g(v> dv
P

satisfies the condition (6.2) frow Definition (6.1). Since it satisfies also

the renaming conditions frow that definition, we obtain
fo'e}

(7.68) fgv,idv g ft t
Y

mhich «eans that (7.65) 1iwplies (7.68). This completes the proof. -
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Ulll. Further applications

In this chapter ae shall give so#e examples of nea techniques, using
functions of tao variables FCp,t> . Calculating aith such functions, ae Bust
reaeaber that, generally, ne cannot suitiply 1iIn the ordinary sense any
equivalence on both sides by a function FCp,t>, in particular by a function
f(t> , but ae aay do it in the sense of convolution, according to (1.19). Ue
Bay also aultiply in the ordinary sense both sides of an equivalence by a
function g<p) , according to (1.27).

Rt the end of this chapter «e shall find an exaaple of a problea, ahich
cannot be solved by the Laplace transforaation, and cannot be solved by U3e of
tlikusinski"s theory, but «ill be solved by Bethods of the presented theory.

First, ae shall Bork out soae useful foraulas.

(8.1) Theopea. Ue have

k
(8.2 £E<-<*(j) - for O¢'nSk-f
n n 1 for n-0,
(8.3) Z<~1if(j) - <
J=o0 0] for n>0,
(8.1) for m<k-f, n <k-m-f.

j"0

Proof. The foraula (8.2) 1is true for n=0. Supposing that It Is
true for an n <k-2 , ae obtain
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K k-1
(h+J3 ~ (n))
k-1
a+l)

By induction, the for»ula (8.2) is true for n=0,1,...,k-1 .

The sub in (8.3) 1is Nekton"s expansion of <l- 1P . Hence »e obtain the
foraula (8.3).

it folloBS from (8.2) that the foraula (8.4) is true for m=o0. Since
(8.4) is also true for n=0 , itis sufficient to prove, that if It is true
for m=u+f vith n=r and for m=u *ith n=r +1 then it is also true
for a=u+1 lith n*r +1, »hereu <k-2 and r <k-u-3.

Thus let us suppose that

r k u+r +1-j k-u-2
Z <->»(/)( .7 ) ' <=t (r )
j=0
and
r+1 k-tr-1

Then »e have
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r*f k u+r*2 -j
Ec-ry(j)( )
J=0
r +f k u+r +f-j u+r +f-j
m o Z< > % () (( ) (. )) =
j=0
r Kk u*r+1-j r*t u+r+f-j
- E<->*(j)( ../ y eXctn (j)( - ) -
ynN7 yE7

A-trv* k-cr-2

= <tr(F) =i+ r(r¥D  =fr+t(r+

ehich »eons that the formula (8.4) is also true for *=u +f eith n=r +f,
This completes the proof. -

(8.5) Theore». If functions F(o,t> and X(p,t> haue derivatives eith
respect to t up to (F<p,t>/d& and #X<p,t>/M* , respectively, then

A

(8.6) F<p,t> ¢X(p,t>/4& = X <~f* (j ) <ft~j#FCp, O/itf XOp,
j=0
Proof. Introducing, Tor siaplicity,
F:= FKpt> = f*°-' X = Xpi> = X<y,

and

f<j> :* JFCp t.Vttf , X<I>:= ?2X(p,t)/*tf for j =0,1,...k ,
e have

* *

(f X)&> X (i) F( >xk~j>

j:

Hence
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A A A A
(0) FO>X<k>+ (,) F<I>x<k-1>+( 2 ) F<2>X<k-2>+...+(\ ) f<k>x<0> , (f<0> x)(k>

A-/ k-f k-f
(0) F<1>X<k-D+(, ) f<2>xOc2>+. . =~ f<k>x<0> = (f<1> x)Ck-1>
k-2 k-2

(0 ) F<2>X<*2>+...+ (¢.¢ ] Fk>X<0> *  (f<2> X' k-2X

@]
(0 ) Fk>xCO> = (f<k>xp >

Solving the above systes of equations with respect to favxx<kx  ve
obtain

A A A
(f<0> x)Ck> () (2) (k)
k-f k-f k-f
(f<1> X (k -t> (0) ( f) (k -f)

(8.7) F<O>K<k> = _ k-2 k-2

(*2> X(k-2> 0) (k-2)

_ 0]

(fik>x/0X (0)

A
X c-fxt(&> Afcj

j=o



ehere
k
(.
k-f
(a
(kj
ff
f
of
kf(k-f>f ... <k-J* f)f

<k-f>f(k-2>f. .. (k-j>!
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21 Sf

ff 2f

of ff

2f

k-f
Cc-J

k-2

Cj-fm

% %

<j-2>f

of

k-f
0-1J

k-2

jf

<j-f>f

(J-2M

ff
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2 3 4
(o) (0) (0) Co)

i 2 3 4
() Gy -(7) (i)

kf  Offf ... Cj-iM
3 4
if (2) (2) (2)

** (b) (o)

'

(k-j>! H2f ... ~mfj) (2)

i

P

euen rots and

Subtracting fro» the Ffirst rot of the aboue determinant all
j-1 colutns of the

rots, te obtain iIn the first
= and in the last

1# for q =
Hence te obtain

adding the retaining odd
first rot Netton®"s expansions of C i-

3ion of (i - tV + c-/y +r
0 0 0 0 0 c-/y **
i 2 3 4 j-f j
(i) (i) (t) () (t) (.)
kf k
4r/= 2 3 4 i-i ] G) -
(k-j)fj! (2) (2) (2) (2) (?)

Substituting this in (8.7), te obtain (8.6).
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(8.8) Thoopc«. If FCpt>, dF(p,t.V4t, ¢FCp,tv<u* e F and  xcP, t\
*X(p,t>/M, ¢X(p,tVJ& e F , «here A is a non-negative integer, then
* A
(8.9) FCp,t> I*X(p,(y<sH* s X(p,t> Z <-1* (j ) ffi-j ¢(fF<p,t)/dtf -
j=0
k-1 a k-n-f
~ E£f/c*£ C-f.*-7 ) [*-"Ftp,t>/*?-" <PA, t>/<xnjt=0
mO0 0

ehich id equivalent to

k *
(8.10) Ftp, ts <IXP tI/H* = Xp t> X <-1#(j J fifi-S * FOp, t>/dtd -
j=0
A-/ A-1 k-n-/
- £ [PX<p, tVdtrdt=0 £ Cf*~"(a-n) f*~m[;'-"Ftp, t>/*"?-"] t=c ,
n=0 a=n
and also equivalent to
k A
(8.11) FOp, t> <fix<p, >/M* = XPp,t> £ c-fM(j ) pft-J ¢FCp, -
j=o
A-1 Aa 1l k-n-1
- £ [*FCp,MF?]Jt0 £ c-1*(m )p*-" [rx<p,tv¢m]w
mC n=0

Proof. Recording to (4.79), *e obtain fro» (8.6)

Fp, t) ¢XCp, tI/tt* =

A A. k-j-1
= £ (-1*(j ) Cfi-d (iFCp, tw tf xcp,t> - £p*~y~r [rfa'FCp, tw tf xcP, t>)A ir]tm0)
j=0 r=0

ehich 1is equivalent to

k A
(8.12) FCp, JXCp,t>/dE s XCp, (> £ C-M'(J) pt-S ¢/F<p,t>/*tf - S
J=o0
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ehere
A a Aj-i
S =X J) Epkpor QFp, /it X, ) ]t =
J=0 r-0
A/ * *V/ r r
= Z<-1>J() E£pkd+ X (s) [P, 0 g+s <X, tvttrsjtxo =
§=0 = SQ
k-1 k-J-1r k r
= X X £ <DIg)(s) prJ*[eHd<p,0/itd+s (rsxCp, tMtr—*J0 .
J0 r=0 0
Introducing
a =j+r , n=r-s |,
e have
s =a-n-jJ , r=a-j , J+s = a-n
k-1 k-1 mj k .-
S = X X X 1)(n) Pk>* [, ¢ Xp, BAMIBO =
J=0 a =€
k-i a an k "y
= X pk~* X [¢""Ftp, tS/Jf-" d"X<p, t.V*fP]t=0 X i d)(nJ
a0 =0 J*0
k-1 k-1 an & jry
= X [g"XCp, VHJE0 x pr*emeF<p, BRH]E0 x (-fv (J) (. )
=0 an J=0
and, according to the fomula (8.1),
*—f * k-n-1
s = Xpk*X c-r*Ca-»J [[~Hp, tvtt*=" *nep, twetrje0
a*0 n-0
A4 Al krt-1

* X PXQ, AP0 X <-*>**(an) PKO[*m+i<p, tW1?-"]Jt0

n=0 a=n
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Substituting this into (8.12), we obtain (8.9) and (8.10). Introducing

r = 9-/7

me obtain

k-n-f k-/r-f

S - £|;pcPhM']l_=OZ cr(r ) P Rmp, it o

n*0

. EPFEAED. <o (c o R oo

Replacing r by a and substituting j? into (8.12), we obtain (8.11). -

(8.13) Theore«. If Xp, t>, IXip, (XCp, t>/*£ e F , »here Ais a
non-negative integer, then for any non-negative integer q we have

A
)Sp,PZA:-l*(j ) ffi-j  &~j/(q-j>! trq>A

(8.14) &/qf s <

X(p,t>_2c-ry (jk)p*~S W -
kqfkﬂf
- -frz ) (¢-Ne"XCp, t>/7M]t=0

n=0 hqé

Proof. Ue obtain (8.14) when substituting F(p,t> :« &/q! in (8.11). -
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(8.15) Theorem. If Xip, >, &X<p,t>/it, ..., ¢(Xip,t>/*£ ef , there k i3 a
non-negative integer, then

k-2
(8.16) t <fix<p, 3 (p*t - kfE~D) Xip,t> + ZO c-j-I> ffi-J-1[#X<p, t>/*d] t=0
j=0

In particular, »e have

(8.17) t*X(p,i)/*t = (pi - t>Xip,t)
(8.18) t JpXfp, t.VJi2 m fp?t- 2p) Xip,t> + p X(p,0> ,

(8.19)  tJIXp, tvVdt3 a {p*t - 3p?) Xip, t> +(2 P* X(p,0> + pfaxip, t>/tt]t=0)

Proof m The fornula (8.16) 1is equivalent to (8.14) »ith g* / . Ue
obtain the formulas (8.17),(8.18) and (8.19) fro* (8.16), »hen putting
A=123 . -

(8.20) Theore«. If X(p,t>, ¢X(p,t>/it, ..., I*Xip,t>/*& eF , »here k is a
non-negative integer, then for any non-negative integer q »e have

k-1
(8.21) ef* (Xip, t>/dE s ip-q.* XCp, t> - p X (p-qfi-J-* [tfXip, t>/ttf]t=0 .
J*o

In particular, »e have

(8.22) e#l ;Xip, t>/H a (p-g> ¢1* X<p,t> -p X(p,0> ,

(8-23) 2X(p,t)/M? = ipq<?e#* Xip, - pip-g> Xip,0> - pftXi'p, ,

(8.24) ¢1* ExX<p, t.Vtt3 5 (p-g*3 Xip, t> - pip-gqJ? Xip,0> -

- p<p-g> [¢Xip, t.V*t]t=0 ~P [*X<p, t>/*t?](sO
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A SISEY o= o+ NG 7lae

€5 o = epE<¥()fiid -s

- (d Xpe-S
f1e

=i k-
- Phaetred (e
_pZE»«gws@kz" () S+ Get
Kf

= pZ <pgE-Tfexp, /A0
J=0

Sislitliyit 108, wdEN&A.. -

Ly US4 T
B2 RACPOYR a xpl) ZHH()) PHFAf -
- P97 ) PR BEtirto
dihisayidet 0
BB Rttt mXgeZ  JPSHIVE -
- ZBQULOZ <R fraprrana]to
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and equivalent to

* a

(8.29) FEp,t> ¢ Xip,t>/ir e  X(p,t> £ (-D)f(j ) ffi-J ¢fF(p,t)/i(J -

J=0
k-f k-m-f k-n-f
- 2 [*F<P,tVtt*Jt=0 Z C-1.*( m ) frxip, t.Vttn]t=0
a=0 n=€

Proof. Ue prove the theore» analogously to Theoren (8.8), using (6.66)
instead of (4.79). -

(8.30) Theore«. I xcp,t.\ ¢Xip,t.VJt, Jxip, tytt* eff, there k is a
non-negative integer, then for any non-negative Integer q te have

X<p,t> Z <-1*(j ) ffi-j C~I/<gI>f for q> k,
j=0
(8.31) fl/qf ¢Xip,tv*E m «
Y A
Xip,t> z <m*#(j ) ffi~) erd/igq~j>! -
j=0
- -g-f ,k-n- -
- HEZ Q) it pdofA4DO
n=0

for q <A .

Proof. Ue obtain (8.31) then substituting Fip,t>:=&/q! in (8.29). .

(8-32) Theorel. If X(p,t), IXip,tytt, ¢Xip, tvdt* eR , there A Is a
non-negative integer, then

k-2
(8.33) t (Xip,0)/*& m (ffit - kpt-'J xip, t> + Zik-j-F>ffi-j-i[*!Xip, t>/dtflt=c
j=o0
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In particular, we have

(8.34) t ¢Xip, t.Vdt s (pt - f> XCp, ,
(8.35) teexep, tyjf2 m  (p?t - 2 p) xep, t> + p xcp,0>

(8.36) t J?XCp, (VAf3 s QPt - 3p?) XCp, t> +(2 p2 xcp,0> + pftXCp, t>/dt]t=Q)

Proof. The formula (8.33) 1is equiualent to (8.31) with g=1. Ue
obtain the formulas (8.34),(8.35) and (8.36) from (8.33), when putting

A=12,3. -

(8.37) Theore«. If xCt\ dxCtvdt, DxCtvdt* eff , where A is a non-
negative integer, and there exists a function XCp>eR such that

(8.38) xct> a  xgp.*

then for any non-negative integer q we have

X c-lji f/ftF) f/jf dxcp.vdpt  for A * o

j=o
* A~/
r-fi* X (qg-j)PJq*k t/jf <OXCp>/dpj for g i A i f,
j=a-k +/
(8.39) &/q! x*k>ct> e =<
* (c-f
C-fJ* X {g-j)pfe-*+J L/j! d?XCp}/sjpi -
j=0
k-q-fk-j-f
-C-favxX ( q ) XO*<\/J> for I <A
j=0

In particular, we have
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g
(8.10) &/q! x(t> 3 £ <-t# t/frd 1/j dtX<p>Apf
=0
k-2
(8-11) t xxk>(t> m -ik-f.' X(p> - dXpVvdp + Z<k-j-1> X*p><0>
y=0
k k-f
(8.12) /) XK\ s <-IE Z (j-i) pi I <X<p>Apt for ki 1
j=f
and
(8.13) ( Aft> m 1pXp> - dXpV<$}
(8.11) f2 xt> m 2/p2X(p> - 2/p dX<p>Ap + (fiXipVvVdp2
(8.15) fi? xft> m  6/p* X(p> - 6/p2 dXipvdp + S/p ifXCpVcep2 - d™XCpvdp3
(8.16) t x<st> m - p dXCpVip
(8.17) f2 x't> & p (fXipVip2
(8.18) t? x’(t> S -p  thiX<p>At?
(8.19) t x"Ct> m -p X<p>- x(0>) - p2dXp>/Jp

(8.50) 2 x"Ct] B 2p dXlpVdp + p2 aPXipJAp2

(8.51) B x"CtI> 5 - 3pifxCpVip2 ~ p? tPX(p>/j?

(8.52) t x“'(t) m px‘0> - 2p?X<p>-x(0>) - p? dX(p,vdp
(8.53) 2 x'*¥(t) m 2pXpP>-x(0>) + 4p2dXpVdp + f? ~"XCpVijp2

(8.51) t? x”‘t> & - 6pdXCpMP ~ Op2 cRXCpMg2 - p? cPxCpd/tp

Proof. First, »e shall prove (8.10) by induction. By virtue of (8.38)
the formula (8.10) is true for g =0. If (8.10) is true for any q then ee
have, according to (7.19)
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Cr+#/Cq+fu XtS = +/Cg+/> &/7q! x(tX
q
m f/p /q+f> X <-Hf /prj f/jf dXp>/dS/ +
=0
<
+ f/(g+f> X C-f* (q-j> f/ft-J+r f/j! dfXCpS/p/ -
=0
4
- f/@+f) X C-fv f/ftrj /)1 d? +h(p.Vdpf +1
J=0

f/q+P X <-f# <qej+1> f/ffij+1 f/jf dfXipvdpj +
=€

q+f
+ f/Q+f> X <-f* f/fflj+1 f/jl | riXXpVdpd
=f

q
f/ffl+f Xp> + X <~f# f/ffl-j+1 f/j! dfxtpvdpt +
=t

+ <EXTH{ H/(Q+F>! d I+ XE>/<phf =

q*f

X <*y  f/ffi-j+1 /)1 dix<p>/dpf ,

J=0
ehich means that the formula {3 then true also for m+f . This completes the
proof of (8.40).

Ho* me shall proue the formula (8.39) by replacing in (8.40) by
and (8.38) by
A
(8.55) xxk*ct> m  p*x<p) - X N s>(0OX
s=0

Thus me obtain

q A-f

&/7q! Mk>((> a X<-f* U&t f/jf ( fix<p>- X ffi-* )*j*

=€ s=0
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Since this foraula coincides for k=0 with (8.39) and (8.40), let us assuae
that k >1. Then ae have

*7
&/q! j B j50<-1)f /ffy  1/j! XCpftd* -
k~1
~ f/p*Z ft'* *Xs'<0> -
s=0
q k-1
- Z t-ty i/p*~) /jf Z X*s>co> =
j= s=0
q J J
= Z<-f* 1/} z (S)6 NP ~S>d*X(p.v4a>* -
j=0 s=0
k-1
- Uf#Z (firs x?s>(0> -
s=C
q K-j
- Z C-f* 1/j' z x*s>(0>
j-1 s=C
Hence ae obtain
vird 4
(8.56) &/qi x(kk>a> B Z t/*f d*X<p>kp* Z<'-f# 1Ajs>i (¢ fts'
s=0 j=s
k-1
-z ffs¥fs xX*s>> -
sQ
- Z (-tjf i/f/rj 1U/jlz f x * sho>
j=1 s=0

Froa noa on ae shall consider separately the tao Tfolloaing cases
g<k and qgtk.
First let us suppose that ( <k . Then ae obtain froa (8.56)
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</ *7
tf/q! x*k><t> & X /sl <PX<p>/<& X C-IM (-J -
s=0 Jj=s
k-1
- X ffiXs x?s><0> -
s=0
vV  A-j fEg
- X X <=1# () *XS><0> =
j=f s=0
« <> A
= X <=1>*ffiq+s Usfd*™X(p.Vdfj* X <-ty (J)
s=0 =0
k-1
- X pk~-s x*s-"i> -
s=0
k<7 =4 krs
- X  Pk~"s X <-1* (1) -
*=U =1
k~1 ks
- X X*s o> X <-1* (j )
s=k-q +1 =1

and, according to (8.2) and (8.3),

7 k-1
fV/ift ***'<(> H C-1,7X (q-J P~A7+S 1/s! ~XCpt/cp* -
s=0
k-1
- X fgHTs XXSTRB -
s-0
ks-1
- X ¢€c*s *s><0> (<17 (q ) -1) -
s=0

- X PK~"7Y x*s>C0> ( <1 - 1.%%* - 1)
s=k-q+1
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vV k-f
= <-1#Z (gs +J  1U/s! <fX<p>/c& -
s=0

**rf k-*-F
- C-tflE ( g ) ¢cgs Xs><0>
s=€

Replacing here s alth j ae obtain the foraula (8.39) for q <k .
No* let us suppose that q >kt 1. Since

17 k-j
X <e-/> 1pfl Uj! £ x*s>W> =
=1
*  k~J ks
= £ £ <-1if(j ) ffi-ys x*s>W> =
=1 s=€
k-f ks a-s-
* X X r-/y )
5AT j-1
k-f
= pfrTm- x**>a)> (a - tfi~* - t) =
s*0
k-f
= - £ xX*s>SW>
s=0

the foraula (8.56) aay be arltten in the fora

-k q
r?/qf x H £ 1I/s! d*X(p.V<ps £ C-IM 1/p*j t/CIsM (ffifo-** +
s=0 j*s
q * 1INn* Q M -
+ £ 1U/sF d*x<p>Aip* £ c-/y Vf/rd t/<js>! =
s*g-k + J*s
g-k k +s £
= £ pN*A LS <FX<p>M? £ CIM (-J +
s=V j°s
< *7 k

+ £ prv+* i/s! cfxipj/ipr £ c-ty (.J
s*vi-k +1 j*s



mX<f 8 IPATECH () +
+ X <F @ s cbep;egxelvl(f)

s=qg-k +i

Recording to (8.2) and (8.3), «e obtain

- k-t
e7/qf 5 )Z <-** p~N7+k ﬁ d*X(pV<p* C-tJUS (~ ) =
sM-k +1
*7  k-i
<1*7 X (q-*) pF~*7}/sf <fx<p>/<P*
sNg-k +t

Replacing here S mith J me obtain the formula (8.39) for ( \Ik .
Substituting in (8.39) the suitable values of « and A, me obtain
formulas (8.11),...,(8.51).
This completes the proof. -

(8.57) Theorea. If Xip,t>, X<p,t>/*t, . . ¢(XCp,t>/*& sti, «here A is a

non-negative integer, then for any non-negative integer q ve have

K-i

(8.58) (T e X(p>/*& B (p-qfi ¢7* X(p,t> - p X (p~g™~I~f [<VX(p, t>/ dif]t"]

J=0

in particular, me have

(8.59) (7* *X<p,>/4t m <p-gS (7* X<p,t> - p X<p,0>

(8.60) (7* <X, tyjf2 m P-g>?:7* X(p, t> - p(p-g> X<p,0> - pfXCp, t>/tt]t=0

(8.61) (7* Jpxep, t>/it? m  (p-qP ¢7* X(p, t> - p(p-qJ? X(p,Q> -

- p<frg>*X<p, tV *t]t=0 ~P[*X<P, t>/*f?]t=0

Proof. Ue prove the theorem analogously to Theorem (8.20). -
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(8.62) Theorea. If x<t\ x'CtS = dx/dt, X<r<t> = <Px(t> /diP e ft
«here n 1Is a non-negative integer, then the linear differential equation

n

(8.63) Z<akt +bk) = f(t>
k=0

»here f(t> «8 , is equivalent to the linear differential equation

n n~1
(8.64) X p>X *kft * Xp> Cugp + Z (k afrf - bk> - brfp) &
k=0 k=0
n n-k-f
S Z ft (E<k a*y*f-Dbfrj* xXV>W> - bn Xx<¥™+><<)) - FOop>,
k*f j*0
»here
x<t> m Xp> , X'<p) := d XCpVdp, f<t> S F(p>
Proofm By virtue of (8.41) and (8.55), the equation (8.63)
equivalent to
n k-2
Z (~<k-tkik ffi-* X(p> - akft X‘<p> + ak Z (k rj-t™ J '1x*j><0)) +
=0 j=€
n n k-f
* Z bfift X0 - £ bkE pt~j & Fip> ,
k=0 k=0 J:€
that 1is,
n n
X<p>Z akpfi + X(p>Z (<kt\Jkft'l~bkft) ®
=0 k=0
n k-2 k-f
H Z (*f 2 (k-j-frf-j-t x2J*<0> - bk Zft~y x~J>=0)) - K,

k=0 = =0

IS
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that is,
n n-f
X‘p>Xakffi + X(p> (X3g/p+ £ (k «*+/-bk>p* - bnfP) E
k=0 k=0
n k-f k
X (*kXjpt - bk X pi *fk~J><0>) - F(p>
k-O j~ f jmf

which 1is equivalent to

n n-f
X(p>X ak + Xp> {-&yp+ X <KIK+f ~bkn ~ bn
k=0 k=0
n k-f n
S X X 0 aknkwy- - bk x*k~JACOY)pf - xi&J X bk F<p>
k*2 j=f " k=f
that 1is,
n n-f
X'(p.> X *k + *<P* ("Vg/P+ X (A8 +f - bk>ffi - bnfp)
=0 k=0
n-f n n
H X pi X 0 *k xfk~S-,><0>- bk x*k-j'\ 0>) - X<0>Xt>k P* F(p>
j=t  kaJ+1 k=f
that is,
n n-f
X(p.* X ak + XP* (ft/P +X Kk ak+f~bk*ft ~ bné&*)
=0 k=0
n-f n n
a X p* X (k aj - bj - X<w Xt>k p* FCp>
k=r j=k +f k=f

that is,
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n n-f
X'tp)Z akP* * *P> (~O(/P* Z<* ak+1~bk>P* ~ bn(**) B
k=€ k=t1
n-1 n-k-1
a Z ffilk a&k+x<0> + Z <Kkak+y+,-bk+j>x*I><0> - bn¢g"™*><0>) -
k=r =r
n
- x@Z bkp* - Fp>
k=1
ehich 1is equivalent to (8.64). -
(8.65) Example. Let us solve the differential equation
(8.66) 2t *m' - JiW *«#" + C8t+tbh>x' - 20x = O

ehere X = xctte ff

Recording to Theores (8.62), «e obtain

OfP-W f? +#Sp>X ' + (Bp?25p +20)X m 5p? xCO> + p (-25 XW>+ 3 X ‘CO>)

that 1is,

(8.67) (2P3 fOp?+8p> X'+ <5p?25p +20) X = 5p? x(0> + p (~25x(0> +3x’<0>) + gp> ,

ehere X *X(p> § x<t>, X'a& dX/<p and g(>« 8 1is a function satisfying
the condition

(8.68) gp> s O

Solving (8.67) by classical nethods, «e obtain
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X = xXW> + i/p x<VS - 5/p? (4 x<0>- 3 x ‘<0>) + fi/Cp2Vp>> -
Vp +1
1/6 (20 x<0> - 3 xCO>)/(p?Vp>log------ +
Sp-f
Vp +2
+ i¥3 (80 xCO) - 48x'W>)AfPVp> log ————- _
Vp -2
(0 0}
/<p2Vp> f g<v>vVv /(2<v-1Xv-4>) dv ,
P

ehere ff Is an arbitrary constant.
Hu It jplying (8.68) on both sides by pi/p and dividing by 2(p-iXp-4> |,
e see that
gip>pVp/2p-tHp4}) B O
and, by Theorea (7.62),

00)

Jg(v) vi/v/(2<v-iX\—4>) A H O
p

Dividing it on both sides by p2*”™ , we obtain

t/QiPVp) / g<v>/(2Vp<p-1>p-4>) K @ O

P
Hence ae have
(8.69) X m x<W + i/p x'<VS - 3/p2 (4 xCO>- 3 x‘W>) + tIAfPVp* -
Vp +t
1/6(20 x(0> - 3 xCO>)Ap?Vp> log --——- +
Sp -1
Vp +2
+ i¥3 80 x(0> - 48x(0>)Ap?Vp> log ———-
Vp -2

Using tables of Laplace Transforasand taking into account thedifference
betBeen (1.1) and (1.2), ae obtain

(8.70) p h t , 2/p? e 2, I/<F?Vp> m 6/<tsVr> PV 1.
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It reaalns to find the function yjctf b YjCpy for

8.71) -~ TND 1og

and then to use it for a=1 and ea=2 . Ue have

\a'(p> = 5/<2psVp> log ———-——-——-———-

Hence
-p \A<p> = 5/2 Vjp> - t/cP - 1/c?p> - L/@p?> + p/(Cc?<p~i7?>)
By virtue of (7.20), (6.-4), (5.5) and Theorea (6.40), ae have
t = B2y</t> +

+  /e?( - 1- a?t - 12 )
Solving this equation by classical aethods, ae obtain

yjt) = KatfSt + 2/<BP> + 2/<9cP>t + 1a t2 -

asSt
- 2/(tScP) (3 + 2a21 + 4d*i2 + 16/15 t?/t 6f ¢edu

as the functionhaving the transfora (8.71). Ue don"t needto beconcerned

about the value of the constantka , because the tera Ka (?Vt «ill be
absorbed by the tera R (?Vt in thefinal solution for Xx<t> .
Using this forauia for ¢g= land * =2 together aith (8.70), ae

obtain froa (8.69), in viea of Theorea (6.40),
Xx<t> = xW> + x‘0>t - 5/2 4 xXW> -3x’'W>) t2 + &f/(5-/r) 2Vt -
- 16 (20xW> - 3x‘0>) yjit> +

+ 1/3(BOXW> - 48x‘CO> y~tA
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Introducing
8 - 4/9 x(0>+ 1715 x ‘<0>
(8.72)
C /- 19 x0J - 1/15 x'CO)
and
ft = 8tt/(I5Vw) + 15/2 8 Kj + 240 C
ae obtain
(8.73) x<ts - ft - 8@1?+ 2t+ sje* - C{0o4t?+ Of + sj +
/t 2</t
+ 8B/t / + 255Ct?ft f <*dut
(0] O
ahere ft, B, ¢ arearbitrary constants. For any initial values x<0* and

XCOS constants 8 and ¢ aay be calculated froa (8.72).
For exaaple, for

X0> = x'<O®> = 0 , x> =1,
ae haveB=c = o , ft=iand, according to (8.73),
Xct> = . -
(8.74) Exaaple. Let us find a transfora X =X(p> of the function
(8.75) x = xftS = e e ft
Ue have
Xcty =t s2 = tx

and, by virtue of (6.63) and (7.19),
px - p b 1Hp X - X'

ahere X" e dx/op , that is,
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X"+ p - f/pX = p + ,
where <02 is a function satisfying the condition

gp> s &

Let us choose this transform X which corresponds to g(pP> =0 , that s,
satisfies the equation

(8.76) X' o+ P - i/p)x = p

Solving this equation by classical nethods, we obtain

- f - f p f
X - Kp &2 + p 32 f s2dv ,
@)

ehere / is a constant. Since, according to Definition (6.1),

J
it follows fro» Theore® (6.76) that
_ £E?
(8.77) Kp * 2 m o
Thus let us put k'-0 . Then
~9g2 p VvV
(8.78) X = pe2 f e2 &
O
e*

Since we have (8.77) and the function e?2 does not belong tothering R ,
let us verify that such an X satisfies the condition Xe fi . Since it
satisfies evidently the conditions 12 and 22 froi Definition (6.1), let us
verify that it satisfies the condition 32 too. Let

. s? P s?

Y = e 2 f e 2 <
O
Then we have
X - pV
vi = -py +/

and
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Ue shall prove by induction that

(8.79) PMV + Qm

where pm is a polynomial of degree m+f and Qn a polynomial of degree a ,

defined as follows
Pg =P > 0$ = O
and for n=123,...
pn 7 -Pm-f + " M-t o+ .

Ue see that (8.79) is true for m- o . Supposing that it is true for m -k,
me have

cf* + +1 = ddpV + K{fr/dp + d#> =
= dPk/#>y - PPky + Pk + dk/4> =
* pk+ #+/ 1
ehich means that 1itis true for » * A +/ too. Thus (8.79) is true for
m=0,1,2,...
Thus me haue
| | i \Pj\y\ + It i P\PM\ + \On\

Since for euery non-negative integer n me haue

pn i. nfeP ,

there exists a positive integer ca such that
I J*X/p* | £ caeP

This means that X satisfies the condition 32 from Definition (6.1). Thus me

have x *ff. -



108 .

IX. Thedistribution rings U and

It i = {Ftp,tA e B »e »rite
- rf = {-fife, ;4
If fif - , M« - A »e «pite
12 ~{Fj<p,t)+ FzCp.tb ,
12/ - -{Ff<p,t> - F2Cp,tA >
fif*2 ={FfatSXFj&sts}

If F<p,t) = 0 »e irite

Similarly, if Qb (~0nr4 c Dff «e «rite

—« = 170,<4

and if AjB > AF" * Bff »e «rite
SIGASs {HPO R, 8,

- F&p, %ol i

otOa = I ~w x ™, <4
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It KFI"SO we write

{r<pt.] a g

The Theorem (7.10) allows us to introduce the following definition.

(9.1) Definition. The *-th derivative of on ~-distribution
& b {f9, e OFf is the ~-distribution

©.2 s .

Here we put

Instead of aft* we write also @m, instead of a&> also &nmn etc.

(9.3) Theore«. Ue have for any ~-distributions 6, & e D#
9.4 (a * 0O J=** e guUtt * gs» #
(9.5) fa°a 7/ b aex o gEt* #
(9.6) (0 8 )" * ff*8 * as* ,
A q

©.7 fas JO* B £ () gv>
(9.8) m

Proof. The above fonulas folio« iron Definition (9.1) and Theorems

(7.1), (7.6) and (7.43) . .
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(9.9) Theorea. If ff e {g<Pi e Off then
(9.10) rfSe* e (¢g<p>/dfft ]
Proof. The theoren follows froi Definition (9.1) and Theore« (7.46). <
(9.11) Theopo. The ring D of distributions includes zero divisors.
Proof. It is sufficient to give an exaaple of zero diuisors. Let
6i - {&KI/9S, 62 = G D ,
ehere
0 for 2n < Re ¢/ <2n+f ,
91<P> =
r for 2ft+/ < Rep <2n+2 \
Q 1 for 2n < Re /? < 2n*t
92*0"
(@] for S?+/< Rep < 2n+2
and n - o, . By virtue of Theore* (1.24) *e have
6f&2 -~ 2rP% = {0} = O

Ue shall shoi that none of the congruences

of<p> s O , 92*P> - o0

is true. In order to do it, let us suppose that
(9.12) 9j<P> = 0 (/»/0r y*i)

In vie« of Theore* (4.47), 1ie have
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< gjiCp> e F

This means, by virtue of Theorem

3-3),

that there exist real numbers

osa*r, b>, and a function cetseC , cCt] o0 , such that
t
SCat +b)p f c<t-u> g<p>du = O ,
O p_*oo
that is,
at +b t
gjip> f cit-uzZ I><u~vth>& + gj<p>f c<t-u> PNit~at~b> du Q
0] at +b p->°
Since the function <xY,> 1is bounded in every finite interval o< t<T
have
at +b
gj<p> JcCt-u> du = O
O p+00
Therefore for every t t b/<l1l-a)
t t-at-b
gi<p>f cCtru> eP<-u~*tb>du =  gj<p> Jc<t-at-b-v> dv”~r>G
at +b O p_>oo
that is, for every t ¢0
t
(9.13) gi<p>f c<tv>d*dv == O
O p-*00
Let
2n +f for j -/ ,
2n for =2
Since gj<rn>=f , (9.13) may be »ritten in the form
t
f cft-io =* 0 for | »/ ,
0] (00)
t
fé¢Znveitv>dv =3 O for | =2 ,

O /57>

ab ,
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»hich 1is equivalent to

2t
J'tf"* c(t-u/2>du == Oforj =1 ,
O r]_>oo
2(
Jc<t-u/2>du = O for j =2
@) n-*°°

By virtue ofthe Theoren on Bounded floments (see[5], p- 18), mehave

c<tru/2> - O for j =f,

c(t-u/2> m o for | M2,
for O<u =2t , that is, in both ca3e3,c(v> = O forO<v< t . Since t
can be arbitrarily great, me obtain c(t> = o , «hich contradicts the
assumption that ct> # O . This means that (9.12) Is not true. It
completes the proof. -

It remains an open problem mhether the distribution ring Bft has zero

divisors.

Since the ring B has zero divisors, me cannot construct in the
ordinary may a quotient Tfield of distributions from the ring B . But in the
following chapter me shall construct such a field for a subring of B
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X. The quotient Tfield Q

(10.1) Definition. fl function F<p,t)&S «ill be called a quotient
function iff there exist functions h<t>, k<t> e C} k<t>* O, such that

(10.2) Fp,t> X k<> = h(t>

In such a case ve shall «rite

h<t>
(10.3) F<p,t> = xxxxx -
k(t>
(10.4) Theore». If F<p,ts is a quotient function then F<p,t)*F

Proof. The theore® follows fro» Definition (10.1) and Theore® (3.20). <

(10.5) Theore«. If » is an arbitrary integer and f<t> , then
ft f(t> is a quotient function. |In particular, every f<t>e S is a quotient
funct ion.

Proof. If m is a non-negative integer, the theore# follows fro® the

fact that, according to (5.4), »e have
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t

p” f<t> x 1/f+/ = f<t> X p = / f<u>du

fP f<t> x t* + fAm +1)i s
O

uhich leans that p* f<t> is a quotient function. Hence for »= 0 »e obtain

the particular case.

If m is negative then, putting /?:*-*, »e have

p* fCt> = 1/pT f(t) = /p f<t> X s /W X fr~f/Cn-1M

*
= f f<tu> iP~f/<n-1>f du
O

<hich »eons that f<t> is a quotient function. This completes the proof. -

(10.6) Theorei. If
h<t>
F<p,t> = XXXXX
k<t>
and
Ftp, t> = SCp, t) e F

then 6<p,t) is also a quotient function and

Gp,t> s XXXXX
k(t>

Proof. If Fp, = &<pts then, according to (4.19),

(10.2) implies

Hence ie obtain our assertion.

the congruence
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(10.7) Theopea. If »e have (10.3) and H<p,t), K(p,t> e F are functions
such that
(10.8) MPp,t* = h<t> , K<p, t> s k<t>

then H(p,t> and Kk<p,t) are also quotient functions and

(10.9) Fip, > x K({p,t) = Hipt> ,

which »ill be written in the for»

H<pl
(10.10) F<p,t> - XOOOXXX
Xp, t>
analogous to (10.3).
Proof. H<p,t> and K<p,t> are quotient functions by virtue of (10.8)

and Theorems (10.5) and (10.6). Rccordingly to (4.19), it follows fro» (10.8)
and (10.2) that

F<p,t, X KCp,t> = FCp,tS X k(t> = hit> = H(p,t>
that Is (10.9). .
(10.11) Theorei. The set of all quotient functions for»s a subring of the
ring F .
Proof. Let Fflp,t> and Fgcpst> be quotient functions. Then there

exist functions hj<t), kj(t> e Ct Kkj<t>* Ot (j - 1,2) such that
(10.12) Ffip, t> X kfCt> = hfit> |, Flip,t> X k2<t> s

flult jplying the first congruence by o k~ct* and the second one by
I/p kfi't> and adding the congruences thus obtained, »e have

( Ffip,t> + F~p,t>) X ( p kfit> X /(,Ct) s
= t/p hf<t> X kgCt> + f/p h?({t> x kfit,>

By virtue of Theore» (2.27)
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(10.13) k(t> := JkfCtru)kg/Cydu e C kftS * O
0

Thus, Fft'p,t) + Q quotient function.
If Ftp,t* is a quotient function, so is FCp,t> .
No«, multiplying the congruences (10.12) me obtain

Ffip.t.> X PCpt) X kfCt) X KjCtS

hfCt) X htft)
and also

( Fi(p, t3 X FXOp,t\) X ( 1p kfit) X KkjCty) f 1 hijit) X htft))

mhich means, by (10.13), that FfCp,t) X FgCp,t> is a quotient function.
Thus the proof is complete. -

(10.14%) Def ini tion. The subring of all quotient functions mill be
called the ring Fg . .
(10.15) Theorem. If FCp,t>*Fgt GCp,t)*F, and
Ftp, > x Gp,t> = o ,
then
FCp,t> = O or Gpt> s o

Proof.It 1is sufficient to prove that, if thecongruence F(p,t>s o

is not true, then GCp,t> =0 . Byassumption, there exist functions

hCt>, kCt) e C, kCt>* O, such that
Ftp,t) X kit) b h<t>
If htt> = o, then, by Theorem (4.40), FCp,t> = G. It folloms that, if

the congruence FCptb s ¢/ isnot true, thenh<t>* O , and, by Theorem
(4.42), G<p,t> = Gt mhich mas to be proved. -
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(10.16) Thcorea. The ring Fg has no zero divisors.
Proof. The theore» follows i&nediately fro« Theore» (10.15). -
(10.17) Definition. If F<p,t>*FQ and a = { F<pt } then a

mill be called a (qg-distribut ion, which in the case of (10.10) will be
written in the for»

{ho, ts}
(10.18) 2 = {F(p,t$ = . -
Ufr, tA
(10.19) Theore». If we have (10.18) and F*<p,tt, ffcp,t>, x*Cpt> e F
are functions such that
F*<p,t> = Ftp,t> , H<p,t> = Mp,t> , K*pt> s Kpt> ,
then
{*<p, tA
/7 - {F*<p, '[S} = e
{K*(p, 0)
Proof. The theore» follows fro» Theore»s (10.6) and (10.7). -
(10.20) Theore«. fill representatives of a g-distribut ion are quotient
funct ions.

Proof. The theore» follows i»»edlately fro» Theore» (10.6). -
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(10.21) Theoree. fill g-distri but tons for* a subring of the ring B .

Proof. The theore* follow (Mediately fro* Definition (10.17) and
Theore* (10.11). -
(10.22) Def init ion. The subring of all g-distributions «ill be called
the ring Bg . -
(10.23) Def init ion. fl sequence of g-distributions RfR2 ... will

be called convergentto a g-distribut ton R and it will bewritten

lia Rm = R
iff there are functions h(t>, ftft), fgCt), ... e C , hct>*0 t such that
{ fa(t) }
12 fim s >x0000000¢< for m= 1,2,... ,
{M1t)}
22 the sequence f¢t), fgCt>, ... conuerges uniformly ineuery Tfinite
interval OStST to a function (we write fnxt> 6 fax)
a_>00
{ tax} <>
32 R = X0000acaxx . -
{ max}
(10.24) Theorce. It Rf, R2 ... isany sequence of g-distributions and

lia Rm - R and lia Rm = R* then

The idea of a convergent sequence of g-distributions is analogous to that used by
J.Mikusinski for convergent seauences of operators <I13J, p.41). See also 141, p.311-333.
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Proof. By assumption, there exist in the class C
h<tS* O, kitS* 0O, fn<tS, gnktS = . fitS, g<tS , such
(10.25) /{aw} = {fmas) and ftiml*as) = {gaaA
(10.26) and
(10.27) P{txtA » {*»} and #* {kits} =

Froa (10.25) «e obtain

8n{haA{aas} - {aas}{mms} = /{Acts}{gvas}
and then
{aas x mas} - {/w*; x gvas}
ehich Keans
kas X 2 has X
Hence
(10.28) i/p ki'tS X fnCtS s //£ X
that is,
f *
f kit-uS fmusS du = Jhi't-uS gmus du
O O

By virtue of Theorem (4.39) the congruence (10.28) iaplies
i/p k<ts x fnras = i/p has X gmas
By (10.26) le obtain
(10.29) i/p kits x fas - i/p has X gas
If there are such functions Fip, ts, G<p,tS e F  that

8 - { Fip, ts} and ff* = { Gip,ts }

funct ions
that

and



115 .

then, by (10.27)
FCp,t) X hCt) s fCt> , GCp, t> X kCt> = gCt>
and, further,
FCp,t> X 1/phCt) X kCt)= //~ AY/; x /T*>
X /E /=F> X kCt>3 //b X N
By virtue of (10.29) #e obtain

fiRfc, t> - GOpt)) X ( UphCt) XkCt)) = G

and by Theore« (4.40)

FCp,t) - GCpt) = G
It «eons, that /?-#*, ihich ®as to be proved. .
(10.30) Theorei. IfF /24 % ... and GF, B ... are any sequences of
g-distribut ions and
lin fla - ff , lis Bn - B ,

then
(10.31) lia <»*+E>*,» * fi +S f
(10.32) lia G&n- Bre = fi - &t
(10.33) lia RmnBn - /72¢

Proof. By assumption, there are in the class C functions hCt>*G,

k> *G  and gCe {m=1,2,...) such that
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(10.34) fim{ haA- {I<tA > an{kaA = {gnaA |,
(10.35) fna) 3 &bt > g<t) m ga) >
(10.36) fi {hitA=  {rrtA ,

6 {AC> = {git)}

Froi (10.34) *e obtain

{hitA {kitA = <3 {hitA O} = { { ifciM
and

4in +9n) { Aw xkiy = { 1hp ATD X + 1h hit) x g(t>> .

On the other hand, fro» (10.36) ve obtain analogously

if+B>{ 1 hit) x ki)} = { ki) x fi) +1h hit) x git)

T -
Since by (10.35)
1 ki) x fi) + 1h ha) x gnit) -
t t
= fFktw Mmidu + Fhitu)gniu)du Ed
@) @) &R
t t
E0O /7 AF&/>Tfia)du + / hitu)giipdu -
< O @]
1h kit) x fi) + /& hit) x
then, by definition, ®e obtain (10.31).
Ue prove (10.32) analogously.
In order to prove (10.33), »esuitjplythe equalities (10.34) andobtain

an8n {fhitA{kitA = {MitA{gnaA
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and hence
t t
RnBm{ f h<tu> Kkiu) du } { f MCtu>gnxu>du}
0 O

Analogously, we have by (10.36)

t t
R B { fhit-u) ktu) du } { T f(t-u>g(u>du }
O O

Since
t t
f m(t-w>gn<w>du  E3 T f<t-u>g(u> At
O +>° O
then we obtain (10.33). This completes the proof. -
(10.37) Definit ion. A sequence of quotient functions  FRp,t\
FoQo,t>, ... oil I be called distributionally convergent to a quotient

function KPP, and it »ill be «ritten
Uadis M, = Kp,&
iff

va {fptA = {fp,(A . -

(10.38) Def init ion. fl series of g-distr ibutions /272w ___ «ill
be called convergent to a g-distribution R and it «ill be written

R - RF+R + o

R = I\m Rf+/7?-+ ... R . .



(10.39) Definition. fl series of quotient functions Ff(p,t) +R2<p,t) +

«ill be called distributionally convergent to a quotient function
F<p,t> and it «ill be «ritten

Ftp,t) s Fftp, t> + F*p, + ...
iff

Fp,t> s Midis ( Ff<p,t> + R<P,t) + ... + Fnxp,t>)
* >00

(10.40) Exaiple. Although the sequence

P/l | po2f , TRe/3T

is for every P unifonly convergent to zero «ith respect to T

in every
finite interval 0O< t<r , «e have

(10.41) lin {p¢Mm} - {/3 ., i.e. lindis s )

Indeed, since

rr<*/»f} {1}y = {p**f P +/<*+/A%}
and by (5.4)
f +/IF+/A, =/
then
e} {713 = 3

and for » =0

/7y {7y = {/}

It «<eons (10.41), by definition. -
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(10.42) Theorea. If  f<t), ficts, ... e C and
(10.43) fmct> A f(t>

then

(10.44)

that 1is,

(10.45) ijm{fmctA > {ras) .

(See [2], p-41).

Proof. Since
t
{MmaA {73 = Ko/ fib¢A
(0]

and, by Theorem (4.20),

(10.46) (fi<th {1} = {tEBA\ , {m{f} - (A

then, by definition, (10.45) vresults fro* (10.43). Since (10.45)
equivalent to (10.44), the proof is complete. -

(10.4?) Convent ion. According ly to (10.46) ve can vrite si»ply

{/7%Yy=1.

Thus, for every distribution M ue have

Generally, for every real nuaber I ve shall «rite

is
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(10.18) Rework. There exist sequences of functions fro« the class C ,

«hich are divergent in the usual sense, but «hich are distributionally
convergent. .

(10.49) Example. (See [2],p-41). The sequence
sin t, y'sin 2t, ,?sin 3t ,
is divergent in the usual sense, but

(10.50) lin dis «sin M - p

Indeed, »e have

t
msin mt s pfmsin mudu * p<f-cos mt) s

O
t
s p fp<f-cos muydu * fP(t ~ f/m sin mt)
O
then, by (5.4),
i/p? s /2
and, thus,
{«sin mtH{t?/A ~ {p?(t ~ f/msin mtfi{ /PN - {/ - i/msin mt}
Since
t - f/msin mt E3 t

and, by (5.4),

{p H&™ » {p Hvpri * {fp} * {9

then
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lin {»sinm§ * {p}

that is, (10.50). -

(10.51) Theorca. The ping ffg has no zero divisors but it has an unit

eleent 7/

Proof. The theore» follows Tfro« Definition (10.17), Theore» (10.16)
and Convention (10.47). -
(10.52) Définit ion. R quotient distribution 1is a pair of g-

distr jbutions H 6 e ffg , <here B* O (in the sense of Convention (10.47)),
eritten in the for»

(10.53) -

» ith arithmetical rules defined as follows

H C
(10.54) = iff HO = 6C ,
8 O
H C HO + BC
(10.55)
B D BD
H C HC
(10.56)
S O BO
H C HO
(10.57) - - - if c*o ,
B D BC
H
(10.58) - - h
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(10.59) Theoree. The set of all quotient distributions forms a Tfield.
Proof. The theorem follows immediately from Definition (10.52). .

(10.60) Definit ion. The set of all quotient distributions with

arithmetical rules (10.54) - (10.58) »ill be called the field 4f . .

(10.61) Theore«. Every g-dIstrlbution belongs to Q .

Proof. Every g-distribution belongs to Q in the sense of isomorphism
established by Conventions (10.47) and (10.58). .
(10.62) Thcorce. Every quotient distribution can be mritten in the form
{ f<t> }
(0.3  —mmm———
{git) }

ehere f<t), git) e C, git) *q,

Proof. Let

?
(10.64) -
B
be any quotient distribution, »here
ff = { Ftp,t)} t B = { Gtp,t)} * O ,
and F<p,t), 6<p,t) are quotient functions. Hence there exist functions

a<t), b<t), at), dft) e Ct bit) *Q, eft)*0O, dCt* O, such that
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F<p,t> x £4> = at> , 6Cp, t> X d<t> s

flult jplying the numerator and the denumerator of (10.64) by

{ba> x daA - {><tA{d<tA
we obtain
ft {Ftp, tA{baA {daA {F<p, t>x baA {daA {*aA {daA
s {s<p, tA {¢,as) {daA {6<p,t>x daA{s,aA {caA {haA
{f/p) {*<tA HaA {raA
{f/p){caA i;=<tA {gaA
where
t t
fat = f aitu.*d@u>du , g(t> = f c<t-u>b(u>du
@] @)

which completes the proof.

It js an open problem, whether such elements (10.64) exist which are not
g-distribut ions. That such a case would be rare, we can see from the
fol lowing theorem.

(10.65) Theorem. It
{faA
e Q
{gaA
and the function ¢(t> has a transform hip) such that
" eF
h(p>

then there exists a quotient function F<p,t> such that
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{fa A
{F<p,tA = -————-
{oc A
Proof. By definition of a transform, me have
{getA = {htpA
and thus
{faA {faA
{gctA {h<pA
Putt ing
t
Fip,t) ® — iy eF
hip)
we obtain
Ftp,t) X git) s Ftp,t) X = hip) Ftp,t) = tit)
Thus, F<p,t) is a quotient function and
{r<p,tA{gC(f} = {faA
Hence
{fa A {f(P, (A{?aA
= e = {rcP,0}
ehich vas to be proved. -

It is also an open problem, mhether such a function gtt)eCf git) *O,

exists, mhich has transforms, but no transform hip) such that

f

(10.66) EF

hip)
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In other words, jt is an open problei, whether the conditions (10.66) and
g<t>* O are equivalent. Ue know, of course, that g<t>- O j»plies that
(10.66) is not true, but not conversely.
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XI. Ml theory corresponding to the
Laplace Transformation

Let us consider, hoi to change the theory presented above, iIn order to
obtain a correspondence to the Laplace Transformation but not to the Laplace-

Carson Transformat ion. First, let us notice, that the function =r
corresponds by the Laplace Transformation to the transfon g<sS=i/s and not
to / , as It was by the Laplace-Carson Transformation. Thus, we must
construct the new theory 1in such a way, as to distinguish fct> - r and
gist=f . (According to custom, we replace the variable p used in the

theory of the Laplace-Carson Transformation by the variable s used for the
Laplace Transformat ion).

Ue shall deal with pairs of Tfeasible Tfunctions, in the sense of
Definition (3.1) or in the narrower sense of Definition (6.1), namely

(11.1) I FCs,t>, gist 1

The arithmetical rules, however, are now as follows:

(11.2) | gfistl + |J[FCst\ gnstl =
= I FCs, t>"FNs, , g/Cst+y5t3 ,
(11.3) | Ffts, >, gfisM X 1 FjCs,t.\ =
t
— £ f FA(s, trut BCs,ut du + gtfi's) Fgi's, + ggjCs) Ffis, t) , gfis) go/Cs) 1.
@)

The above arithmetical operations are associative and commutative,
multiplication is distributive with respect to addition.



127 .

By virtue of isoaorphisB, «e introduce the following notations:
| F<s,t>, 01 = < Fis, t>> | O gCstl = [ 9g(*S]
Thus, by definition of addition,

I FCs,t\ gteS1 = < F<s,t>> + [ o]

By definition of aultipljcat ion, me have

t
(11.4) < FHGCs, ts> X < FCs t> > < J Ffis, t-a> Fjts,u>du > ,
@)
[ gtfs)] X [ g~> | [o g™fed 1
tlore generally,
[ hs>] X | FCs,U g<s>1 1 F(s, g(sZ 3

Thus, «e have

I Ff<s,t>, gf<s>1 x [ FCst\ gT***1 =

( <Ffts,tJ> + [g/<sS] ) X ( <F2<s,0 » + [g& A ) =
<FCs, > X <F2<stS> + [g”sS] X <F7stJ> +
+  <Ff<s,tJ> X [g?£ritl  + X
Ue have also
<t> X | 1 = 1 t\ g<s)1

The set of all pairs (11.1) foras a coBBUtative ring, »hich «ill be
called the ring L . The set of all functions <F<s,tS> foras a coBButatlve
ring «ith suitiplication (11.4) and «ill be called the ring ft . Theoreas

(3.20), (3.24) and (3.26) hold also for the ring ff,

Definition (4.1) changes as follo«s:

The class 2 is the set of all pairs 1 F<st>, Ol e/ satisfying the
condit ion
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< é** X FCs, tt > e 7t ,

Ue introduce congruences in the sane way as in Chapter |IllI, with an additional

congruence

( sgisty s [ ]

Then we have
< gist> X <Fis, tt > = [ 1/s gist] X <Fis, tt >

< 1/s gist FCs, tt >

The propositions of Theorens (4.75) and (4.78) change as follows
<a/at FCs, ft > S < FCs, tt > [FCs, 0Ot ] ,
< <ft/la& FCs,tt> = <s* FCs, tt> - [ sk~f FCs,Ot]-... -[/**h's,0Ot]
The propositions of Theorens (4.81) and (4.87) can be written in the forn
00 0o
< FCs,it> = <s / FGs, tt dt> = [ / FCs, ttdt ] ,
@) @)
0o (o)
< fat > s <s fif*1fdt dt > =[ / _ fCtt dt ]
ol O

prob lens connected with the theory presented here, which

There are »any
is to give only an outline of

were not considered. The ain of this chapter
the whole theory.
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XIl. Final considerations

In this chapter »e shall consider the relationship of the above-
presented theory to other existing theories and discuss advantages resulting
from it. Ue shall also point out some open problems.

First of all ue shall consider the relationship to the theory and uses
of the Laplace Transformation (or the Laplace-Carson Transformation), because
this is the most popular basis for Operational Calculus. Ue have already made
some general remarks in our Introduction, but let us no» consider the problem
once more in a deeper nay.

The most important statement is, that the theory presented in this paper
includes the »hole theory of the Laplace Transformation (exactly speaking the
theory of the Laplace-Carson Transformation and the theory of Laplace
Transformat ion in the sense of Chapter XI). Thus, me cannot lose any advantage
of the Laplace Transformation, but ve can gain some nev possibilities, not
available before. The fundamental theorem, enabling us to use everything from
the theory and applications of the Laplace Transformat ion, 1is Theorem (4.87).
Moreover, it was proved, that the Laplace formula (4.88) may be generalized
for functions of tmo variables F<p,t> in the sense of Theorem (4.81). The
main disadvantage of the Laplace Transformation 1is, that 1in solving
differential equations, ve obtain as solutions only functions transformable in
the sense of Laplace, and me are not able to get solutions from a larger class
of functions. This observation mas the starting-point for J.G.Hikusinski to
construct his theory of Operational Calculus. The theory presented above
starts from the same larger class of functions as flikusinski did. But he lost
the possibility of including the theory and wuses of the Laplace
Transformation. For example, he had much trouble in adapting some facts from
that theory to his operators. The theory, presented above, includes all
results of the Laplace Transform theory.

It is a iell-knomn fact that Laplace transforms are analytic functions
in half-planes p >pQ . This mas the starting-point for introducing in our
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theory a smaHer but siapler ring ff of functions Ftp,t> in Chapter UI.
This ring 1is snaller with respect to the variable p only, not reducing the
class of feasible functions of the variable t , which means that it does not
reduce solutions of differential equations, solvable by Operational Calculus.
For aost applications this ring 8 is quite sufficient. Soae inportant
theorens, like Theoren (6.29), hold for the ring fi , other are lost, for
exanple Theorem (3.20). But in using the ring tt we do not lose anything from
the Laplace Transfornation.

The whole theory of Ilikusinski®s operators is included in the presented
theory, because all his operators are quotient distributions in the sense of
Definitions (10.52) and (10.60). But a very inportant advantage of the
presented theory 1is, that nost of quotient distributions can be written in the
forn of feasible functions F<p,t> and it is an open problem whether there
exist quotient distributions, for which such a representation is not possible.
The introduction, for exanple, of operators, correspondingto our functions

for any real r , forced llikusinski to add an additional chapter of his
theory. It follows fron Theoren (3.20) that, if any of Ilikusinski®s operators
were to be represented in the forn F<p,t> , it would be a feasible function in
the sense of Definitions (3.1) and (3.10).

In the theory presented above, differentiating and integrating of
functions Ftp,t) is quite natural, because p 1is a variable. In nikusinski®s
theory it requires a new construction, because p 1is an operator.

Exanple (8.74) shows that there exist problens, whichcan be solved by
use of the theory presented in this paper, but they cannotbe solved by the
Laplace Transfornation or [Ilikusinski®s operators. The Tfunction (8.75) is not
transfornable iIn the sense of Laplace and its transform (8.78) 1is not an
operator in flikusinski®s sense, because the function

is congruent with zero and the only tlikusinskl’s operator corresponding to it
is the zero operator O .

In conparison with both theories, of the Laplace Transfornation and of
flikusinski®s operators, the theory presented in this paper opens new
possibilities for calculating with functions of two variables Ftp,t> . Sone
such calculations are shown in Chapter DIM. The author 1is of the opinion
that he has not discovered the nost inportant nethods in that area yet. For
exanple, Theoren (8.8) enables us to transforn any Jlinear differential
equation (with any functional coefficients) into a congruence of the forn

(12.1) Ftp, x = Gtp,

Generally, such an equation is not easy to be solved analytically. But there
are nany possibilities for solving it approxinately. The author is of the
opinion that it could be very interesting to apply nethods of that kind to the
equation (12.1).
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There exist several theories of generalized functions or distributions
treating the* as sequences of functions fyt** eee —(See, for example,
[61 )- The theory presented in this paper could include such theories,
because, according to Definitions (2.1) and (3.1), every Tfeasible function
F<P, eF «ay be treated as a sequence F<1,t>, FC2t>, ... . However, 1in such a
case ve lose the possibility of differentiating and integrating «ith respect
to p , which reduces significantly the class of wethods at our disposal.
Therefore we shall not consider such theories in detail.

It rewains to consider the difference between the latest theory and the
previous one (see [1] ). They are not equivalent, because the classes of
feasible functions are not equivalent. The latest class includes the previous
one, but there exist functions, which are feasible in the latest sense but are
not feasible in the previous one. Let us consider, for exawple, the function

(12.2) Ftp, t> cos ts

Ue have for any b >0
tu

estop( t XF({p,t>) - ***>{f/pXfXFip,t>) - p/ / a”cos <J*u>dudv *
GO

- ebPp { /-cos@&rt>) = O
P+GO
which weans that F(p,t)*F . However, we have
t t t
f\e~bp F<p,uAdu 1 | / F<p,u>dul m | e fir™» co su>du |

| J”s\n

and, for every b >0, there exists t >0 such that for every P, Q =0 we
can find a real p =P such that
t

f| F(p,uA du => O
@]

which weans that F<p,t> 1is not a feasible function in the sense of the
previous theory.

R siwpler, but not so iwportant, exanple is the function

(12.3) 6<p, t> = , Oacx</ ,
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which is also feasible in the sense of the latest theory and is not feasible
in the sense of the previous one.

It follows from (4.6) and the fact, that (4.36) would not imply (4.37),
that the function

(12.4)

cannot be feasible and must correspond to . He see that in the Ilatest
theory we can come with (12.3) arbitrarily near to the function (12.4). This
weans that our class F of feasible functions 1is, indeed, constructed iIn a
tight way.

The fact that the class of feasible functions in the latest theory is
larger than the corresponding class in the previous one, is not only for the
personal satisfaction of the author. It has also very Inportant consequences.
For example, 1in the latest theory it was possible to prove Theorem (4.22),
which showed that we had defined the ideal Z in the optimal way. It was also
possible to prove Theorem (3.20), which showed that every quotient
distribution equivalent to a function Fp/t> IS a (qg-distribution. Both
theorems (3.20) and (4.22) are fundamental in the latest theory and they do
not exist in the previous one.

fls it was already said before, there are many open problems connected
with the presented theory. Some of them were already mentioned above. How, let
us collect the most important ones.

Problem 1. How can equations of the form (12.1) be solved ?

Problem 2. fire there any quotient distributions which are not g-
distributions ?

Prob len 3. Does such a function g(t>eC, g<t>* Ot exist, which has
transforms, but no transform h(p> such that f/hCp>eFl

Problem 4. Do such functions f<t>eF exist, which have no transforms
at all ?
Problem 5. Is 1t possible to change Definition (6.1) 1in such a way

that the congruence
hip> s O

would imply
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Problea 6. Starting froa Theorea (7.35), learn to solve differential
equations written with D-derivatives of different order, according to Theorea
(7.44).

The 1idea used to construct the theory presented in this paper can be
applied to construct analogous theories for other integral transforaations.
The author has obtained already soae results in this area, which, however, are
not a subject for this paper.

Uollongong, August 1987.
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