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I. Introduction

In 1971 I published a paper [1], suggesting a nem theory of
operational calculus, lore general than existing ones. That nem theory 
included the theory of the Lap Iace-Carson transformation

oo
( 1 . 1 )  g<p> *  p  f  e~fXJ f<u> du ,

Ó

mhich is an unessential but sore convenient ■odification of the Laplace 
transformat ion

OO

(1 .2 ) tiCsJ = J t ' l u >  du ,
Ó

and also, in the sense of an isomorphism (see Theorem 28 in [1]}, the theory 
of flikusinski [2], [3].

It enabled - like the theory of flikusinski - the introduction of all 
functions f<t> integrable in the Lebesgue sense on every finite interval 
o <  t £ T  but, moreover, the use of all methods and theorems from the theory 
of the Lap Iace-Carson transformation (or the Laplace transformat ion) in a 
smaller class of functions transformable in the Laplace sense, mhich mas not 
possible in the theory of flikusinski.

In this paper I propose a generalization of my previous theory, mhich 
enlarges the class of feasible functions, enables obtaining some unexpected 
nem theorems and simplifies proofs of some old ones. floreover, some other 
theories of generalized functions may be embedded in this latest theory. The 
main advantages of my previous theory, namely :

12 the class of feasible functions f<t} is larger than the class of 
functions transformable in the Laplace sense,

22 the class of feasible functions g<p> is larger than the corresponding 
class of flikusinski's operators,

32 there exists the possibility of calculating mith functions of tmo 
variables F<pt t> and thus introducing ne« techniques for solving differential 
equat ions,

42 complicated signs of transforms are replaced by the sign of 
equivalence 2 ,
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are also the aaln advantages of the nev theory! «hich, aoreover, as a sore 
general one, gives the possibility of introducing aore new techniques.

The principal idea is the saae as in ay previous theory. Ue divide a
ring of feasible functions F<p,t> into residue classes of equivalent
functions in such a «ay that :

12 the functions

t
F<p,t> and p f  F(p, u> du

Ó

are equivalent,

22 a continuous function f(t> is equivalent to zero iff it equals 
zero identically.

The first condition is an extension of the aell-knoan fact that
*

{fcts } and p { /  fCuJ du }
o

are equal in Operational Calculus , there { f a A  aeans the Laplace-Carson
transform of the function f(t> or the corresponding operator in the theory of 
Hikusinski, in both cases p being the operator of differentiation. The 
second condition ¡3 necessary to enable a pass froa a solution given in the 
fora of an equivalence to a solution giuen as an equality.

It folloas that, for every feasible function F(p,t> , the function

t
(1.3) ZCp, t> = F(p,t> -  p /  F(p,u) du

Ó

Bust be equivalent to zero. But ae have (1.3) iff

(1.4) F(p,t> * Z<p,t> * mP( X Z<p,t>,

aere X denotes the convolution defined by the foraula

I
(1.5) Ff<p, X F¿Cp, t> = P  / Fftp, t-u> F¿(pf u> du .

O

It folloas froa (1.3) and (1.4) that
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t
(1.6) e P* X  Zip, t> *  p /  F(p,u> du .

O

Let us notice that for F<p, t> *  mP* (1.3) gives Z (p ,t>  = f . This
■eans that * P ( cannot be a feasible function. On the other hand, «e kno«
from operational calculus that functions of the for« e *P , «here k is an 
arbitrary real number, must be feasible. This observation glues us an 
important indication horn to construct the set of feasible functions. It shoms 
also hom little freedom me have «hen defining such a set and ho« it is 
difficult to find a ne« definition enlarging this set.

It folloas from (1.3) and (1.4) that euery function Z (p ,t> ,  for
mhich function (1.6) is feasible, must be equivalent to zero, fly previous
theory satisfied this condition. But the optimal definition ought to be the 
folloming one :

■ A function Z<p, t> is equivalent to zero j_ff function (1.6) is 
feasible ",

because this mould give the smallest set of such functions and, in 
consequence, the largest set of residue classes. The theory presented in this 
paper uses the above optimal definition. This has also been the reason mhy I 
have been seeking after a better, that Is, a more natural theory.

If «e «ant to find a function g<p> equivalent to a given function
6<p,t> then the function

Z (p ,t ) = g<p> -  GCp, t )

must be equivalent to zero and (1.4) becomes equivalent to

l
(1.7) e~p* FCp,t* = g(p> -  e~pt 6(p, t> -  p f  e**16Cp,u.> du .

O

If «e defined the set of feasible functions as the set of functions F (p ,t) 
satisfying the condition

lim e~P* F(p, t )  = 0 for sufficiently great p ,
£* oo

and if G(p, t> mere such a function, satisfying, moreover, the condition that 
the integral

OO

/  ̂ ~PCf 6(p,u> du 
O
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converges for sufficiently great p , then ae would obtain fro« (1.7)

oo

(1.8) g<p> = p J*~PU 6<p,u> du , for large p .
o

In particular, for 6(p, t,> * f (t . ' , «e «ould obtain (1.1) . This «ay «e
have discovered the Laplace-Carson transfor«ation once «ore. Ue have also 
sho«n that this transforaation «ay be extended to functions of t«o variables 
0(p, t )  , because (1.8) Is a general Izat ion of (1.1) .

In this paper «e shall deal ■ 11 h a «uch larger set of feasible 
functions, preserving the possibility of the Laplace-Carson transfor«atIon for 
a suitable subset of such functions.

If an expression ff(p,t> defines a function F(p,t> then «e shall «rite

F(p, t> ff<p, t>

The sign • «ill denote the end of a definition, of a proof, of a reaark or 
an exaaple.
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II. The Ring $

(2.1) Definition. The class S  Is the set of all functions, peal or 
coaplex, of a real or coaplex variable p and a real variable t , such that 
for every F<p,t>*S there exists (such^a real non-negative" nuaber that

for every natural nuaber n tp 0 the function rn<t) := F(n,t> is defined for 

alaost every ( t o  and integrable in the Lebesgue sense on every finite 
interval o s t s r  . •

The above definition enables us to siaplify the presentation, as folloas:

(2.2) hotatIon. Ue shall arlte, for F, G & S ,

(2.3) FCp, t> - 6(p, t>

iff there exists a real non-negative nuaber pa such that for every natural 

nuaber n tp Q the functions fn<t) := F (n ,t) and gn( t )  := G(n,t) are identical 

for t t o  . It folloas that any equality of the fora

(2.4) f ( t ) * git>

aill aean identity of the functions f(t> and g(t> for t t o .  In
part icular,

(2.5) f<t> * o

aill aean that the function f ( t ) equals zero for all t iO  . Therefore the 
fact that a function f(t> vanishes for soae t >0 only, aust be aritten in 
another aay. •
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For exaaple, »e shall «rite

sin  rp *  O

because ie have sin  nr - O for n = , although for p *  n »e have
sin tp *  O ,

(2.6) Hotat ion. Ue shall «rite

(2.7) FCp, t> *  6<p, t>

iff (2.3) is not true, that is, iff for every real non-negative nuaber pQ 
there exists a natural nuaber n t  p0 such that the functions fn<t> F<n, t> 
and gn( t> := 0<n, t )  are not identical for t t o  . It follows that

(2.8) f(t>  *  g<t)

• ill aean that the functions f(t> and g(t> are not identical for t t o  .
In particular,

(2.9) f(t>  *  o

iill Bean that the function f<t> does not vanish Identically for ( t o  
(but, aay be, vanishes for soae t t o ) .  The fact that a function f(t> does 
not vanish for any t t o  aust be aritten in another aay. •

(2.10) HotqtIon. Ue shall arlte
ii.e .

(2.11) FCp, t>  - OCp,t.'

iff there exists a real non-negative nuaber p0 such that for every natural 

nuaber n t  p0 the functions fn<t> F<n,t> and gn<t> OCn, t>  are equal for 

alaost every t t  O . •

(2.12) Hotot ion. Ue shall arite

(2.13) F (p ,t> -» f(t> or I in F(p, t> = f ( t )
p+ oo p̂ OO

i
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iff F ( p , t ) * s , f < t ) * S  and, for every t t  O ,

(2.H) fn<t> ->

•here fn<t> F<n,t> for sufficiently great w .

Similarly, ae shall arite
C7.43. a.c.

(2.15) F<p, t> -» f<t> or I ia Ftp, t> - f(t>
p->°° p->°°

iff F(p, e £, and for alaost every ( t o  ae have (2.M).
Ue shalI also arite

(2.16) F<p, (> =* f(t>  or Lia F(p, (> * f ( (>
p-fOO p->°°

iff F(p,t> e S  , f(t> g S and fn((>  :*  F(n,(> converges to f((>  
uniforaly in every finite interval O S ( S T  . «

(2.17) Definition. The class C is the set of all functions f ( (> ,
real or coaplex, of a real variable t , continuous in every finite interval
o s t s r  . •

(2.18) Def init ion. The conuolution of functions Fj<p,(.\ F̂ Cp, t ) e S  
is the function

(
(2.19) FfCp, (> X FzCp, (> :=  p / Ff<p, (~u> F ^ u )  du . «

O

(2.20) Theorea. I f Ff<p, (>, F^p, (> « S then Ff<p, (> ± F̂ Cp, t> e S .

Proof. Let pj be a real non-negative nuaber such that for every 

natural n t p j  the function Fj<n, (> , j ml,2 , is defined for alaost every 

t t o  and integrable in the Lebesgue sense on every finite interval OS (  S r. 
Then for every natural nuaber n t  wxf.(pitp2 > the function Ff(n,(> ±F^(n,(> is 

defined for alaost every t t o  and integrable in the Lebesgue sense on every 
finite interval o s t s r .  This aeans that Ftfp, ttiF&'p, t.' e 5  . •
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(2.21) Theore». I f Ftfp, t>, F̂ Cp, t > * S  then FfCp, t> X F$Cp, t> * S  .

Proof. In the previous notation, for every natural number n txtaxCpf,pfJ 
the functions FfCn,t> and F2(n/t> are defined for altost every t t o  and

integrable in the Lebesgue sense on every finite interval OS t < T .  Then,
by virtue of the Convolution Theore* (see [1], Uol.1, p. 110) , for every
natural number n i  *ax.<ppp2> the integral

n J  FfCn, tru> Fj<n,u> du 
O

exists for alaost every t t o  and is integrable in the Lebesgue sense on 
every finite interval o s t s r .  This leans that FjCp, t> YF&p, t> e S  . •

(2.22) Theorei. The convolution (2.19) is associative, coaautatlve and 
distributive lith respect to addition.

Proof. Let FCp, t>, GCp, t>, HCp, t> « S  . Then ie have

t t-u i/+t*=»r
(FCp, t> X GCp, t> ) X HCp, t )  » p? f  f  FCp, t-u -v> GCp, v> HCp,u> du *

O O
i t  (  m

s F? I  JFCp, t-m ) GCp,m-u) HCp,u> dm du = p / FCp, t-m)  p / GCp,m-u> HCp,u> du dm 
O u O O

* FCp, t> X (GCp, t ) X HCp, t> ) .

This aeans that the convolution (2.19) is associative. Ue have further

t  t
FCp, t> X GCp, t> -  p JFCp, t-u> GCp, u> du -  p / GCp, t~v> FCp, v> dv - GCp, t> XFCp, t.\

o b

This Beans that the convolution (2.19) is coBButative. Finally, «e have
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t
F<p, t )  X  (G<p, t> +H(p, t> ) = p fF (p , t-u> (GCp, u> +H<p, u > ) du =

O
t t

»  p  f  F(p, t-u> G( 'p, u> du + p f  F(p, t-a ) H(p,u> du m
Ó O

= F (p ,t>Y £ (p ,t>  + FCp, t> XH<p, i> ,

■hich aeons that the convolution (2.19) is distributive with respect to 
addition. •

(2.23) Theorea. The class S foras a coaautatiue ring aith respect 
to addition and the convolution (2.19).

Proof. The theorea folloas froa Theoreas (2.20),(2.21) and (2.22). a

(2.24) Beaark. If F (p ,(>  :* 

M S *  S . S ia  Marly, i f  F(p ,t>  

g(p> * S . •

f i t > and 

* g<p> and

F (p ,t ) e í  , ae «rite siaply 

F < p ,t> * S , ae arite siaply

(2.25) Theorei. If f< t) is a function defined for alaost every t ¿0  
and integrable in the Lebesgue sense on every finite interval O S t S T  
then f< t> *S  . In particular, if f< t> *C  then f< t> *S  , ahich aeans 

that C c S .

Proof. The theorea folloas iaaedlately froa Definition (2.1). a

(2.26) Theorea. The class C foras a ring aith respect to addition and 
the aultipl¡cation defined as folloas
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t
f'CtS ®  j?<'(.> t/p f(t>  X g (t>  - f  f(t-u >  g(u> du .

6

Proof. The theorem follows fro« the «el i-known fact that f<t.\ $ < t> *C  
¡■ply f i t ) ±g<fJ e C and f<t>Q g<i> e C  (see, for example, [2], [3]
or [4] ) . •

(2.27) Theorem. The ring C has no zero divisors, that is, if 
f (t\  g (t> ^ C  and i/p f(t> X g<t> = o then either f<t> = o or 
g(t> = O .

Proof. The proof is to be found in [5], p.16-20, or in [3]. •

(2.28) Theorem. If g(n> is a sequence defined for all natural numbers
n > pc t  o t hen g(p> e S  ,

Proof. The theorem follows immediately from Definition (2.1). •

(2.29) Theorem. If gCp,* e S  and F < p ,t> e S  then g(p> F<p,t> & S.

Proof. The theorem follovs immediately from Definition (2.1). •

(2.30) Theorem. If F (p ,t)e .S  and f(t> i3 a measurable function 

bounded on every finite interval o <  t < T  then f(t>F(p,t> e S .

Proof. The theorem folloa3 from Definition (2.1) . •
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(2.31) Theorea. Ue have

t t
FCp, t )  e S i f f  / F (p ,u ) du e S i f f  p / F(p,u> du e S .

O O

Proof. If F < p ,t> *S  then for every natural nuaber n t pQ t  o the 

funct ion
t

/  F(n,u> du 
O

is defined for every t t o  and, being continuous in every finite interval
OS t S T , is integrable in the Lebesgue sense on that interval, ahich aeans
that

t
(2.32) f  F(p,u> du e S .

o
Conversely, if ae have (2.32) then for every natural nuaber n ip 0 i  O 

the integral
T

J  F(n, u> du
O

i3 defined for every T t  0 , ahich aeans that F(n ,t>  is defined for alaost
every t t o  and integrable in the Lebesgue sense on every finite interval
o  S t S T , that is, F<p, Thus ae have F<p, t > * S  i ff

t
f  F<p,u> du c S .

O
Since, according to Definition (2.1),

f (
f  F(p,u* du e i  iff p / F(p,uJ du e S  ,

b b
the proof is complete. •

(2.33) Theorem. If for every natural nuaber n tp Q t o  functions 

F(n,t> and 6<n, t> are continuous in every finite interval o s t s r  ,
ah i ch i ap I i es F<p, t>, G(p, t> « S , and i f

(2.34) Ftp, l> f(t>  ,
p-*°°

G<p,t> => g(t> ,
p+°°
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then f it . ', g it . ' e S  and

(2.35) t/p Fip, t.' X G<p, t.' => i/p f i t . ' X g it . ' .

/M°°

Proof. It follows from (2.34) that the functions f i t }  and g i't.' are 
continuous In every finite interval OS ( S T  and, therefore, integrable in 
the Lebesgue sense on that interval. Recording to Theorem (2.25), ae have 
f<t.\ g it . ' e .9 .

Froa (2.34) we obtain for o < t  < T

I F(n, t> - fCtA < £<n> and \0<n, t> ~ g(tA < rj(n ) ,

«here

€(n> -> O and r)(n> O
/7>°° /7>°°

Consequently, «e have

I i/n F(n, t . ' X e<n, t> -  f/n f<t.> X g (t>  \ 
t t

- I /  F<n, t-u> G<n,u> du -  /  f<t-a> g(u> du | i.
O O

t
i  /  \F<n, t-u> 6(n,u> -  f<t-u.>g<u>\ du “

O
t

-  f  \F(n, t-u ) G (n,u) -  f(t-u >  G (n,u) + f ( t -u )  G (n,u) - f(t-u )g (u > \  du i
O

t t
1 f\F (n , t-u ) -  f<t-u>11G(n,uA du + / 1 fCt-uA \G<n,u> -  giuA du 1

O O
T T

1 f  SCn.* (o ♦ TJ(n. ')  du + / F T}Cn.' du
O O

TO €<n> + TP r}(n> + T €(n> T)(n> -*  0 ,

•here I fCtA < F , < o for o s  ( S T .  This aeans (2.35). •

(2.36) Theorem. If F<p ,t>*iS >  f i t . ' e C , f i t . ' *  O , then
a.«.

(2.3?) f i t . ' X F ip ,t.>  = o Iff F(p, t . ' * o .
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Proof. If f f t> x F(p, t>  -  o then also 1/p? x f< t> X F(p, t> - o  , 
that i3,

t
f/p fc t> X / F(p,u> du -  O .

6

By virtue of Theore« (2.27), there exists such a real p0 > o that for every 

natural n i  p0 «e have

t
f  FCn,u.> du — O . 
O

It follows that Ftp, t> - o

tr.e.
Conversely, If F<p,t> «■ o then

t
fi't>  X F(p ,t>  = p /  f (t -u ) F(p, U) du » O .

O

This completes the proof. •



-  14 -

III. The Ring F

(3.1) Def in it ion. fl function F(p, t> till be called feasible iff :

IS  F<p,t> e  S ,

22 there exist real numbers a,b , o <’ a < f , b t o  and a function 

c<t>e.C, c < t > * o ,  such that

(3.2) e-<a t (c<t> X FCp, t> ) =? o . •
p->oo

(3.3) Theorea. fl function F<p,t> is feasible iff :

12 FCp,t> g S ,

22 there exist real numbers a,b , o <a< r , b t o  and a function
c f t s e C , cC tt*  o , such that

t
(3.4) ¿-(a t+bJp / c<t-u> F(p,u> du => O

O p-*°°

Proof. If a function FCp,i> is feasible then, by Definition (3.1), ee 
have F (p ,t> * S  and (3.2). It follois that

i/p e~(at (cftJ XF<p, t> ) => O ,
p-*oo

■hich is equivalent to (3.4).

Conversely, if «e have F (p ,t> * S  and (3.4) then for any q >  b we have
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t
e-(a t +q)p p f  c (t-u >  F(p,u> du =3 O ,

O jCMco

that is,
s-(a t +q)p (c <t>YJr<p,t> ) => O

p-y oo

and, by Definition (3.1), the function F (p ,t>  is feasible.

(3.5) Thcorca. For any functions F^(p,t> , e i  and any real

numbers a,p,y,S me huve

(3.6) #<£)U F f  p, t> x + &¥ FJp, t )  =

e W  +/? '¿ 'P  f  Ff(p, X F^(p, t . )

sceu +/? +«£*> (FfCp, t> x t . )

and

(3.7) e<ut+2p)p ( f 1(p ,t> x F2<p,t>)

e«X t F  ftp, t> X e<a t+ fi*> F2<p,(J .

Proof. Ue have

e(a t Ff<p, t> X eCYt F^P, i>

I
p / *fi)P  FfCp, tu >  e ( Y* 4 &¥ FjCp,u> du 
O

(

e W  +P+ p f  e < * - 7 > < F f t p ,  t-u> F *p , u> du 
O

e(yt +/?+S,p ( e«x~r>pt Fftp, t.t x F̂ Cp, t> ) .
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Ue prove the second part of the forwula (3.6) in the same «ay. The forwula
(3.7) follows from (3.6) «hen »e put cc-y and . •

(3.8) Theoree. If «e replace the numbers a, b in a true formula (3.2) 
or (3.4) by any numbers r > a , s > b , where r  < / , then we obtain a true 
formula.

Proof. Introducing u := r-a > O and v := s-b we obtain fro» (3.2) 

j - f r t+ s #  = * r (ut +i'&  e~<4ri Jtb-'P (c a t  YSCp, (,* ) => o .
p-+°°

The proof for (3.4) is analogous. •

(3.9) Theoree. If for any function f('t> e C , *  o , we replace the

function cft.> in a true formula (3.2) or (3.4) by 1/p then we
obtain a true fornula.

Proof. If (3.2) is true then, by (3.6) and Theorem (2.26), also

¿ -(a t +b.p d/p c ( t> x f<t> x F(pt t>)  s

= 1/p f< t ) X +b*P(c<t> X F(p, t> ) => O .
p-> oo

The formula (3.4) is equivalent to

r/p (cCtJ> x f<p, t> ) => o
p+oo

and the proof is analogous. •

(3.10) Definition. The set F  is the set of all feasible functions, •
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(3.11) Theorem. The set F  forms a commutative ring, that ¡3, a 
subring of the ring S .

Proof. If Ffi'p, t>, F t fP f t ) *  F  then, according to Definition (3.1)

and Theorem (2.23), Ff(p, t>, F îp, tt, Ffip, (M Ffip, (A, F]<p, t> XF^p, « S
and there exist real numbers ap b2* 0 - °1 < 0 • *2 < 1* b1 i  0*
b-2 t  0 and functions Cf<’t>, , cf<t), eji'tJ *  0 , such that

(3.12) e -te jt+ d j.p  (cj<t>XFj<P fO )  => 0 for j  = 1/2 .
P+ oo

By Theorems (3.8) and (3.9), me have for a .«nwxii?/ ,a$> , b :=*Qx<bf,b2> ,

t
e-<at *b.)p ( f  cfC tru ) C2<u> du X F j(p ,t>  )  => O for j  = 1,2

0 p^00
and hence

t

e-<a t*6 .p  ( f c f i t - u )  c-2iu> du X (Ffip, t )  IF&p, t> ))  =• O
O p^°°

It follows that the functions Ff(p,t> ^F^p^O and Ff<p, t t  -  Fgtp, t> are

feasible.
Ue have furthermore, in view of (3.12), Theorem (2.31) and the formula

(3.7),

t

e-(a t+2b.p  (  f Ci< t-u> c^iuS du X (Ffip, t.> XFjip, t > ) )  =
O

1/p *~<at +2b‘P (cf<t> Xc2< t> XFfip, t> XFjfp, t> )

- 1 / p (*-<** +b& (c  fi t.' XFf<p, t> ) X c ( j t  +b*> (cfCt> XFXp, t > ) )  =* O
p->°°

It follows that the function Ff<p, t> XF^tP, is feasible.

This completes the proof. •

(3.13) Theorem. Ue have fit.' e F  iff f(t>« S , that is, iff f<t>
is defined for alwost all t t o  and integrable in the Lebesgue sense on 
every finite interval O S t S T .
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Proof, If f<t> + F  then, by definition, . Conversely, If

f<t> « S then for a * o , any b > o and c (t>  := f ee have

t  t
s-(a t +b.p f  f (U> du = ¿-t>P f  f(u> du => O .

O O p->°°

By Theorea (3.3), t ' ( t > * F . •

(3.14) Theorea. Ue have g(p.>eF iff there exists a real non-negative
nuaber k such that

(3.15) e~*P g<p> -> o
p->°o

Proof. If g<p>*F then, by Theorea (3.3), there exist real nuabers

a,b , O < a < f, b t o  and a function c ( t ) * C , c ( t t * O , such that
t

(3.16) e~<Q* f  c(t-u> g(p) du =P O ,
O p̂ >°°

that is,
t

(3.17) m-(a t +b.)p gCp,i f  c(u> du => O
O p-><*>

Let t0 be a real nuaber such that the integral In (3.17) is not zero for

t = tQ . Then for k := at0 +b ee obtain (3.15).

Conversely, if »e have (3.15) then for any function c ( t > * C , o ,
and a = o ,  b =• k »e have (3.17), that is (3.16), and by virtue of Theoreas
(3.3) and (2.28), g C p t e F . •

(3.18) Theorea. For any real r  «e have (T e F  .

Proof. The theorea folloas froa Theorea (3.14), because for any k > o 
•e have

e-*Ppr -> o . •
p-*°°
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(3.19) Theorea. For any real r  *e have ¿V e F  .

Proof. The theore« follow fro* Theorea (3.M), because for any 
k > M  tie have

¿-kp jy> = ¿-Ck-r)p -» q . •
P+OO

(3.20) Theorea. If FCp, t> * S  then for any function fCt> « C  , 
t'(t> *■ o , »e have

(3.21) fCt> X  FCp, t )  e F  iff FCp, t> e F  .
I

Proof. If F(p, ts e F  then, by Theorems (3.13) and (3.11),
fCtlX FCp,t> e F  . Conversely, if fCt)X FCp,t> e/" then, by Definition
(3.1), there exist real nuabers a,b , o < a <  / , b t o  and a function

c C t ) * C , c C t o  , such that

¿-Cat +b.p t )  X  r'CtJ XFCp, t> ) => O .
P~¥°0

Hence

1/p e~ia t *bJP (cCtS X  f (t>  XFCp, t> ) = e~ia t +b)P  (i/p cCt> X  f (t>  XFCp, t> ) =

t
S-Cat +b>p (  J  fCu.' At X  FCp, tS )  => O ,

O p~>°°

■hich «eans that FCp,t> e F  . •

(3.22) Theorea. Ue have, for any functions gCp), FCp,t) e S , 

gCpSXF<p,t.> e F  iff gCp) FCp, t> e F  .

Proof. By virtue of Theorems (2.23) and (2.29), ve have

gCp) X  FCp, t > * S  and gCp) FCp, t> e S . Si nee
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gCp> X  FCp, t )  = / X  gCp) FCp, t> , 

our assertion follows fro* Theorea (3.20). •

(3.23) Theorea. For any real r ae haue

FCp, t> 6 F  iff fT FCp, ts e F  .

Proof. By Theorems (3.18) and (3.11), if FCp,t> *zF then 

fT x FCp, t )  e F  and, in vie« of Theorea (3.22), fT FCp,t> e F .

Conversely, If f f  FCp,t> « F  then, by virtue of the first part of 

our theorea, FCp,t> * p '* ' //* FCp,t> e F .  •

(3.24) Theorea. Ue haue
t

(3.25) FCp,t> g F  iff p / FCp,u> du e F  .
6

Proof. In vie« of Theorea (2.31), our theorea follois froa the fact
that

t
p f  FCp, u.> du = f  X  FCp, ,
O

according to Theorea (3.20) . •

(3.26) Theorea. Ue have
t

(3.27) FCp,t) e F  iff J FCp,u> du e F  .
O

Proof. In vie» of Theorea (2.31), our theorea folloas froa Theoreas
(3.24) and (3.23). •
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IU. Distributions and congruent functions

(4.1) Def init ion. The class Z  is the set of all functions ZCp,t>^S
satisfying the condition

(4.2) eP* x ZCp, U  e F  . •

(4.3) Theorea. Z  is a subset of F .

Proof. For any ZCp,t>*Z define the function

(4.4) FCp,t> := Z(p, t> + * P* X ZCp; t> .

Since

FCp, t> - /X FCp, t> * ZCp, t> + * P* X Zfa, f > “ /X Zlfc, ̂  -

- fX  e P ( X ZCp; i,> *

- Zcp, *,> + «? P* X  Z<£, - / X  ZCp, t )  -

- CePt -  t )X  ZCp, t )  = ZCp, t )  ,
■e haue

(4.5) ZCp, V  = FCp, ts - 1X FCp, t) .

It follow fro* (4.4) and (4.5) that

(4.6) * P * X  ZCp,t> = f x F C p , e F  .
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By virtue of Theorea (3.20), ae have F(p ,t>  e f  and, in viei of (1.5), 

Z ( p , t > * F  . This completes the proof. •

(1.7) Theorea. The class /  foras an ideal of the ring F  .

Proof. First, ae shall shoe that Z  forts a group aith respect to
add i t i on. Let ZjCp, t>, 2’?(p, t> e Z  . Thus

* P* X Zfip, t> e F  and e P f x Ẑ Cp, t> e F  .

Hence

(ZfCp, t> +Z±y(p, t>) *  e P t X Zf<p, t> + e P (  X Z^p, t> e F  }

■hich aeans that Z/<p, tJ *Ẑ (ip, e i' . floreover, it folloos froa (1.2)

that Z(p,t>*Z iff -Z(p,t>*Z . Thus Z  foras a group aith respect to
add it ion.

Hot, it is sufficient to shoe that if Z(p,t> * Z  then, for every

F<p,t>*Ft ae have Z(p, t>X F<p, t> e Z  . Indeed, (1.2) iaplies

e P tX ZCp, t> X FCp, t> e F  ,

ahich aeans that Z(p, t>x F<p,t> e Z  . •

(1.8) Def init ion. The distribution ring *) or, siaply, the ring B
is the residue class ring F/Z into ahich the ideal Z  divides the ring 
F  . •

(1.9) Def init ion. fl distribution is any residue class belonging to
the ring B . •

Here, the aord "distribution" has not the aeaning used in the 
theory of distributions.
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(4.10) Def in it ion. Each function F C p , t> *F belonging to a distribution 
ft i3 to be called a representative of this distribution and is Britten in 
the for»

8  = { FCp, t > } . •

(4.11) Def init ion. Any functions FfCp, t>, F2<p,t.> e f  are said to be 

congruent iff they are represent at ives of the sate distribution and in such 
a case «e «rite

(4.12) FfCp, t> s  F-jCp, t>  . •

It follows that (4.12) holds iff FfCp,t> - F^'p, t> e 2  . The 

congruence FCp, t> a o  aeans that F C p ,t> *Z  .

4.13) Theores. The relation (4.12) Is a congruence «odulo Z  and, 
herefore, it has the foI losing properties :

4.14) FCp,t> = FCp, t )  ,

4.15) if FfCp,t> m F^Cp,t> then F̂ Cpf t> s FfCp,t> ,

4.16) if F^p, t> = Fjp, t> and FjCp, t> = F&p, t.> then FfCp, t> = Fjp , L> ,

n n
4.17) if FjCp, t.> s 6jCp, t.> for j* t ,  ...,n then X  FjCp. t> =  £  6jCp, t> ,

/•t J-1

4.18) if FjCp, t> s 6jCp, t> for j * f , .. .,n  then

FfCp, t>X ... X FnCp, t> = GfCp, ... X 6nCp, t ) ,
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(4.19) if FjCp, t> a 8j(p , t> and HjCp, t > * F  for j= t , . . .,n then

n n
X  (  "j<P, t> X FjCp, t> ) & X  (  Hj<P, t>  X SjCp, t> ) 

j - t  j - f

Proof. fill the above properties are •ell-knoin properties o 
residue class ring. •

(4.20) Theorea. For every F C p , t> *F le have
t

(4.21) FCp, t> s  p / F(p,u> du .
O

Proof. In vie» of Theore« (3.24), it is sufficient to prove that
t

ZCp,t> . - F(p, U  -  p /  FCp,U> du - F(p, ts  -  tXFCp,t> e Z  .
o

Ue have, according to Definition (4.1),

* P ( X ZCp, t> = a P t X FCp, (> -  e P * X  1 X  FCp, t> =

= e P * X  FCp, (S -  ( mP* -  1 ) X  FCp, t> =

-  f X FCp, t> e F  .

This completes the proof. •

(4.22) T h c o r c i .  R function Z C p ,t> *S  belongs to ideal Z  iff

exists a function FCp,t;e F  such that
t

(4.23) ZCp, t> = FCp, t t  -  f X FCp, t )  = FCp, t )  -  p / FCp,u> du .

any

there

Proof. By Theorea (4.3), if ZCp,t> e Z  then the function (4.4) 
satisfies (4.5). Conversely, by Theore« (4.20), the function (4.23) belongs 
to Z . •
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Theore« (4.22) sho»s that Z  is the smallest subset of F  ensuring 

the congruence (4.21) for every function F<p,t> g F  .

(4.24) Theore«. If g(p> + F  and F(p,t.'*zF then

(4.25) g(p>x  F(p, t.> m g<p.'F (p,t> .

Proof. By virtue of Theore« (3.22) g(p> F (p,t>  * F  and by 

Theore« (4.20)
t

g<p^XF<p,t^ -  p f  gtp> Ftp,u> du = gtp> FCp, t> ,
O

•hich «as to be proved. •

(4.26) Theore«. If Fftp,t> = F jC p ,t) and g t p ) * F  then

(4.2?) gtp>F1tp ,l> a g tp > F jtp ,t>  .

Proof. According to (4.19), «e have g t p t x  Fftp,t> s  gtp.>x F j(p ,t>  •
Hence, by Theore» (4.24), «e obtain (4.27) . •

(4.28) Theore«. Ue have F (p ,(>  = o iff
t

(4.29) p f  Ftp,u> du 5 O .
O

Proof. The theore* follows fro« (4.21) . •

(4.30) Theore«. Ue have FCp,t> 3 o iff
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t
(4.31) f Ffp,u> du — O .

b

Proof. By Theore»s (4.26) and (3.18), suit ip lying (4.29) on both sides 
by 1/p , «e obtain (4.31) and, Multiplying (4.31) on both sides by p , 
■e obtain (4.29) . •

(4.32) Thcore». For euery function f(t> g F  we have

(4.33) fa s  = o

iff
a.e.

(4.34) f(t> = O .

Proof. It is sufficient to prove the theorea only in the case »hen 
and condition (4.34) »ay be replaced by

(4.35) f(t> - O ,

because, having it, »e have by Theorea (4.30), for any function t '< t> *F ,

(  (  a.e.
f<t> = iff /  f(u> du = O iff /  t\u> du * O iff f (t>  - O .

o o

Horeover, it is sufficient to prove that (4.33) iaplles (4.35), because 
It is evident that (4.35) iiplies

e P ( x f<t> - o e F  ,

»hich is equivalent to (4.33). Thus it is sufficient to prove that

(4.36) * P ( X f (t>  e F

iaplles (4.35). Let us suppose that

(4.37) f(t> * o .

Then, by virtue of Theorea (3.20), »e have (4.36) iff

eP* g F  ,
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that is, there exist real numbers a,b , O f  a < f , b iO  and a function 
c< t> *C , cCtJ* o , such that, according to Theore« (3.3),

t
(4.38) e-(a t +bjp f  cct-a) e pu du O

O ¿M °°

This i«plies
t t.Gtu-at-b

Li« fm  c< t-u> du
p-> oo o

trat-b 0
- Li« f  <? P*"' cCt-at-b-vt <*' + Li« f  t? P*-‘ c(t-at-b-i,'.' du = O .

p+oo o p->°° -at-b

No«, let t •> b/<1-a) . Since c ( t > ^ C  , the function c(t-*t-b-v> is
bounded in the interval -at-b < v .<' O for every b/(1-a> < t S T . Therefore

o
L i «  f  e  P *  cC t-a t-b -iO  dl• = O .

p-*°° -a t-b

Thus, »e obtain for every t > b/(f-v>

t-at-b
M b  J <? P*"' c(t-at-b-i.<> di‘ * O ,

p-̂ oo O

that is, for every t > O ,
t

I i« J *  PV c (t -v ) = O 
p-> oo O

By virtue of the Theore« on Bounded Ho«ents (see [3], p.395, or [5], p.18), «e 
obtain c<t-v) * o for every v fro« the interval O < v < t ; that is, c<v> 
equals zero for every v fro« that interval. Since t nay be arbitrarily 
great, «e obtain c(t> * O , «hich contradicts the assumption. Therefore (4.37) 
Is not possible and «e obtain (4.35). This completes the proof. •

(4.39) Theore«. The congruence

ff(t> s  fjCt*

holds iff
a. «?.

f f t t ) * fjCt)
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Proof■ Ue obtain this iMediately, »hen »e replace the function 
in Theone» (4.32) by ffCO- . •

(4.40) Theoree. For any fCt>e C , fCt) # o , »e have

(4.41) fCt> X FCp, t> s O iff FCp,t> = O .

Proof. By definition, rct>Y. FCp,t> s o  leans that

<? p * x rct> x FCp, t* e F  .

By Theore» (3.20), this is equivalent to

t f ^ x  FCp, e F  ,

»hich »eans that FCp,t> m o .  •

(4.42) Theore«. If FCp,t\ 6Cp,t.> e F  satisfy the congruence

(4.43) FCp, t> x 6<p, s o

and there exist functions HCp,t>*F, fCO e C  , fct>* o > such that

(4.44) 6<p,t>x HCp,t> s fCt> , 

then
■ <7 .

Proof■ Multiplying (4.43) on both sides by H<p,t), »e obtain by (4.44)
FCp, t) X fCt> a o and then, by Theore» (4.40), FCp, s o ,  »hich co»pletes 
the proof. •
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(4.45) Theorem. For any f(t>*C, f<t> * o , ae have

(4.46) f(t>  X  FjCp, t> s f ( t> X FfCp, t> iff Ff<p, t> = FgCp, t.> .

Proof. Ue obtain this, »hen replacing the function F (p , t ) in 
Theorem (4.40) by F^p,t> - F^p,t> . •

(4.47) Thcorca. He have

(4.48) g(p> s O and g<p> e F  iff g<p> e F  .

Proof. The theorea follois fro« Definition (4.1) and Theore« (4.24). •

(4.49) JjiegrgHi. If g<p>*F and

(4.50) g<p.> m o

then for every (  ¿0 ,

(4.51) M b  inf *P< Ig(PA = o .
p-too

Proof. According to Theorei (4.47), the congruence (4.50) Beans that

2  P( g(p.> 6 F  .

By Theorea (3.3), there exist real nuabers a,b , 0 < a <  f , b t o  and a
function c ( t > ^ C , c<t> * o , such that

t
(4.52) |gi'pA | Jc<t-u> e P<u~*t~b> du | ■=> O .

O p-* oo

Ho«, let us suppose that (4.51) «ere false for t = m > 0 .  Then, there «ould 
exist tao real positive nuabers r  and s  such that

I e *P g<p> I > r  for any natural nuaber p > s .
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Then it «ouId folio» fro» (4.52) that

e- fa t  +£> f  c l  t -u }  e  PU du =$ O

O /7-»00
and, analogously to (4.38), »e »ould obtain c< t>  « o , against the
assumption. It follo»s that (4.51) »ust be true. •

(4.53) Theore». If for every t > o

(4.54) I ¡» eP* g(p> = o
p-><X>

then g (p > *F  and

(4.55) g(p> = O .

Proof. By assumption, »e have for t - O

I i ■ g<p> -  o
p-*°°

and, by Theore» (3.14), g (p > ^ F  .
Ue have, further, for any real k > 0 , T > Q and every t fro» the

interval O < t  S T ,
t

I e~*P O x  e P* g (p > ) I 3 I e~*P g<p> I \ p f  e P^ du \ £
O

T
£ I e~*P gCp> I I p / * P “  du\ = I * * P  g(p> ( * P T -  i )  I £

O

£ I e~*P | | & PT g(p> I + I eT^P g(p> I 0 .
/M°°

It folIo»3 that

e*P  ( f X <?P* g<p>) => O
p-*°°

and, by Definition (3.1), e P t g ( p ) * F .  By virtue of Theore» (4.47), »e 

obtain (4.55). •
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(1.56) Example. For any real r  > 1 me have

*-<?> m o 

because for every t t  o me have

»)■ eP* > = o .
/ » »

(1.57) Theorem. If F ( p , t > * F  and for any real r

(1.58)

then

F<p,t> = 0

for O < t  < r  »hen r  > O ,

for r  i  t S o «hen r  < o ,

(1.59) 6(p, t> :*  F(p, t\r> e F

and

(1.60) 6<p,t> = 0

for -r  < t < O »hen r  > 0 ,

for o < t < - r  ihen r  < O .

Proof. If r - 0  then (1.59) is evident. Therefore, let us assu»e 
that r * 0 .  Since (1.60) follow immediately from (1.58), it is sufficient 
to prove (1.59).

By assumption, F<p,t> « 5 “ . It follow that G(p,t) e i  too. 
Horeover, by assumption, there exist real numbers a,b , o < a <  / , b t o  , 
and a function c ( t > * C , c(t> *  o , such that, according to Theorem (3.3),

t
¿-Cat+bJp f  c<t-u> F(p,u> du =9 O .

O p-*°°

In vie« of (1.58), me obtain

i  * r  u *  v + r  (
e-te t +ar +b,p f  c ( (  +r û> F(p,u> du -  e~<at +ur +bJP J c ((-x O  GCp, v ) dv =* O .

r  O p->°°

■hich means that 6 ( p , t ) * F .  •
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(4.61) Theorea. If, for any real r , Ftp,t> e F  13 a function 
satisfying the condition (4.50) and otp,t.> Is defined by (4.59) then

(4.62) Ftp, (S 9 6Cp, (> s~f'P .

Proof. It follows frow Theorew (3.3) that there exist real nunbers 

a,b , O S a <  1 , b ¿ 0  and a function c t t > * C  > c f t > *■ O , such that
t

e-ta t +b.p f  c (t-u>  Ftp, u ) du =3 O
O p^oo

Hence
- r  t-v

(4.63) I J I ¿ " t o t J c ( t - v - 9 >  F<p,w> dm | t i t 'I => 0 .
O O p+°°

But, in view of (4.58),

- r  t-v
| f  | +b)p J c i 't - i—m} Ftp,m> dm \ &• I =
0 O

- r  t-v
-  | J  | ¿ -tu t +t>%> f  Ftp,m> dm \ <it' I 1

6  -v

- r  t-i< m -  u-i.'
1 I / 1 | | +*>>9 f  ctt-v -m ) Ftp,m> dm \ «*' \

Q -v

-r f
1 /l e ptv-ot-tr\ r\ ) f  c (t-u >  Ftp,u-i.O du I <*' I 1

O O

- r  i
1 | f  f  a ptt*-dt~b~\ H  ) cCt-u,* Ftp,u-v> du <£.' \ ~

0 0

t - r  m - u-v
-  | ¿-tu t +b +IH )p  f  c (t-u >  J s  P^ F tp ,u -v) dt‘ du I =

b o

t u
I ¿-Cat +b +IH >p f  c (t -u ) J e  F<p,m) dm du I

O u +r

and, in view of (4.63),

t u
e-tu t +b +IH / c a-uS J <? P<u~*> Ftp,m> dm du =0 O .

O u + r  p->°°

By virtue of Theore»s (3.3) and (3.23), we have
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t
(4.64) p J e F<p,u> du e F  .

t +r

Hence, in vie* of (4.59),

t t  * r
p J<s F(p,u> du -  p J a  P(t~*fJ F(p,u> du « F  ,
6 O

t t
p /<2 P(t~*,J F(p,u> du -  p / e P( F C p , u d u  e F  ,
0 -r

t t
p / e P<*~v* F(p,u> du -  p / e P<t~ir‘* e^P 6(p,u> du e F  ,
O O

* P *  X (F tp , t )  -  a~TP 6(p, t )  )  e F  .

it aeons that F (p ,t) -  e^p 6(p ,t>  s o t »filch is equivalent to (4.62). •

(4.65) Ihgflrei, If

F<p,t> = g<p> ,

•here FCp,t\ g < p > * F  , and «e put F (p ,t>  =* 0 for -r  < t < 0 , r  being 

any real positive nutber, then

(4.66) F (p ,t-r> = g(p> e^P .

Proof. By virtue of Theorems (4.5?) and (4.61). »e have

g(p> = F(p, t> = GCp, t ) <? 'P  - FCp, t~r> e 'P  .

Hence, by Theorems (3.19) and (4.26), »e obtain (4.66). •



(4.67) Theorea. If

FCp, t> = 9<P'*

■here F(p, t>, g(p> e F  and

(4.68) F(p,t> = O for O S t < r  ,

r  being any real positive nuaber, then

(4.69) FCp, t +r.> s  g<p> «? W3 .

Proof. Ue prove this theorea analogously to the previous one. •

(4.70) Theorea. if FfCp,t>, F?<p,t>, g f r t ,  g2Cp> « F  and

(4.71) Fj<p,t> = gi<p> , F2tp,t> = gsCp> .

then

(4.72) Ff<p,t> X F & U  m gj<p> g^P> .

Proof. By virtue of the property (4.18) of congruences ae have

(4.73) Ff<p,t? x FgCp, t ) = gfp> X g3(p>

and, by Theorea (4.24),

(4.74) gi<p> X g^Cp)  = 9f-p^ gzfp) •

The congruences (4.73) and (4.74) iaply (4.72). •

(4.75) Theorea. If p0 is a real non-negative nuaber such that for every 

natural p > pc a function F (p ,t) is absolutely continuous in every finite

interval OS t S T , then F<p, t), ¿/¿tF<p,t> e F  and
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(4.76) à/àtF<p,t> = P  F(p, t> -  P  F<p,o> ,

•here a I so F<p, o> e F  .

Proof. By virtue of Theorea (3.13), ae have Ftp, t> « F  . fls ae knoa
froa the theory of the Lebesgue integral, F<p,t> has a derivative à/àt F(p,t> 
for alaost every t > o  , «hen p  > p0 is an integer, and this derivative

is integrable in the Lebesgue sense on every finite interval o < t < T . It 
follows that à/àt Ftp, t.> * F  . Horeover, as ae knoa fro» the theory of the 
Lebesgue integral,

t
(4.77) / à/àu F(p,u> du = F<p, t> -  F(p,0> .

o

It folloas fro* Theorea (3.26), that
t

f  à/àu F(p,u> du g F  .
Ó

Thus (4.77) iaplies F (p ,0 )^F and
t

p f  à/àu F(p,u> du = p F(p, t> -  p F<p,Q> .
O

Hence, by Theorea (4.20), «e obtain (4.76). •

(4.78) Thgorew, If p0 Is a real non-negative nuiber such that for every

natural p > p0 functions F(p,t>, J/Jt F(p,t>, ... , /C~,/Jt*~/ F(p,t> are

absolutely continuous in every finite interval o < t < T  then F<p,t), 
i/ it FCp, t), ... , <fi/Jt* FCp, t ) e F  and

(4.79) ¿/¿f* F(p, t> S p* F(p, t> -  p* F(p,0> -  ff i-t  F<i><p,0> - . . . - p F<k~n <p,0> ,

ahere

(4.80) F<J>(p,o> .* [¿f/tt/ F(p, t> ] (s0 e F  for j  .

Proof. Ue obtain (4.79) ahen applying Theorea (4.75) * tiaes.
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(4.81) Theorea. Ue have
oo

(4.82) gCp> p /  s'P0 FCp,u> >±i e F
o

and

(4.83) g<p> = F<p,t> ,

•here F<p, t>  «  F  , iff
OO

(4.84) Fi'p,(> :•  p f  e P( t ~u* FCp,u> <At e /" .
t

Proof. Let
t

(4.85) ZCp, t>  /V/7, t> -  p J FCp,u> du .
o

Then
oo f  oo

Zip, t> *  P J *  P ( t-u >  FCp, u> du -  p2 f  J  e P<**~V> FCp, v> du du *
t  0 u

oo t
= p / « ? P<*ru> FCp,u> du -  p /<? P< t~*> FCp, u ) <±J -

O O
t oo t U

-  P? f  f  e P<w > FCp, v> du du + p? f  f  a P<u~v } FCp, v> dv du = 
o O o o

t t
M e P t g C p t  -  p  / e P (tr1J> FCp,u> du ~ p gCp> J e  P“  du +

O o
t t

+ p f  e~pv FCp, v > f p a P u dudv =
O v

t
- e P t gCp) -  p f e P<*-*t> FCp,u> du -  e P* gCp> + gCp> +

O
t t

* p  / ’«  P<t~u> FCp,u> du ~ p f  FCp,u> du =
o b

t
- gCp> ~ p f  FCp,u> Af

o

By virtue of Theore« (3.24), «e have
t

p J  FCp,u> du e F  
O

and also
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t
(4.86) P<p,t>^F iff p JP<p,u> du e F  .

o

First, let us suppose that (4.82) and (4.83) are true. Then, by Theorea
(4.20), ae have

t
Z(p, t> * g<p> - p i F ( p , u >  du — ü ,

Ô

that is, aPty. ZCp,t) e F  . In vien of (4.85), (4.5) and (4.6), ae have
t

J X PCp, t> = p f  P<P,U> du e F  .
O

Hence, by Theorea (3.24), PCp,t>*F .

Ho», let us suppose that, conversely, P (p , t > *F  . Then, in vie» of 
Theorea (4.22), the function (4.85) belongs to F  and ae have Z (p ,t) = O . 
Hence,

t
g( 'p> = p J  F<p,u> du

Ô

and ae obtain (4.82) and (4.83). •

(4.87) Theorea. If f(t> eF and there exists a real non-negative 
nuaber pQ such that the integral

oo

(4.88) jfCp> := p f  b~P° fCu> du
6

converges for p - p0 then

(4.89) g(p> e F  and g<p> = f<t> .

Proof. It folloas froa the equality
oo oo

(4.90) / *~P“  f(u + T) du - « PT / e~Pv f<v> dv
0 T

that this integral is convergent for p = pa and any real T t o  . By virtue

of the Fundaaental Theorea for the Laplace TransforaatIon ([4],p.35), the
integral (4.90) is uniforaly convergent aith respect to real p > p0 . Thus,

for every real T > O and € t o  there exists a real u> T such that
OO

I / e~Pu f<u + T> du | < S , for real p > pc .
U
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Since »e haue for any real u froa the interval O Su S T < U

oo u +#■ — Z oo
I f  aV* fCm +u) dir I = I / a  P̂ u~z  ̂ fCx> dx | =
U + T-u i/ + r

oo oo
- I e-p<r-v> I I f e P<T-X> f<z> I i  I f e  P<T-z> f(z,> dr I -

u + r U+T

V *  x -T  oo

I /  STP”  f<v dv\  < £ ,
U

■e obtain for any natural number A- and O S t S T

oo t oo W -v-u
I e * P  (  1 X  / *  P<t-v>  f(v >  dv )  I =  I p  e~*P / / « ?  P<u~v > f(v >  dv du | 

t Ou

t oo t U+ T~u
I p m~*P J  J  et~P* f<m +u> dm du | i  \ p  /  f  e~P" f< * +u.> dv du | +

0 0 Ö Ö

t oo
+  I p ¿~kp I f  I f  à~P" f(m  +u,i dm I du i.

b  o + 'r-u

t o * r
1 I p  e * p  I / I  / eP<v-u> f<v> dv I du +  i p e * P  I T £ Í

O u

t u*r
i  I p  e * P  1 /  / \e~P<v-u>\ I t'CvA dv du +  I p e * P  I T £ i  I p e*P\ TÛ f+£ )  ,

O u

•here ff is any positive nuaber satisfying the condition

o + r
/ 1 f<vj\ dt' <  f l  .

b

It folloss that

e *P  (  1 X  / < ?  P<*rv> f(v >  <*.' )  = ^ o ,
t  p+oo

and, consequently, in vie« of Theorea (3.23),



OO

(1.91) FQo,t> :=  p f e  f (v ) at' e F
t

By Theone* (1.81), «e obtain (1.89). •

(1.92) Theorea. If FCp, t ),  t FCp,t>, i/ it  FCp, t> , i/ i t ( t  FCp, t> ) e F  then

(1.93) t  i/ it  FCp, t> s Cpt-i> FCp, t> .

Proof. By uirtue of (1.76) se haue

i/ it  ( t  FCp, t> ) m p t FCp, t> .

Subst i tut i ng here i/ i t ( t  FCp, t> ) * FCp, t>+ t i/ it  FCp, t> , «e obta i n (1.93). •
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U. Examples of applications

fill probleas solvable In the operational calculus or in the theory of 
the Laplace-Transforaation can be solved also on the basis of the theory 
presented here. Ue shall shoa soae examples.

First, ae introduce one definition aore.

(5.1) Definition. The function «ill be called a transform
of o function F < p , t ) * F t iff

(5.2) g<p> 3 F (p ,t ) . •

If there exists a transform (5.2) of a function F(p ,t> , it is not 
unique, because ae have also

g(p> + h(p> 3 F(p, t> ,

•here h<p>*F is any function satisfying the congruence

ft(p.' s O .

If FCp, t> satisfies the assumptions of Theorea (4.81), its transfora 
can be found by leans of the foraula (4.82), ahlch is a generalization of the 
Laplace-Carson transforaation for functions of tio variables p and t . But 
in «any cases it is also possible to find this transfon in another siapler 
■ay, supposing, of course, that such a transfora exists and is a feasible 
funct ion.



(5.3) ExmpIb. Ue shall find transforms of the fol losing functions : 

&/k! ( k positive Integer),

( A- real and k *  a ) ,  

sin a.*t and cos cot ( to real and a* * o ) ,

(  k < f  ) ,  

e-kpTt ( k an(j r positive ),

sin pt and cos pt

It follows fro» (4.79) that

< t*/k! J = f = p* C t*A'f >

and hence

(5.1) &/kf = i/ffi .

By virtue of (1.21) le have
t

= p J J * 1 du » p/k _ p/fc 
O

and hence

P
(5.5) =   .

P  ~ k

In a similar «ay ve obtain
t

s i n cot s p f  sin cou du = -p/co cos cot + p/co ,
O

t
cos cot = p J  cos wu du - p/co s i n cot ,

O
and hence

pco
(5.6) sinatf = ------- ,

p? + a*1 

P2
(5.7) cos tot s -----

P? + lL*

-  41 -
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Ho», »e have
t  

e& t 3  p f  ¿ V *  du » 1/k ¿ P *  -  1/k 
0

and hence, for k < 1 ,
1

efy t s  ------
1 -  A

Si»ilarly
t 1 /

e-k/^ t  s  p  f  df~*Pr »d u  = - ----- e~kPr (  + -------
O pT- f k fT~1 k

and hence
1

¿-kfT t s  ---------
kpT~'+ 1

Ue find the transforms of sin  p t and cos p t analogously to (5 .6 )  and
(5 .7 )  and »e obtain

s in  p t a  cos p t -> 1/2 — . •

(5 .8 ) Example. Let us solve the folloving differential equation

(5 .9 )  A - " ' - x "  + 4 x ' -  4 x  - 12 t -  32

•ith initial conditions

x(0> -  5 ,  x '(0 >  » -2 ,  x ' ‘CO> - 5  .

By virtue of Theore» (4 .7 8 ) »e have

s p x - s p  ,

x "  s  p?x -  5 p? + 2 p  ,

x = p?x - S p ?  + 2 p ? - 5 p  ,

t = tsp .

and by (5 .4 )  

(5 .1 0 )



-  43 -

Thus, by (5.9), ee obtain

<p?x -  5 p ?  + 2 p ?  -  5  p> -  <p*x -  5  p?  +  2 p> + 4 < p x - 5 p >  -  4 x  a

s  12/p -  32

i.e. after arrangement

p (fP  -  p?  +  4 p -  4 ) x  =  5  p * -  7 p3  +  27 pr? -  32 p + f2

and hence

5  p4 -  7 p3 +  27 p2 -  32 p +  f2
x  s ---------------------------------------------------------------- =

p CfP -  p2 +  4 p -  4>

3 p  p?
5  - --  +   - ------

p p  -  1 p?+  4

By virtue of (5.10), (5.5) and (5.7) ee obtain

x  s •> -  3 ( +  **  -  cos 2 t

and by Theore« (4.32)

x  *  5  -  3 t  +  m* -  C O S 2 t . •

(5.11) Exaaole. Let us find the general solution of the follo«ing 
differential equation

(5.12) Ct3 -  2 t +  f > x " ‘ +  i * - ^ +  9(?  +  2t -  7) x "  +  <-6t?+Wt+ 4> x ‘ +

+ <-6t + 6> x “ e~* .

introducing

(5.13) u * Ct3 -  2t + 1> x

we obtain

f ts  -  2 t + 1 x '  +  C3t? -  2> x  ,

» {(3 - 2t+ V x "  + (St2 - 4J x ‘ + Ot x ,

(t?-2t + f> x‘"  + (Vt2 - ¿S x "  + fSt x ‘ + 6 x



and ie can vrite (5.12) in the fora
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y  * * * -  y* * »  $

In a similar »ay as in the previous exaaple »e obtain

p*y0 * f?y'o + F?<y'‘o - yo>+ p<y"o ~ y'o * 1>

•here

Hence

(p  +  i t  if?  -  p?>

ya = y<0>, y 'Q = y ‘W >, y " 0 = y "(V S

B Cp 1 p
ft + —  +   _ —  ---

p p - 1 2 p + 1

■here

* - - V o + v o ,  *  - - y " o + y ' * - f *  C • y “ 0 + 1/2 

and by (5.10) and (5.5)

y  =  B +  B t  +  C e* -  1/2

i.e. by virtue of Theore» (4.32)

y = B +  B t  +  C -  1/2 .

Hence, by (5.13)

B +  B t  *  C e*  -  1/2 e 't
x  •  -------------------------------------------------  . •

t?  -  2  t  +  1
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Ul. The subring Ñ

(6.1) Definition. Ue say that a coaplex function FCp,t> of a co»plex
variable p and a real variable t belongs to the class ff iff there
exists a real non-negative nuaber p0 such that :

12 for alaost every t t o  the function gt<p> :m FCp, t> is analytic

in the half-plane Rep  t  pa ,

22 for every p aith R* p ¿ p0 the functions FCp,t\ á/Jp FCp,t>,
F(p,t>, ... are aeasurable alth respect to t In the Lebesgue sense on 

every finite interval o s  t s r  , and

32 there exist a real positive nuaber k and functions hgCt>, hjCt>,
hgt), ... , defined for alaost every t t o  and integrable in the Lebesgue 

sense on every finite interval o s  t s r , such that for every p aith
Re p tp 0 and alaost every t t o

(6.2) | FCp, t> | Í  e *P hmct> for m =0,t,2 ,... ,

•here ae put

<P/JfP FCp, t> FCp, t> . •

(6.3) Theorea. If FCp,(.*&/? then for every p  aith Re p tp 0 the 

functions FCp,(¿ ¿/¿pFCp,t.\ FCp,t>, ... are integrable aith respect to
t in the Lebesgue sense on every finite interval o s t s T .

Proof. The theorea folloas froa the conditions 22 and 32 In Definition
(6.1). •
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(6.4) Thcorea. If a function F(p,t> satisfies the condition (6.2) for
m m o, 1,.. . ,n -l (or **0 ,1 ,2 ,... ) then

(6.5) f  F(p,u> du = /  F<p,u> du for * =0,1,.. .,n
O O

(or a - 0,1,2,... )

Proof. He prove the theorem by induction. It is obvious that (6.5) is
true for m = 0 .  Thus, let us suppose that it is true for a = r  , I.e.,

t t
( 6 . 6 )  <T/ iff f  F l 'p, u> du = f  / '/ if/ ' F (p, u> du

6 O

By virtue of (6.2) ®e have

I i/ ip  {e~*p JT/dpT FCp, = I-A - £-*P S / if/  Ftp, t> + e+P  f  + ¿ V *  + 1 FCp, t> | £

£ A- | e~*P S / ifT  FCp, t.> | + | #~*P r  * t/ iff  + f  FCp, i,> | £

£ A hr Ct> + hr  + fCt>

and, therefore, me have
t t

(6.7) i/dp f  e~*P jr/ipT FCp,u> du = f  i/ip { e+p S/if/ FCp,u> )  du .
o o

In vie* of (6.6) ve have
/ t

i/ ip f  ts~*P ¿ '/ iff FCp,u> du -  i/ ip  (  d~tP f  <f'/if/' FCp,u> du )  =
6 O

t
-  i/ ip  {  e~*P J T / ifff F<p,u> du )  =

O
( (

- A *-*P  JT/jpr f  F(p,u> du + j r  * 1/if.r  + 1J  FCp,u> du
o b

t (
-  A e~*p J  r/ ipT  FCp,u> du + e-*P r  * f/if/+ *J  FCp,u> du

0  o

and
i

f  i/ ip  ( * * P  r/ ifT  FCp,u>) du 
O

t t
-  A e~*P f  r/ ifT  F(p,u> du + f  + 1/ifT * 1 F(p,u> du .

O O

Substituting this into (6.7) and multiplying both sides by ^ P  , me obtain
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r  + l/ t f + / f  F(p,u> du 
O

lie see that if (6.5) is true for 
too. This completes the proof.

/  <T + FCp,u> du .

m - r then it is true for m = r + / ,

(6.8) Theorea. The class f í foras a subring of the ring F .

Proof. It follows from Definition (2.1) and (6.1) that f í cS and 

fro» (6.2), for any F (p ,t> ^ fí,
t t t

I e~V> f  F(p,u> du | Í / 1 F(p,uA du 1 / h(jCu> du
0 0 O

which »eans that for any q > k

i
/  F(p, u> du => O

O p-}°°

By Theore» (3.3), FCp,t.*eF.
This »eans that f íe  F  and It reaains to be sho»n that f í foris a 

ring »ith respect to addition and the convolution (2.19).

Let us suppose that Fj<p,t.\ F¿Cp,t)*fí and

(6.9) I <*/<& FjCp, tA 1 **'P hjm<t> , 7 - 1,2; »= 0 ,1 ,2 ,... ,

for every p »ith fíe p t p j and almost every t t  O . Then »e have (6.9)

also for every p »Ith Re p tp 0 \- aax (pj,P2> an£* almost every t > o .

It is obvious that f í foras a group »Ith respect to addition, because
the functions FfCp,t.'± F2 <p,t.> are analytic »ith respect to p in the

half-plane Re p >p0 and, »oreover, for every p alth Ra p >pQ the

functions Ff(p, ±Fj(p, ts, J/JpfFfr, t> I F ^ ,  t>)> ¿¿/JpPiFfCp, t> ±F?(p, t> ) , ...

are integrable aith respect to t in the Lebesgue sense on every finite
interval 0 < t < T  and

I <*/<&&&, t> tF flp , t.>A Í  *P {himCt> + h2mCt>) for m *0 ,1,2 ,...

•here k :s wxx.<kj,k2 > .

lie have for every p »ith R» p ip c , almost every t t o  and alaost

every u froa the interval 0 < u <  (
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I à/àp (p FfCp, t-u> Fj(p,u>) I = I Ffi'p, t-u> Fjtp,u> + p à/dp Ffip, t-u.> Fjtp,*/.' +

+ p  Ff<p, t-u> à/àp F-2<pf u> I Í  

£ 1 **2 * DP (  h fffC’t-u} h j t / - * hff<t-u> hjrf-uï + h fgCt-uï h j f<ut )  £

£ 2<*f+*2* Dp (  h fgCt-ij> + h ffi't-u )) (  h20Ía> +

and, by virtue of Theore* (6.4),
t

à/àp (F ftp, t> XFj<p, t> ) = à/àp ( p  /  Ff<p, t-u> F-2<P,u > d u ) -

o
t

= f  à/àp (p Ff<p, t-ut Fj(p, u>) du , 
oI

•hich »eans that the function Ff<p,t.>XF-2cP*t> *s analytic ilth respect to 
p In the half-plane p >p0 . It folio« also that the functions

FfCp, t> XFjCp, t> , à/àp (Fftp, t.* XFftp, t> ) , à?/àp?(Ff<p, ts XFjfp, t> ) ,... are

integrable vith respect to t in the Lebesgue sense on every finite interval 
o < t < T .

On the other hand, »e have for m = O,1,2,...
t

p / à f*  (F ftp , t> XFjCp, t> ) = * / à ffi { p  / F f<p, t-u> Fs(p,u> du )  =
O

*~f M-1 t
-  •  Z (  j  )  f  àf/àpt FfCp, t-a> * - 1-j/ à f* ~ 1- j  F2(p,u> du +

j=0 O
m . »  t

+ P Z (  j  )  /  àf/àpf Ff<p, t-u> p -J /d fT -J  Fjip, u ) du
j=0 O

and, by (6.9),

| */àf* (Ff<p, t> XF^p, t> ) I £
*-1 M-f t rn m I

£ e <* f +*2+ 1-)P fa £  (  j  )  f  h fj< t-u >  h2^m-f-j< u >  d u + £  ( j  ) / h fj< t-u >  h2f tr j<u> d u ) .
j=0 O '  j=0 O

It follows that for any Ff<p,t>, F2 (p , t> * f í «e have Ffp, t> XFjip, t> .
This completes the proof. •

(6.10) D é f in it  ion. fl function FCp, t>  ■ill be called su p erfe asib ie
iff F<p,t>* a  . •
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(6.11) Theorea. Ue have f(t>*R iff f(t> e S , that is, Iff f<t> 
is defined for alaost all t i O  and integrable in the Lebesgue sense on 
every finite interval o <  i < T  .

Proof. If f(t>*R then, by Theorems (6.8) and (3.13), f(t> « S  . 
Conversely, if Kt>« S  then, by Definition (6.1), t'<t>*R . •

(6.12) Theorea. For any real r  ae have //* e 0  .

Proof. The theorea folloas froa Definition (6.1). •

(6.13) Theorea. For any real r  ae have ¿ T P e ff.

Proof. The theorea folloas froa Definition (6.1). •

(6.14) Theorea. If F (p , t> ^ R  then for any function e S ae have

f (t>  X F (p ,t>  m R  .

Proof. The theorea folloas froa Theoreas (6.8) and (6.11) . •

(6.15) Theorea. If F < p , t ) * R  and g < p > *R  then

g(p> F(p, ts  e  R  .

Proof. The function g<p> F<p, t>  satisfies the conditions 12 and 2® 
froa Definition (6.1). floreover, ae have, according to the condition 32,

I JP/dpP g(p>  I i  ca e *P ,

I Jt/ jp* F<p, t> | i  h<t> for a = O, 1,2, . . .

■here k, q, ca and bm are real positive nuabers. Hence

I * / &  (g<p> FCp, t> ) |

=  | « < */£ > * g(p> • F(p, t )  +  g(p> ■ JP/JfP FCp, t )  I i
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1 I gCp> | | FCp, (A  + I gCpA I FCp, t> | i

i cm e &  b0 e <P + cQ a *P bm a «¡P =

■  (  ca b0 * c0 bm )  e  for a *  O, 1 ,2 ,...

■hlch aeons that the function gCp)FCp,t.>  satisfies also the condition 32
froa Definition (6.1). It follow that gCp> FCp, t>  e R . •

(6.16) Theorea. For any real r oe have

FCp, t.* e R iff f f  FCp, t > * R  .

Proof. By Theorems (6.12) and (6.15), if FCp, t )  e R  then
f f  FCp, t l e R  .

Conversely, if fT  FCp,t>*R then, by virtue of the first part of our

theo rea , FCp, t> - p -r  f f  FCp, t > * R  . •

(6.17) Theorea. If F C p ,t> *R  then also

t  t
/ FCp,u> du e R  and p JFCp,u> du e R

O o

Proof. Let fC t )  := 1 . Then, by virtue of Theorems (6.11) and (6.14),
t

p  J  FCp,u> du *  1X  FCp, t>  *  fCt> X  FCp, t>  e  R  .
O

Since
(  (

J  FCp,u> du = 1/p p  f  FCp, u> du
O O

and 14 > » p~f « R , »e obtain, by Theorea (6.15),

t
JFCp,u> du «  R  .

O

This completes the proof. •



(6.18) Pefinition. The class Zff is the set of all functions 

satisfying the condition

(6.19) e P* X Z(p, t ) e 8  . •

(6.20) Theorea. The class Zff fons an Ideal of the subring f l .

Proof. Ue prove the theorei analogously to Theorem (4.7). •
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(6.21) Def init ion. The /^distribut ion Ring or, siiply, the ring Bff
is the residue class ring B/Zff into ihich the ideal Zff divides the 

subring 8  . •

(6.22) Def Init ion. fin ^-distribution Is any residue class 
belonging to the ring Off . •

(6.23) Def init ion. Each function F<p,t>^B  belonging to an ^-distribution 

Q is to be called a representative of this ^-distribution, ihich is 
■ritten In the fori

8  « {  F (p ,t> }  . •

(6.24) Def init ion. Any functions Fj<p,t> , F ^ p , t > ^ B  are said to be 

^■congruent iff they are representatives of the saie ^-distribution and in 
such a case ie «rite

(6.25) F f a O  a  F î'p, t )  . •

It follois that (6.25) holds iff F f a O  -  Fz(p,t> The congruence

F(p, t>  B  o leans that FCp, t.> e Zff .
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(6.26) Theoree. The relation (6.25) ¡3 a congruence Modulo Zff , that

¡3, It has properties analogous to (1.14)-(4.19).

Proof. fill the above properties are «ell-kno«n properties of any
residue class ring. •

(6.27) Uieorci. For every FCp, »e have
t

(6.28) FCp, tS a  p  / FCp,u> du .

O

Proof. Ue prove the theorea analogously to Theorei (4.20). •

(6.29) Theopei. fl function zcp ,t> *tt belongs to the ideal Z g  iff

there exists a function F C p ,t> *8  such that
(

(6.30) ZCp, = FCp, t )  -  1 X  FCp, = FCp, t> -  p /  FCp,u> du .
o

Proof. Ue prove the theorem analogously to Theorem (4.22). •

(6.31) Thcoree. If g C p > *8  and F C p , t ) * 8  then

(6.32) gCp>XFCp,t>  §  gCp)FCp,t>  .

Proof. Ue prove the theorem analogously to Theore» (4.24). •

(6.33) Theore». If FfCp,t>  El FjCp, t>  and g C p > *8  then

(6.34) gCp> FfCp, t>  S  gCp> FjCp, t>  .

Proof. Ue prove the theore* analogously to Theore* (4.26). •
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(6.35) Theorea. If F<p,tJB o then

t
(6.36) p JF(p,u> du S  O

O

Proof. The theorem follow fro« Theorems (6.17) and (6.27). •

(6.37) Theorei. If F<p,t>m O then

t
(6.38) / F<p,u> du §  O .

o

Proof. Ue prove the theorei analogously to Theorea (4.30). •

(6.39) Theqrei. If Ff(p,t> rn F ^ O  then FfCp,t> = F & , t> .

Proof. The theore» follow froi Theore« (6.8) and Definitions (4.1) 

and (6.18), because FjCp,t> -  F & .O  e Zfi c Z  •

(6.40) Theorea. For every function f(t> e S  w  have

(6.41) f(t>  m O

iff
a. 3.

(6.42) ret* = o .

Proof. If w  have (6.41) then, by virtue of Theorems (6.39) and (4.32) 
•e obtain (6.42). Conversely, if «e have (6.42) then

*»/>*X f(t>  = O e B ,

•hich ¡3 equivalent to (6.41). •

(6.43) Theoree. The ^-congruence

f j(t>  m fzct>
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holds iff
<7.*.

ffCt) - fjCO

Proof. Ue obtain this ¡»»ediately, when replacing the function fCt) 
in Theore» (6.40) by ryt,* -  fgCO . •

(6.44) Theore«. If FCp,t>*B and for any real r

(6.45) 

then

(6.46) 

and

(6.47)

FCp,t> = O
for O s' t < r when r •> O ,

for r  s' t s' o »hen r  < o ,

GCp, t> := FCp, (  +r> e R

GCp, t> = O
for -r  s' t S 0 when r  > O ,

for O < i s' -r when r  < O .

Proof. By Theore»s (6.8) and (4.57), ®e have GCp,t>*F . Since 

FCp, t,* e tt , the function GCp,t> satisfies the conditions 12 and 22 fro» 
Definition (6.1). But FCp,t> satisfies the condition (6.2), »hich i»plies

(6.48) I GCp, (.> I 1 <? *p f>aCt +r> for m =0,1,2,... ,

and OCp, t> .

(6.49) Thcoree. If, for any real r , FCp,tJe/f is a function 

satisfying the condition (6.45) and GCp,t> is defined by (6.46) then

(6.50) GCp, t ) gj FCp, t> e W .

Proof. Let

KCp, t.> :=
t +r
f  *  P<t-u> FCp,u.> du

and let us assu»e that the function FCp, t ) satisfies the condition (6.2). 
First, »e shall show that
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t +r
(6.51) d*/dp* (Kp, t> * f  <PAp* ( <- p(t~u> F(p,u> ) du .

*
This is true for m = 0 . Let us suppose that it is true for m = s , that ¡s,

t * r
F/dp* K(p, t> - /  F/dp* ( ¿i p<t-u> F<p,u) ) .

t
Ue haue for t S u  S t +r

| à/dp (e * P  F/dp* ( e P<t~u> FCp,u> ) |

| -k e *P  F/dp* ( «  P<t-u> FCp,u> ) + e+P  F  + '/dp* + ' {  e P<*-**> F<p,u> ) I -

* s
| -k e+P Z  ( j  )  (t-u> J e P<*nt> j  s-j/Jp *~J F<p,u> + 

j=0
s + f  s + f

+ â~*P X  (  j  )  <t~u> J * p<tru> à *  + 1 -J'/dp "J F<p,u> | i
J -o

s s s + f s+ r
i  k X  ( j  )  rJ + X  (  j  )  r f  h* + = h(t> >

j=0 j=Ü

Hence «e haue
t * r

(6.52) à/dp f  e+P à*/dp* U  P(t ~u> F<p,u> ) du «
t

t +r
= f  à/àp (< f*P  F/dp* («  P<*rtt> F(p,u> )J  du . 

t
Sine e

t  +r
à/dp / e *P  F/dp* u  P<tru> F(p,u> ) du 

t
t +r

-k e~*P / F/dfF (<? P<t-u> F(p,u> ) du + 
t

t +r
+ é~*P à/dp f  à*/dp* (<? P<t~u> F<p,u> ) du 

t
and

t +r
f  à/àp ( e*P  F/dp* (e  P<t~u> F(p,u> ) du 
t

t +r
-k e~*P f  F/dp* (e  P<*~»> F(p,u> ) dû * 

t
t +r

+ e~*P f  F  * 1/dp* * 1 («? P<t-“ > F<p,u> ) du > 
t
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•e obtain fro« (6.52)
(  +r

* f/dp* * f KCp, t> -  i/dp J  JP/Jp* ( *  P<tru> F(Pf u> ) du -
t

t +r
f  + t/Jp* + f («? P<t~u> F<p,u> ) du 
t

Ue see that if (6.51) is true for a = s then it is also true for 
m ~ s + t .  Thus (6.51) is true for a *0 ,1 ,2 ,... .

It follois fro« (6.51) that the function k\'p,t> satisfies the
conditions 12 and 22 fro« Definition (6.1). lie haue further

t +r
I K(p, t> I = I /  */<&* ( «* P< t~u> F(p,u> ) du 1 Í

t

t +r
Í /  I <*/<&• (e  P< t~»> FCp, u> ) I du 

t

t +r a m
J  I Z  (  j  )  < t-u>J a P<t~u> *-j/ à fP -j Ftp,u> I du i
t j=o

t * r  a m
i  /  X  (  j  )  rJ \*-J/dffi-J F<p,u>\ du 1

t j* o

( * r  a a
Í  /  S  (  j  )  rJ e-*P h ,-j <u> du ~

t y=o

= £~*P b(t> ,

■here
t+ r  a m 

b(t> :m J  £  ( j  )  nf hgr.j<u> du . 
t j=€

Thus the function K<p, t> satisfies also the condition 32 fro» Definition 
(6.1) and «e haue K < p ,t)* ft .

Let

H(p, t> := a Pt X (GCp, t.> -  FCp, tJ a rP ) 
t

-  p i e  P<*~if'> ( 6<p, u> - F(p,u> e ^  ) du -
b

( t
■ p / e P<*~u* F<p,u +r> du -  p f  e P<t~u +r * F(p,u) du ■

O O



t +r (
= p f z  P ( t ~u * r > FCp,u> du ~ p / « ,  P< tr-u +r> FCp,u> du =

r  O
t * r  t

- p f a  P<*-it +rJ F(p u> _ p f  e pCt-u +r> F<p u> &
r  r
t +r

= p f a  P f*-" +r > FCp,u> du = p a rp fCCp, t> .
t

By virtue of Theoreas (6.12), (6.13) and (6.15) «e have HCp,t>*R . This 
•eans that

GCp, t> -  FCp, |  o ,

■hich is equivalent to (6.50) . •
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(6.53) Theorea. If

Ftp, t> m gCp> ,

•here FCp,i>, gCp> e ff t and ee put FCp,(> = o for - r  £ t < Q , r being
any real positive number, then

(6.54) FCp, t - r )  m gCp) a~rP .

Proof. The theorea follows fro» Theorea (6.49). •

(6.55) Theorea. If

FCp, a  gCp> ,

■here FCp, t.\ gCp> e R  and

(6.56) FCp, t> -  o for o £ t / r ,

r being any real positive nuaber, then

(6.57) FCp, t + r ) S  gCp> a 'P

Proof. The theorea follo«s froa Theorea (6.49) . •



(6.58) Theorea. If FfCp,t.\ F ^ t t ,  gfCp\ g&P* « R and

(6.59) F ftp, t> a  gf<p> , Fs(p,t> m g-2(p> , 

then

(6.60) Ff(p, t> X  FpCp, t.> a  gfCp.* gjCpï .

Proof. Ue prove the theorea analogously to Theore» (1.70). •

(6.61) ThcQrci . If fCt> is a teasurable function bounded on every 
finite interval O S t S T  and F C p ,t> * ff then fCt> F(p, t> .

Proof. The function fct> F(p,t> satisfies all conditions of 
Definition (6.1) and hence it belongs to the subring tt . •

(6.62) Theorci. If FCp,t>, ¿/¿t FCp,t> * ff then

(6.63) ¿/¿t F<p, t> a  pF<p,t> -  p F(p,o> ,

■here a I so F(p, O) .

Proof. If J/<H F(p ,t>  a ff then, by virtue of Theorei (6.17), ie have
t

(6.61) /  à/du FCp, u> du = FCp,t> -  FCp,0> e d
o

Hence FCp,o>*tt and

t
p f  d/du FCp,u> du = p FCp, t> -  p FCp,0>

Û

By Theore« (6.27) *e obtain (6.63). •

(6.65) Theorea. If FCp, t.\ d/dt FCp, t>, ... , <fi/d& FCp,t> * 8  then

(6 .6 6 ) FCp, t> m p* FCp, t> -  p* FCp,0> -  ffi-1  F<1>(p, o p  F<k~*>Cp,0> ,



■here

(6.67) fO'*<p,0> [¿i/dtf Ftp, t=0 e R for y ~ k - /  .

Proof. Ue obtain (6.67) »hen applying Theore» (6.62) k tiies. •
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(6.68) Theorea. Ue have
oo

(6.69) 9<P> P J «"3°£/ FCp,u> du e R
O

and

(6.70) gCp> a  F (p ,t>

■here Ftp, t> * R  iff
OO

(6.71) FCp,t> : m p J «? FCp,u) du «  R .
t

Proof. Ue prove the theorea analogously to Theore» (4.81). •

(6.72) Theorea. If F(p ,t>  e R  and k is a real positive number 
satisfying the condition (6.2) then for aliost every t > k «e have

(6.73) pe~P( FCp,t.> -» o
P+ oo

Proof. Ue have, according to (6.2),

I FCp, t> | i  <? *P h r f t )

and for every t  > k

I p FCp, (> | i  m-Ct-kJp hgCt) -» O .
p->°°

Hence »e obtain (6.73). •



(6.74) Theorea. If FCp, (J, d/dt FCp, t>, d/dt(t FCp,t>) e R  then

(6.75) t d/dt FCp, t )  m Cpt-UFCp,t> .
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Proof. Ue prove the theorea analogously to Theore« (1.92). •

(6.76) Theorea. Ue have

(6.77) gCp> S  O , gCp> e R  iff (P* gCp) e R  .

Proof. If gCp> m o ,  gCp.> e R  then, according to Definitions (6.21) 
and (6.18),

JtiXgCpy = gCp>(ePt- t )  e R  and hence ^> tgCp>^R .

Thus, let us no* suppose that

(6.78) g<p> 6 R •

Recording to (6.2), ae have

(6.79) I JP/dffiftsP* gCp>) I i  0 hmCt> for m * 0 ,1 ,2 ,... .

Ue shall sho« that there exist analogously functions HgCt>, /ffCt.>, H&'O, ... 
such that

(6.80) | <>*/<*>" gCp> | £ e^P HaCt) for m = 0 ,1 ,2 ,... .

Since fro« (6.79) «e haue

I <3°* gCp) | 1 hflCt) ,

it folloss that

I gCp> | 1 e~P(  hfjCt) i e*P h#Ct> ,

•hich aeans that (6.80) ¡9 true for »  * O with HgCt.' hgCt> . No«, let us

suppose that (6.80) is true for m •  0 , t , . . . ,n  . Since, according to (6.79),

I + 1/dfP * 1 gCp>) | i  + f t *

and
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" + *  n + 1
<P + t/df/* * 1 g(p>) = X  (  j )  àf/dpf cT * t-j/qf' + H  gCp.' =

j-O
n + 1 n + 1

= é>1 X  (j ) ifS’* t-j/dtn + f~J glp> ,
j=0

that is,

(P  + 1/dpn * f  g<p.' = e~p* S ' + 1/àfp * f fe p* g<p>)

n + f  n + 1
- X  ( j  )  if J "  t-j/tf*+ t-j g<p> , 

j - f

■e obtain

I S' + t/ijp * 1 g(p> I i I S '+ t/JfP + 1 <* P* g<p>) I +

n * f n + 1
* X  (  j )  tf I (P * t-J/itP + f-J gCp> I i

j - f

n * r n + f
i e*P hn + ¿i> + &  £  (  j )  if Hn + f-j<i> =

J - f

e*P//n + i<t> ,

■here

" * f  n + f
Hn + fCt> := hn + fCt.' + X  (j ) t* "n + f-j<t> .

J=f

■hich Beans that (6.00) is also true for a - n + f . By induction, (6.80) is 
true for a * 0,1,2,... .

Ue see that the function g<p> satisfies the condition (6.2). Since 
gtp> = e-ptfyri g(p))  , it satisfies also the regaining conditions fro« 

Definition (6.1), «hich aeans that g<p>*B  .
By virtue of (6.78) se have also

X g<p> *  g < p > (^ - l) e B  ,

•hich leans that g<p.'& O . This completes the proof. •
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U N .  The D-Deriuatiue

(7.1) Dofinit ion. If F (p , t )+ B  then the D-derivotive of F(p,t>
Is the function

(7.2) DF<p ,t) :=  ¿/¿pF<p,t> + <f/p -  t> F (p ,t>  . •

(7.3) Theorem If F ( p , t ) * B  then D F<p,t> exists and DFCp, t.> e 8  .

Proof■ The theore« follo«s fro« Definitions (6.1) and (7.1) and 
Theore«s (6.12) and (6.61). •

(7.4) Theore«. If F(p,t>, 6 (p , t > * R  then

(7.5) o(F<p, t.> ± G(p, t )  ) = DF(p ,t>  ± D 6Cp,t>

Proof. The theore« follo«s l««ediately fro« Definition (7.1). •

(7.6) Theore«. If F(p,t>, G (p,t>  e B  then

(7.7) D (F<p, /,»X GCp, t> ) = DFCp, t> X G<p, t> + FCp, t> XDGCp, t>

Proof. Ue have, by virtue of Theore« (6.4),



t
0 ( FCp, t )X  GCp, t )  ) - M p  /  FCp, t-u ) GCp, u ) dU ) -

O
t t t

= / FCp, t-u )  GCp,u) du + p /  d/dp FCp, t-u ) GCp,u) du + p /FCp, t-u ) ¿/dp GCp,u) du + 
O O O

t t
+ f  F<p, t-u ) SCp, u ) du -  p t / FCp, t-u ) G<p,u) du ,

O O

and

VkFp, t )  X  6<p, t )  + FCp, t )  X  06<p, t )  =

- ( d/dp FCp, t )  + i/p FCp, t )  -  t FCp, t )  ) X  GCp, t )  +

+ FCp, t )  X  ( d/dp GCp, t )  + f/p GCp, t )  -  t GCp, t )  ) -

t t t
= p f  d/dp FCp, t-u ) GCp, u ) du + /  FCp, t-u ) GCp,u) du -  p /  Ctru) FCp, t~u) GCp,u) du + 

O O O
t t t

+ p /  FCp, t-u ) d/dp GCp,u) du + /  FCp, t-u ) GCp,u) du -  p J u FCp, t-u ) GCp,u) At
O O O
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Hence we obtain (7.7). •

(7.8) Theorea. If FCp,t) a  0 then

D FCp,t) a  o

Proof. FCp, t )  a o  »eons that

(7.9) e P* X FCp, t )  e R  

On the other hand «e have

/ t
D( P* X FCp, t )  ) = D (p  f a  P< t-u ) FCp,u) du) = u (p  a P* /  iTP^ FCp,u) du) =

O O

t t t
- a Pt f d~pu FCp,u) du + pt * Pt / d~Pu FCp,u) du -  p *  P t / «V U  u FCp,u) du +

b o o'



t t t
+ p *  P t f  *~PU d/dp F(p,u> du + e P* f  ePU F(p,u> du -  p t e P* f  e l* *  F<p,u> du -  

O O O

f/p ( e P t XF<p,t>) + * P t XQF(p, t> .

It fo11o*s froi (7.9), by virtue of Theorems (7.3) and (6.16), that

D U  P f  X Ftp, t > )  g B and f/p { * P f X F(p, t l )  e B .

Hence *e haue * P (  X QF(p, t ) e B , *hich *eans that OF(p, t> a  O . •

(7.10) Theore*. If F<p,t>, G<p,t> * B  and

(7.11) F(p, t> B  G(p,t>  ,

then

(7.12) 0F(p,t> a  0GCp,t> .

Proof. The theore* folio« fro» Theore* (7.8) «hen *e replace F(p, t )
by F(p, t> -  6(p, t> . •

(7.13) Theore*. If F(p,t>, G (p,t> e B  and

(7.H) F<p,t> a  G(p,t>  ,

then

(7.15) d/dpF(p,t> -  tF (p , t>  a  d/dpG(p,t> -  tG (p ,t>  .

Proof. It fo11ose fro* (7.14), by virtue of Theore* (7.10), that

D F(p ,t>  a  D G (p ,t )  ,
that is,

(7.16) d/dp FCp, t> + a/p -  t> Ftp, B  d/dp G(p, t>  + (l/p -  t> G (p,t> .
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Since (7.14) ¡»plies, by Theore» (6.33),

1/p F (p ,t>  a 1/p 6<p, t > ,

■e obtain (7.15) fro» (7.16). •

(7.17) Theore». If f(t>, g<pS and

(7.18) rets a  gcp.> ,

then

(7.19) t f< t) a l/p gip> -  d/dp g(p>

and

(7.20) t d/dt f<t> a  - p  d/dp g<p>

Proof. It follots fro» (7.15) that

(7.21) t f(t> a  t g<p> -  d/dp g<p> .

Analogously to (5.4) »e haue

t a i/p

and, by Theore» (6.33),

(7.22) t g<p> a 1/p g<p>

Fro» (7.21) and (7.22) »e obtain (7.19).
It folloss fro» (6.75) that

(7.23) t d/dt f(t> a  (pt-i> f ( t ) .

On the other hand, it follows fro» (7.19) that

(pt-1> f(t> a  g(p> - P d/ip g<p)  -  f(t> .

In uie» of (7.18), »e haue



(7.24) (pt-t> f<t> S  - p d/dp g(p> .

Fro* (7.23) and (7.24) «e obtain (7.20) . •

(7.25) Theore«. For every F (p , t > * B  le have

(7.26) F (p ,t>  = i/p s P* / p e~P( DFip,t.> 4 ? ,

■here
Hip, t> :=  / p e-pt 0Ftp, tS ip  

denotes the function satisfying the equation

(7.27) J/Jp Hip, t> - p e-p* OFtp, t>

and the condition

(7.28) HCp,(> -» o
p-*°°

Proof. Let us introduce

(7.29) Hip, t> := p e~P* Ftp, t )  .

By virtue of Theore» (6.72), the function (7.29) satisfies the condition
(7.28). Ooreover, the function (7.29) satisfies the condition (7.27) too. Any
other function satisfying (7.27) »ust have the for»

HCp, t )  := p e~Pf Ftp, t.> + f i t )

and satisfies the condition (7.28) iff f ( t>  *  o  . Thus (7.29) is the only
solution of (7.27) satisfying (7.28) and »e have

Ftp, ts  »  f/p e P *  Hip, t>  .

Hence »e obtain (7.26). •
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(7.30) Theore». If F (p ,t )* B  then »e have

(7.31) DF(p,t> = o iff Ftp, t )  = o
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Proof. Substituting in (7.26) UF(p,t.> = o «e obtain F(p,t> = o  . 
Conversely, substituting in (7.2) F i 'p , t s -0 , «e obtain DF<p ,t> -o . •

(7.32) Theorei. For every F(p, t> e 8  «e have

(7.33) DF(p, t> = 1/p e p (  ¿/dp (p  e~p* F(p, t> ) ,

(7.34) d/dp F(p, t> « p e~p* d( 1/p e P* F<p, t> )

Proof. Substituting (7.29) into (7.27) and Multiplying both sides by 
1/p a P (  , «e obtain (7.33). Replacing 1/p *  P* F (p ,t>  by F (p , t )  in (7.33) 
and «ultiplying both sides by p e~P* , ne obtain (7.34). •

(7.35) Theore». If F < p , t > * 8  and

(7.36) D F<p,t> B  o

then there exists a function H(p,t)&  8  such that
t

(7.37) FCp, t > = 1/p e P* J p  s~P(  (  H(p, t> -  p /  H(p,u> du )  <p
O

«ith the condition

(7.38) p aP* F(p, t )  -> O ,
p-*°°

•hich is equivalent to

(7.39) H(p,t> = HF(p,t> + eP * X  DF<p, t>  .

Proof. If QFCp,ts a  o then, according to Theore« (6.29), there

exists a function HCp,l>*8 such that
t

(7.40) DF(p ,t>  = H<p,t> -  p J H(p,u> du .
o

Substituting this into (7.26), «e obtain (7.37) «ith (7.38). Rnalogously to
(4.5) and (4.4), the for«ula (7.40) is equivalent to (7.39). •
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(7.41) Def init ion. The second D-derivative \P-F(p, t> of a function 
FCp, e ff is the D-derivative of DF<p,(> , that is,

D2F<p,t> D(D F<p,t.>) .

in general, the D-derivatiue D*F<p,fJ> of a function F (p ,t> * fi is
the D-derivative of 0 ~̂̂ FCp, t> , that is,

(7.42) o*F(p,t> := D(Dk“ V 0 ,  (A for k = 1,2,...

Here we put

mP f<p, t.> * FCp, t> ,

D *F(p,t> = D F(p,t> . •

(7.43) Theore». For every function FCp,t.>^ff we have

Dk (D , /r0 / t>) » Dk+ l Ffp,(S 

Proof. The theore» follows i»mediately fro» Definition (7.41). •

(7.44) Theore«. For every function F (p ,tse ff and k =  0,1,2,... we have

k k
(7.45) D*FCp, (,> = X  C-rM+ 1 ( j  )  ( j/p t/ 't - t J  )  ¿-J/tffi-J F(p, t.> .

J-O

Proof. Ue shall prove the theore» by induction. By virtue of
Definition (7.1), the foraula (7.45) Is true for k = 1 . Thus, let us assuae 
that It is true for k = r  , that Is,

r  r
dr F<p,t> *  £  ( - iM  + f ( j )  ( j/ p  t t - t - t J )  r - j/ * r ~ j  F<P,t> .

j=0
Then we have

1> = d(dr FCp,tA * d/dp vrFCp, + ( i/p - t )vrF<p,t> =
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r  r
■ X ( j )  ( -j/p2 t f - *  )  r - j/ d fT -j F<p, t> +

j-O

r  r
+ X ( - t M * f ( j )  (  j/p V ' 1 -  t J  > <r + f-j/ jp r + f - j  F<p,ts + 

j=o

r  r
+ X  ( - fM  + t ( j  )  (  j/p2 t f - *  -  t/P t f  -  j/p t f  + *J * *> f~ J/ * r~ j r<p, *> '  

j=o

r  r
- X  t - f J * + 1 ( j  )  (  j/p t/~1 -  t f  )  r  + i - j/ * r  + t - j  f <p ,  t> -

j=o

r  r
- X  f - *M  + r (  j  )  (  < j  + 1>/P t f  -  d  + f  )  jr - j/ jfT - j F(p, t> = 

j=0

r  r
= x r - t j f * f  ( j )  ( j/ P  t f - *  -  t f  )  r  + i - j / * r + f - j  Ftp, t> -

j=0

r  + i  r
-  X  (-*M  ( j - 1  )  (  J/P tf~* -  t f  )  r  + '-j/4or + * - j F<P/t> =

j - f

= j r  + f/jfT + ? F(p, t> + 

r  r  + t
+ X (-*# + * ( j ) ( j/p tf-* - tf ) r*f-j/4T*t-J F<p,t> + 

j“t

+ (-f/ * 2 (<r + i>/p r - r + * ) F(p,t>

r + * r + f
= X (~àJ * * ( j ) ('jyp tf-* - *f ) *-j/#'+ *~f f<p, t>

j =0

Ue see that if (7.45) is true for k - r  then it is true also for k ~ r  + f .
This completes the proof. •
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(7.46) Theore». If g<p>*R then ie have for k = 0,1,2,...

(7.47) O*g(p> §  d k/c$fi g(p)

Proof. Ue shall prove the theorei by Induction. Since (7.47) is true
for k ^ o  , let us suppose that It is true for k * r  , that is,

Dr g(p> S  d r/<f/' g(p> .

Then we have, in vlei of Theorei (7.10),

Dr+1 gCpS * o(org(ps) rn D{d r/4T gCp.*)

= d r  + f/ $ r + 1 g(p> + a/p -  t> d r/dpT gip> .

Since it follois froi (7.22) that

a/p -  t> d r/<$r g(P> a  o ,

■e obtain

v r*xg(p> S  d r  * f/ctr * 1 g(p> .

It leans that if (7.47) is true for k = r  then it is also true for k = r  + f .
This coipletes the proof. •

(7.48) Theore«. If F<p,t>, g(p> e ff and

(7.49) F(p, t> m g<p.' ,

then ie have for A- - o, 1,2,...

(7.50) olr<p,t> m d kA*fi g(p> .

Proof. It follovs froi (7.49), by virtue of Theore# (7.10), that

D*F<p, tJ> a  ofi-g<pJ 

Hence, by Theorei (7.46), ie obtain (7.50). •
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(7.51) Theore». If then ae have for k =  0,1,2,...

(7.52) D* f<t> -  < - i> k + f (k/p (  k~f - t k)  f<t> .

Proof. Substituting F(p ,t>  - f<t> in (7.45), se obtain (7.52). •

(7.53) Theore«. If f<t> F (p ,t>  e R then te have for k =  0,1,2,...

(7.54) D*  (f< t>  F (p ,t> ) - f<t> D*F<p,t>  .

Proof. Replacing F(p, t> In (7.45) by f<t> F(p, t>  , »e obtain (7.54). •

(7.55) Exoaplea. Let us find D-derivatives for soae functions F < p ,t> * f t  .

1) For f ( t>  = t  r , »here r  is any real nuaber, ee have, according
to the foraula (7.52), for k =  0,1,2,...

(7.56) D* t r  = C-1Sk * f  (k/p  t r * k~f -  t r + k )

2) For g<p> * 1/p and k - 0,1,2 ,... ae have

(7.57) D* i/p -  < -l>k t k/ p  ,

because, according to (7.2), »e have D 1/p = -  t/p , and supposing that
(7.57) is true for k = r  , ae have by Theore* (7.53)

d ^ 1 i/p = 0 ( 1̂  i/p) = o ( c - i / '  r / p )  *  c - i j r  r o  i/p = < - i r * f  r  + f/ p ,

that is, (7.57) for k ~ r  + 1.

3) For p<p.> =■ a w, «here r  is any real nuaber, and for k =  0,1,2,...
•e have

(7.58) D VP = ( k/p + ( r - t^ i) e rP .
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Ue prove this for»ula by induction. It is obvious that (7.58) is true for 
k * 0 .  Therefore, supposing that it is true for k = g ,  »e have

nq*t * r p  = d(d*i * rp ) = d {(q/p c r - t . * r f  + c r - t # )  e r p )  =

-  -  q/p? * e rp + rq/p t? 0 ° + rfr -tJ#  <? rp +

+ q/p? *n P  + f/p <r-t.*7 *  rp -  q/p t  C r - i.^ r e rp -

-  t (r-t,*?  <? rP =

(<q + 1>/p ( r - t  .*? + ( r - t f l  * f)  e rp ,

that is, (7.58) for k * q  + f  . This completes the proof of the foraula
(7.58). •

(7.59) Theore». If

(7.60) g<p)  m o ,  g(p>e R , 

then for any real positive integer n

(7.61) J'gfy.VdfP a  O , <f}g(p.V&} e R .

Proof. It follots fro» Definition (6.1) that </*g<p >/<$/** ff , because
<Pt*f}g < p : a & + ng (p V 4 **n . Horeover, according to Theore» (7.8), «e 
have Dng<p> B  o and, by Theore» (7.16), cPgCpycp* m o . •

(7.62) Theore». Ue have

(7.63) g(p> m O ,

Iff

oo

(7.61) / g<v> dv m o ,
p

g<p> e f f
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Proof. Since
OO

d/dp J  g i 'v ) A f *  9<pJ /

P

it follow fro« Theore« (7.59) that (7.64) i«plies (7.63). Thus, in vie« of
Theore« (6.76), it is sufficient to prove that

OO

iP* g(p> e 8  ¡«plies eP( Jg(v>  dv * 8  .
P

Therefore, let us assuae that

(7.65) g<p> c 8

According to (6.2), «e have

I eP* g(p)  | i  ^P  hffCt) ,

that is,

I gCp.* | £ a-pCt-k> h(j(t> for al«ost every t t  O .

Replacing t «ith t+2k , «e obtain

I g<p> I i  e~P<( +* '>hffCt +2k> for al«ost every t t o  .

Hence

OO OO OO

I Jg<v> ck' | £ / 1 gCi'A ck< i. ftgft+2kJ /  *
p p P

1/(t +k> hg(t +2k> e~P( t +A>

and
OO

(7.66) I fg<u )dv\ i  *~*P HgCt> 1 *KP Hg(t> ,

P

•here

H(jCt> := 1/Ct+kS h(jCt +2k.> .

Recording to (6.2), «e have

(7.67) I P / d p & t g(p>) \ £ hm<t> for 0,1,2,...
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Ue shall sho» that there exist analogously functions H-jCt),
such that

I F/JfPitPt Jg<v> (*.•) | 1 Hma> for m= 0,1,2,
p

Ue have

oo m m co
/  g(v> dv) - X  (  j  )  F~J/df^~J d3* /dpt f  g(v> &<

P j= o  p
OO

- <j°* f  g<v) at' S ,
P

■here

* *
J? .•» X  (j )  J>t Jf-t/Jpf-l g<p>

j=f

m
= X  &  + t) F/Jp* g(p> =

s=0 

m-1 m-1 j

- X  X  ( s )  ^  <r/Jp* g<p> ~
s=0 j=s 

m-1 j  j

= X  X  ( s )  ¿P* F/Jp? g(p>
j=0 s=0

•~f J J
* X  P~J~f X ( s )  * - * / & - * & *  F/tp* g<p> =

j“0  s=0

M— 1

= X  p~J~f * / &  ( * * # & > )
j*0

Hence, by virtue of (7.66) and (7.67), »e obtain

oo M 1

I F/df* { & *  f  g< v> dv ) I i t*  >*P Hg(t> + X  hj<t>

P  J=o

e*P Hm<t> for m - 0, 1, 2, . . .  ,
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■here
m-f

Hm(t>  C  H tfO  + Z  h jit>  .
j=o

This weans that the function
CO

eP* / g(v> dv 
P

satisfies the condition (6.2) frow Definition (6.1). Since it satisfies also 
the renaming conditions frow that definition, we obtain

oo
(7.68) f  g(v,i dv g ft t

p

■hich «eans that (7.65) iwplies (7.68). This completes the proof. •
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Ulll. Further applications

In this chapter ae shall give so#e examples of nea techniques, using 
functions of tao variables FCp, t>  . Calculating aith such functions, ae Bust 
reaeaber that, generally, ne cannot suit iply in the ordinary sense any 
equivalence on both sides by a function FCp,t> , in particular by a function 
f (t>  , but ae aay do it in the sense of convolution, according to (1.19). Ue 
Bay also aultiply in the ordinary sense both sides of an equivalence by a 
function g<p) , according to (1.27).

Rt the end of this chapter «e shall find an exaaple of a problea, ahich 
cannot be solved by the Laplace transforaation, and cannot be solved by U3e of 
tlikusinski's theory, but «ill be solved by Bethods of the presented theory.

First, ae shall Bork out soae useful foraulas.

(8.1) Theopea. Ue have

k
(8.2) £ < - < * ( j )  - for O ¿'n S k -f ,

n n 1 for n - O ,

(8.3) Z < ~ 1 i f ( j )  - <
J=o O for n > O ,

(8 .1) for m < k -f  , n < k-m-f .
j"0

Proof. The foraula (8.2) is true for n = o .  Supposing that It Is 
true for an n .<*k-2 , ae obtain
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j=o J=°

k-1 k
<-*■* ( n  )  + < - t r " 1(n + l )

k k-1
(  (n + J  ~ ( n ) )

k-1
Ci + l )

By induction, the for»ula (8.2) is true for n = 0 ,1 , . . . ,k-1 .

The sub in (8.3) is Nekton's expansion of <1 -  1P . Hence »e obtain the 
foraula (8.3).

it folloBS from (8.2) that the foraula (8.4) is true for m = o .  Since
(8.4) is also true for n = 0  , it is sufficient to prove, that if it is true
for m = u + f  v i t h  n = r  and for m = u  *ith n = r  + 1 then it is also true
for a = u + 1  lith n * r  + 1,  »here u < k-2  and r  < k-u-3 .

Thus let us suppose that

r  k u+r  + 1-j k-u-2
Z < - > » ( / ) (  „ . /  )  '  <~'r (  r  )

j=0

and

r  + 1 k-tr-1

j*o

Then »e have
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r * f  k u + r *2  - j
£c-ry( j ) (  )

j=o

r  + f  k u + r + f - j  u + r + f - j
■ Z < - > * ( j ) ( (  )  * (  .  ) )  ■

j=0

r  k u * r  + 1 - j  r  * t u + r + f  - j
-  £ < - > * ( j ) (  „ . /  y  ♦ X c t n ( j ) (  . )  -

y^7 ŷ £7

A-trv* A-«/- f  k-cr-2
= <-tr ( r )  + <-/s' + r(r + f)  = <-/jr + t(r + f)

•hich »eons that the formula (8.4) is also true for * = u  + f eith n = r  + f .  
This completes the proof. •

(8.5) Theore». If functions F(o,t> and X(p,t> haue derivatives eith 
respect to t up to ¿F<p,t>/d& and #X<p,t>/M* , respectively, then

A
(8 .6 )  F<p,t> ¿X(p,t>/4& = X  <~f* ( j  )  <ft~j (#FC p , O / itf XCp, .

j=o

Proof. Introducing, for siaplicity,

F := FCp, t> = f*°-' , X := XCp, i.> = X<°‘y ,

and

f<j> :*  JfFCp, t.Vttf , X<J> := ¿?X(p,t)/*tf for j  =0,1,.. .,k ,

•e have

* *
( f  X )& >  = X  ( j  )  F(j > x(k~j>

j=#

Hence
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A' A A A
( 0 )  F<0>X<k> + ( , )  F<1>x<k-1> + ( 2 )  F<2>X<k-2> + . . .+ ( \  )  f<k>x<0> ,  (f<0> x)(k >

A-/ k -f k -f
( 0 )  F<1>X<k-D + ( ,  )  f<2>xOc-2> +. . ^  f<k.>x<0> = (f<1> x)Ck-1>

k-2 k-2
( o  )  F<2>X<*-2> +...+ (¿ .¿ I F<k>X<0> *  (f<2> X/k-2X

O
( o  )  F<k>xCO> = (f<k> xp >

Solving the above systes of equations with respect to f<vxx<kx ve 
obtain

(f<0> x )Ck>
A

( , )
A

( 2 )

A
( k )

(f<1> x)(k -t>
k -f

( 0 )

k -f  

(  f  )

k -f

(k - f )

(8 .7 )  F<0>K<k> =
(j*2> x)(k -2 >

k-2 

( 0  )

k-2

(k-2)

(f ik > x/OX
0

( 0 )

A
X  c-fxt (& >  Afcj ,

j=o
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•here

¿k j •'

k

( , )

k - f

( a )

k

(  2 )

k - f

( f )

k-2 

(  O )

k

6 - J

k

( j )

k - f

C - J

k - f

0 - J

k-2

C - J

k-2

C - J

k~j* f k-j+ f

(  o )  (  ,  )

kf(k-f> f ... <k-J* f) f

<k-f>f(k-2>f... (k-j>!

Of

f f f f f f

f f 2! Sf
• • •

4! C j-fM j f

f f f f f f

Of f f 2f
% %  %

3! <j-2>f <j-f>f

f f f f f

Of ff

a a a

2f Cj-3,>f (J-2M

ff
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kf Offf ... Cj-iM

(k-j >! H2f ... j f

(  o  )

2  

(  O )

3  

(  0 )

4

C o )  ••• ( Jo ) ( o )

i

( i )

2

( , )

3

( , )

4

(  i  )  • • • (7) ( i )

2  

(  2  )

3 

(  2 )

4

(  2  )  • • ■ f j ) ( 2 )

p j

( j - i )

Subtracting fro» the first rot of the aboue determinant all euen rots and 
adding the retaining odd rots, te obtain in the first j -1  colutns of the 

first rot Netton's expansions of C i -  1#  for q = and in the last

4 */ =

kf

(k - j ) f j !

3ion of ( i  - tV  + c-/y + r . Hence te obtain

0 0 0 0 0 c-/y * *

i  2 3 4 j - f j

( i )  ( i ) ( t ) ( r ) ( t ) ( , )

2 3 4 j - i j

( 2 ) ( 2  ) ( 2 ) ( 2 ) ( ? )

( j - i )  ( - 1')

k

( j )  •

Substituting this in (8.7), te obtain (8.6). •
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(8.8) Thoopc«. If FCp,t>, dF(p,t.V4t, ¿FCp,tv<u* e F  and xcP, t.\ 
*X(p,t>/M, ¿X(p,tVJ& e F , «here A- is a non-negative integer, then

* A
(8.9) FCp,t> J*X(p,(y<H* s X(p,t> Z  <-1* ( j  )  f f i - j ¿fF<p,t)/dtf -

j=o

k-1 a k-n-f
~ £ f/ c~* £  C-f.*-” )  [ * - " Ftp, t >/*(?-” <PXCp, t>/<xn]t=0

m=0 n=0

•hich id equivalent to

k . *
(8.10) Ftp, ts <J*XCp, tJ/H* = XCp, t> X  <-1# ( j  J  fifi-S * FCp, t>/dtJ -

j=0

A- / A- 1 k-n- /
- £ [PX<p, tVdtrJt=0 £  C- f'*~” (a -n  )  f*~m [¿'-"Ftp, t >/*(?-”] t=c , 

n=0 a=n

and also equivalent to

k A
(8.11) FCp, t> <fix<p, t>/M* = X<p, t> £  c-fM ( j  )  pft-J ¿¡FCp, -

j=o

A-1 A a 1 k-n-1
- £  [*FCp,Mf?]t=o £  c-i*( m )p*-™ [rx<p,tv¿m]w

m=C n=0

Proof. Recording to (4.79), *e obtain fro» (8.6)

FCp, t )  ¿XCp, tJ/tt* =
A A. k-j-1

= £  (-1 *  ( j  )  Cfi-J ¿¡FCp, t w t f  xcp, t> -  £p*~y~r  [rfa 'FCp, t w t f  xcP, t> )A ir ]tm0 )
j=0  r=0

•hich is equivalent to

k A
(8 .1 2 ) FCp, J*XCp, t>/d£ s  XCp, (>  £ C-fM' ( J ) pt-S  ¿/F<p,t>/*tf - S ,

J=o
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•here

A a A-j-i
S := X  j ) E p k-j~r[tr(iJFCp,t>/itJ X(p,t>)/*tr]ts0 =

j=0 r=0

A-/ * *V-/ r r
= Z<-i>j(j) £ p k~J~r X ( s )  [*j+sF<P,tV*tj+s ¿r~sX(p, tvttrsjtxo =
j=0 r=C s=Q

k-i k-j-1 r k r
= X  X  £ <-1)J(j )(s ) p'r'J’*'[¿J+sF<p,t)/itJ+s ¿rsxCp,tMtr-*]tm0 .
j=0 r=0 s=0 

Introducing

a := j + r , n := r - s ,

•e have

s = a - n - j , r = a - j , j + s = a - n

k-i k-i m-j k „-j
S = X  X  X  j )(n ) Pk~* [¿*~f>F(p, ¿"X(p, t>/4fn]tMQ =

j=0 a=j n=€

k-i a a-n k *_y
= X p k~* X  [¿ """F tp , tS/Jf-" d”X<p, t.V*fP]t=0 X  j  ) ( n J

a*0 n=0 j*0

k- i k- i a-n & jr-y
= X  [¿"XCp, tV<H”]t=0 X p ^ "*[¿m~f>F<p, tV<H*~”]t=0 X  ( - f V ( j )(„  )
n=0 a=n j=0

and, according to the fomula (8.1),

*~f * k-n-1
s = X p k~* X  c-r^Ca-» J [¿*~"F(p, t.vtt*-” *nxq>, t.v<*tr]t=0

a*0 n-0

A— 1 A— 1 krtt— i
* X  [*nX(p,t>/*(P]t=0 X  <-*>**(a-n ) Pk-9[*m-nF<p,tW1?-”]t=0 .

n=0 a=n
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Substituting this into (8.12), we obtain (8.9) and (8.10). Introducing

r  := ¿9 - / 7  ,

me obtain

k - f  k-n-f k-/r-f

s = £ [¿nxcP,tvM']t=o Z c-rr( r ) p*-™ f<rr<p, t.vjtr] t=0
n*0 r*0

k - f  k - r- f k-ft. r

■ £ [*rF<P,t>/**']t=0 £  < - ty '(  r  J  Pk~r~n [¿“Xtp, tVJp]t=o 
r=0 n=0

Replacing r  by a and substituting j? into (8.12), we obtain (8.11). •

(8.13) Theore«. If X(p, t>, JXip, ¿XCp, t>/*£ e F  , »here A is a
non-negative integer, then for any non-negative integer q  we have

(8.14) &/qf s  -<

A A
x<p,t> Z  <-1* ( j  )  f f i - j &~j/(q-j>! for q>. A,

j=0

q k 
X(p,t> z c - ry  (j )p *~ S  erj/<q-j>! -

j=o 

k-q-f k-n-f
- C - f ^ Z  (  q )  (¿-^[¿"XCp, t> / ^ ]t=0 

n=0 for q < A .

Proof. Ue obtain (8.14) when substituting F (p ,t>  : «  &/q! in (8.11). •
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(8.15) Theorem. If Xip, t>, &X<p,t>/it, . . . , ¿X ip ,t>/*£  e f  , there k ¡3 a
non-negative integer, then

k-2
(8.16) t <fix<p, 3 (p*t -  k f£~1)  Xip, t> + Z O c -j-l>  ffi-J -l[#X<p, t>/*d]t=0 .

j=0

In particular, »e have

(8.17) t *X (p ,i)/ *t = (p i -  t> Xip, t )  ,

(8.18) t JpXfp, t.VJi2 ■ fp?t -  2 p )  Xip, t>  + p X(p,0> ,

(8.19) t J?X<p, tVdt3 a {p*t - 3 p?) Xip, t> + (2  P* X(p,0> + pfaxi'p, t>/tt]t=0 )  .

Proof ■ The fornula (8.16) is equivalent to (8.14) »ith q  *  / . Ue 
obtain the formulas (8.17),(8.18) and (8.19) fro* (8.16), »hen putting
A = 1,2,3 . •

(8.20) Theore«. If X(p,t>, ¿X(p,t>/it, . . . , J*Xip, t>/*&  e F  , »here k is a 
non-negative integer, then for any non-negative integer q  »e have

k-1
(8.21) ef* ¿X ip, t>/d£ s ip -q .* XCp, t> - p X  (p-qfi-J-* [tfX ip , t> / ttf]t=0 .

J*o

In particular, »e have

(8.22) e#1 ¿Xip, t>/H a (p-q> ¿1* X<p,t> - p X(p,0> ,

(8.23) ¿2X (p,t)/M ? = i'p-q.<? e#* Xip, - pip-q> Xip,0> -  pftXi'p, ,

(8.24) ¿1* £x<p, t.V tt3 5 (p-q*3 Xip, t> - pip-qJ? Xip,0> -

- p<p-q> [¿Xip, t.V *t]t=0  ~ P [*X<p, t>/*t?](s0 .
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Proof. Substituting F<p,t.>:= ¿7* in (8.10), #e haue
A *(8.25) ¿7* J*XCp, = x<p,t>£<-1#(j ) ffi-J qi - s

j=o

•here
- Cp-qfi XCp, t> - S ,

A— f k-f k-j-f- Z [¿XCp, t>/dtf]t=o Z (m-j ) p*~* <?~J
j=0 m=j

k - f  k -J -t  k.y .f

= P Z [*ix<p,t>/*v]t=0 Z ( s  JptS-'-* C-q.*
j=0 s=Q

k-f
= p Z  <p-q£~J~1 fex<p, t>/dU Jt=0 

J=o

Substituting it into (8.25), ue obtain (8.21) . •

(8.26) Theore». If F<p, t>, jfcp, t.vtt, ..., ¿F(p, t>/d£ ef and X(p, t>, ¿XCp, t)/it, ..., ¿XCp, t>/4& e F , »here k is a non-negative integer, then
k *(8.2?) Fip, t> j*X(p, t)/4& a x<p,t) z f-f*(j ) P*-J #F<p,t)/itf -

j=o

a k-n-f- ZP*~* Z fj*~" ( m-n ) [*-"FCp, t.VJt*-" <PXCp, tvttn]t=o
*~0 n*0

■hich is equivalent to
k k(8.28) Fip, t.> ¿XCp, t.Vtt* m X(p, t> Z J P*~S #F(p, t.VttJ -

j=o

k - f  k - f  A'̂ -Z
- Z frxCp, t.V*iP]t=0 Z <-f*~”(m-n J ffi~a [p~nF<P, tVJt*-”]t=0

n*0 m=n
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and equivalent to

* a

(8.29) F€p,t> ¿Xip,t>/i^ e  X(p,t> £ ( - l ) f  ( j  ) ffi-J ¿fF(p,t)/i(J -
j=o

k - f  k-m-f k-n-f

-  2  [*F<P,tV tt*]t=o Z  C -1 .*( m )  frx ip , t.Vttn]t=0 .
a=0 n=€

Proof. Ue prove the theore» analogously to Theoren (8.8), using (6.66) 
instead of (4.79). •

(8.30) Theore«. If xcp,t.\ ¿Xip,t.VJt, ¿xip, t.ytt* e f f , there k is a 

non-negative integer, then for any non-negative Integer q te have

* *
X<p,t> Z  <-1* ( j  )  f f i- j C*~J/<q-J>f for q >  k , 

j=0

(8.31) fl/qf ¿Xip, t v * £  m «

V A
Xip, t> z <■-*# ( j  )  ffi~j erJ/iq~j>! -  

j=0

k-q-f k-n-f- i-f# z ( q ) ffi-*r"[rxip,tV4tp](s0
n=0

for q <A .

Proof. Ue obtain (8.31) then substituting Fip,t>:=& /q! in (8.29). •

(8.32) Theorei. If X (p ,t), J X ip ,ty tt, ¿X ip, t.Vdt* e R , there A Is a 

non-negative integer, then

k-2 
(8.33) t ¿Xip,t)/*& m (ffit -  k p t- 'J  xip, t.> + Z ik -j-f> ff i- j- i [* !X ip , t>/dtf]t=c .

j=o
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In particular, we have

(8.34) t  ¿Xip, t.Vdt s  (p t -  f> XCp, ,

(8.35) t ¿¿xcp, t y j f 2 m (p?t -  2 p ) xcp, t> + p xcp,o> ,

(8 .3 6 ) t J?XCp, (V d f3 s  Q Pt -  3 p ? ) XCp, t> + (2  p2 xcp,o> + pftXCp, t>/dt]t=Q )  .

Proof. The formula (8.33) is equiualent to (8.31) with q = 1 . Ue 
obtain the formulas (8.34),(8.35) and (8.36) from (8.33), when putting
A = 1, 2,3  . •

(8.37) Theore«. If xCt.\ dxCtVdt, D xCtVdt* e f f , where A- is a non

negative integer, and there exists a function XCp> e R such that

(8.38) xct> a  xcp.*

then for any non-negative integer q we have

X  c-1ji f/ftf-J f/jf d?xcp.Vdpt
j=o

for A *  o  ,

(8.39) &/q! x*k>ct> e  -<

*  A-/
r - f j *  X  (q - j )  PJ~q * k t/ jf <0XCp>/dpj for q i  A i  f, 

j=q-k  + /

* (c-f

C-fJ* X  {q-j)pfc~*+J 1/j! d?XCp}/sjpi -
j=0

k -q - fk - j- f

-C-fJV X  (  q  )  xO'*<VJ> for <7 < A
j=o

In particular, we have
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(8.10) & /q! x (t>  3  £ < -t#  t/ f*rJ 1/j! dtX<p>Apf
j=0

k-2
(8.11) t xxk>(t>  m - ik -f . ' X(p> -  dX(p.Vdp + Z < k -j-1 >  x*j><0>

y=o
k k -f

<7

(8.12) <*/*/ XXk‘\t> s  < -l£  Z  ( j - i )  p i */Jf <*X<p>Apt for k i  1 
j= f

and

(8.13) (  Aft.> m 1/p X<p> - dX(p.V<$}

(8.11) f2 x(t.> m 2/p2 X(p> -  2/p dX<p>Ap + (fiXipVdp2

(8.15) fi? xft.> m 6/p* X(p> -  6/p2 dXipVdp + S/p ifXCpVcp2 -  d̂ XCpVdp3

(8.16) t x'<t> m -  p dXCpVip

(8.17) f2 x ’(t> & p (fX ipV ip2

(8.18) t? x ’(t> s -p  tfiX<p>At?

(8.19) t x"C t> m -  p (X<p> -  x(0>) -  p2 dX(p>/Jp

(8.50) t2 x"C tJ B 2 p dXl'p.Vdp + p2 aPXipJAp2

(8.51) (3 x"CtJ> 5 -  3 p ifxCpVip2 ~ p? tPX(p>/j?

(8.52) t x “ '( t ) m p x ‘(0> - 2 p?(X<p> - x(0>) - p? dX(p,Vdp

(8.53) f2 x ’ ‘ ‘( t ) m 2 p(X(p> - x(0>) + 4 p2 dX(p.Vdp + f?  ^XCpVtjp2

(8.51) t? x ” ‘(t> & -  6 p dXCpMP ~ Op2 cF-XCp.Vcp2 -  p? cPxCpJ/tp^

Proof. First, »e shall prove (8.10) by induction. By virtue of (8.38)
the formula (8.10) is true for q = 0 . If (8.10) is true for any q then ee 
have, according to (7.19)
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C7 + f/Cq + f.u X(tS  = t/Cq + /,> &/q! x('tX

q
m f/p f/(q + f> X  <-f)f f/p rj f/jf diX(p>/dSp/ +

j=0

<r
+ f/(q + f> X  C -f* (q -j>  f/ftf-J + r f/ j! dfXCpS/p/ -

j=0

<7
-  f/(q + f )  X  C-fV f/ ftrj f/ j! d? + h(p.Vdpf + 1

j=o

f/(q + f> X  <-f# <q~j + 1> f/ffi~j + 1 f/ jf dfXip.Vdpj +
j=€ 

q + f
+ f/(q + f> X  < -f*  f/ffl-j + 1 f/ j! j  rfXXp.VdpJ

j= f

q
f/ ffl+ f  X(p.> + X  <~f# f/ ffl-j + 1 f/ j! dfxtpVdpt +

j= t

+ <-f.*7+{ f/(q + f>! d l+ fX(p>/<pl+ f =

q * f 
X  <-*y f/ ffi-j + 1 f/ j! dfx<p>/dpf ,

j=o

•hich means that the formula ¡3 then true also for m +f . This completes the 
proof of (8.40).

Ho* me shall proue the formula (8.39) by replacing in (8.40) by
and (8.38) by

A—f
(8.55) xxk*ct.> m p* x<p) -  X ^ s>(OX .

s=0

Thus me obtain

q A-f
&/q! x/[k>((>  a  X < - f *  1/f&~t f/ jf ( ffix<p> -  X ff i-*  ) * j *

j=€ s=0
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Since this foraula coincides for k = o with (8.39) and (8.40), let us assuae 
that k > 1 . Then ae have

*7
&/q! j B  £  <-1)f 1/ffl-J 1/j! XCpftJ* -

j*o
k~1

~ f/p* Z f t '*  *Xs''<0> -
s=0

q k-1
-  Z  t-ty  i/p*~j i/ jf Z  x*s>co> =

j=1 s=0

q J J
= Z < - f *  1/j! Z  ( S )6 ^ P ~ S> d*X(p.V4>* -

j=0 s=0

k-1
-  1/f# Z  (firs  x?s>(0> -

s=C

q k -j
- Z  C-f* 1/j! Z  x*s>(0> .

j-1  s=C

Hence ae obtain

47 47 
(8.56) &/qi x(k>a> B  Z  t/*f d*X<p>jkp* Z < '-f#  1 A js> i ( ¿ f t s '

s=0 j=s

k-1
-  z  ffs~*f~s x*s>< v> -

s=Q

-  Z  ( - t j f  i/f/rj 1/j! z f x * s>
j=1 s=0

ho> .

Froa noa on ae shall consider separately the tao folloaing cases 
q < k and q t  k .

First let us suppose that q < k . Then ae obtain froa (8.56)
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tf/q ! x*k><t> & X  1/s! <PX<p>/<& X  C-lM  ( - J  -
s=0 j=s

k-1
- X  ffi~x*~s x?s><0> -
s=0

V A-j ff—g

- X  X  <-1# ( j  )  *XS><0> =
j= f s=0

•7 *7 k

«7 <T=»- A
= X  <-1>* ffi~q +s 1/sf d*X(p.Vdfj* X  <-ty ( j )  -

s=0 j=0

k-1
- X  pk~^~s x*s-'iO> -

s=0

k-<7 <7 krs
- X  Pk~'7~s X  <-1* (  j )  -

*=Û j=1

k~ 1 k s

- X  x*s''cO> X  <-1* ( j )
s=k-q + 1 j=1

and, according to (8.2) and (8.3),

*7 k-1
fV/if !  ***''<-(.> H  C-1,*7 X  (q -J  P ^ 7 +S 1/s! ^XCpt/cp* -

s=0

k-1
- X  f¿~*7~s XXS''<V> -

s-O

k s -1
- X  ć c~*~s  *fs><0> (  <~1>7 (  q )  - 1 )  - 

s=0

- X  pk~'7̂ r x*s>CO> (  <1 - 1.*"* - 1 )  "
s=k-q + 1
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V k-f
= <-1# Z  (q s  +J 1/s! <fX<p>/c& -

s=0

*-*rf k-*-f
- C -tfl £  (  q )  ¿ c~q~s X?s><0> .

s=€

Replacing here s- alth j  ae obtain the foraula (8.39) for q < k .
No* let us suppose that q > k t  1 . Since

17 k-j
X  <•-/> 1/pfl-J 1/j! £  x*s>W >  =

j=1 s=Q

* k~J k s
= £  £  < -1 if ( j  )  f f i-y s  x*s>W> =

j=1 s=€

k-f k s  a-s-

* X  X  r-/y )  "
5^7 j-1

k-f
= pfrTr»- x**>a)> ( a  - tfi~* - t) =

s*0

k-f
= -  £  x*s>W> ,

s=0

the foraula (8.56) aay be arltten in the fora

q-k q
r?/qf x H  £  1/s! d*X(p.V<ps £  C-lM 1/p*-j t/CJsM (ffifo -* * +

s=0 j*s

q  Q
+ £  1/sf d*x<p>Aip* £  c-/y 1/f/rJ t/<js>! =
s*q-k + f j*s

q-k k +s £
= £  p ^ * A 1/s! <FX<p>M? £  C-1M ( - J  +

s=V j°s

<7 *7 k
+ £  p rv + *  i/s! cfxipj/ ipr £  c -ty  ( . J
s*vf-k +1 j* s



* fc■ X <-f* 1/s! d*XCp>/tp* £ C-fjf (j) +
s=0 j=0

<7 <r* a+ X <-/F p̂7+* t/s! d*X<pV<p* X C-IM (j) .
s=q-k + i  j=0

Recording to (8.2) and (8.3), «e obtain

<7 k -t
e7/qf 5  X < -**  p ^ 7 +k i/s! d*X(pV<p* C-tJUS ( ^ )  =

s^f-k +1

*7 k -i
" <-!.*7 X  (q -* ) p F ~ * 7 }/sf <fx<p>/<P* .

s^q-k + t

Replacing here s mith j me obtain the formula (8.39) for q Jt k .
Substituting in (8.39) the suitable values of «7 and A- , me obtain the 

formulas (8.11),...,(8.51).
This completes the proof. •

(8.57) Theorea. If X ip,t>, JX<p, t>/*t, . . ¿XCp, t>/*&  s ti , «here A is a 
non-negative integer, then for any non-negative integer q  ve have

k -i
(8.58) ¿7* ¿X(p,t>/*& B  (p -q fi ¿7* X(p, t> -  p X  (p~q^~J~f [<VX(p, t>/dif]t^ j .

J=o

in particular, me have

(8.59) ¿7* *X<p,t>/4t rn <p-qS ¿7* X<p, t>  - p X<p,0> ,

(8.60) ¿7* <?X(p, t y j f 2 m <p-q>? ¿7* X(p, t> - p(p-q> X<p,0> -  pfjXCp, t>/tt]t=0 ,

(8.61) ¿7* Jpxcp, t>/it? m (p -qP  ¿7* X(p, t> - p(p-qJ? X(p,Q> -

- p<frq>[*X<p, tV * t]t=0 ~ P[*X<P, t>/*f?]t=o •

Proof. Ue prove the theorem analogously to Theorem (8.20). •
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(8.62) Theorea. If x<t.\ x'CtS := dx/dt, x<n><t> := <Px(t> /diP e ft , 
«here n is a non-negative integer, then the linear differential equation

n
(8.63) Z< a kt +bk)  = f(t>

k=0

»here f(t>  « 8 , is equivalent to the linear differential equation

n n~ 1
(8.64) X‘(p> X  *k f t  * X(p> C~,uq/p + Z  (k afr f -  bk> -  b rfp ) &

k=0 k=0

n n-k-f
S  Z  f t  (£ < k  a * y* f - b frj* xV>W> -  bn x<**+><<») -  FCp> ,

k*f j*0

»here
x<t> m X(p> , X'<p) := d XCpV dp , f<t> S  F(p> .

Proof■ By virtue of (8.41) and (8.55), the equation (8.63) is 
equivalent to

n k-2
Z  (~<k-tkik f f i-*  X(p> -  ak f t  X ‘<p> + ak Z  ( k r j - t ^ J '1 x *j> < 0 )) + 

k=0 j= €

n n k -f
* Z  bfi f t  XCp> -  £  bk £ pt~j & Fip> ,

k=0 k=0 j=€

that is,

n n
X‘<p> Z  ak pfi + X(p> Z  (<k-t,\Jk f t ' 1 ~ bk f t )  ®  

k=0 k=0

n k-2 k -f
H  Z  (* f  Z  (k - j- f r f - j- t  x?J*<0> -  bk Z ft~ y  x^J><0))  -  F<p> , 

k=0 j=€ j=0
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that is,

n n -f
X ‘(p> X a k ff i + X(p> (-X3g/p + £  (k «7* + / - bk> p* -  bn f P )  E 

k=0 k=0

n k -f  k
X  ( * k X j  p t -  bk X p i  *fk~J><0> )  -  F(p>

k-O j~ f  jm f

which is equivalent to

n n -f

X ‘(p> X ak + X(p.> {-&(yp + X  <k Jk + f ~ bk^ ~ bn
k=0 k=0

n k -f  n
S X  X  0  ak ^ k~y~ -  bk x^k~J ̂ COy) p f -  xi&J X  bk

k*2 j= f ' k=f

that is,

n n -f
X'(p.> X * k  + *<P* ("Vq/P + X  (A 8k + f -  bk> ff i -  bn f p )

k=0 k=0

n -f n n
H  X  p i X  0  *k xfk~S-,><0> -  bk x*k-j'\ o > ) -  x<0> Xt>k P*

j= t  k=J +1 k=f

that is,

n n -f

X ‘(p.* X ak + X(P'* (ft/ P  + X  <k ak + f ~ bk* f t  ~ bn & *)
k=0 k=0

n -f n n
a  X  p *  X  (k  a j -  b j -  x<w Xt>k p *

k=r j=k + f  k=f

F<p> ,

F(p> ,

FCp> ,

that is,
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n n -f

X 'tp ) Z ak P* * *<P> (~0(/P * Z < *  ak + 1 ~ bk> P* ~ bn (** ) B  
k=€ k=t1

n -1 n-k-1
a  Z ff i(k  ak + ,x<0> + Z  <k ak +y + , - bk + j>  x*J><0> - bn ¿ "*> < 0 > ) -

k=r j= r
n

-  x CO> Z  bk p* -  F(p> , 
k=1

•hich is equivalent to (8.64). •

(8.65) Example. Let us solve the differential equation

( 8 . 6 6 )  2 t * ■ ' "  -  i i W * « # "  +  C8t + t5> x ' -  20 x  = O ,

•here x  :=  x c tt  e  f f  .

Recording to Theores (8.62), «e obtain

O fP-W f? +Sp> X ' + (5p?-25p +20) X m 5p? xCO> + p (-25  xW> + 3 x ‘CO>) ,

that is,

( 8.67 ) (2P3-  fOp? +8p> X ' + <5p?-25p +20) X = 5p? x(0> + p (~25x(0> +3x ’<0>) + g(p> ,

•here X * X(p> §  x<t>, X ' «■ dX/<p and g(p> « 8  is a function satisfying
the condition

(8.68) g(p>  s  o

Solving (8.67) by classical nethods, «e obtain
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X = xW> + i/p x'<VS - 5/p? (4  x<0> -  3 x ‘<0>) + ff/Cp2VpJ> -

V'p +1
1/6 (20 x<0> -  3 x'CO>)/(p?Vp> log------+

S p - f

Vp +2
+ i/3 (80 xCO) -  48 x'W >)AfPVp> log ----- -

Vp -2

oo
1/<p2Vrp> f  g<v> vV v /(2<v-1Xv-4>) dv ,

P

•here ff Is an arbitrary constant.
Hu It ¡plying (8.68) on both sides by pi/p and dividing by 2(p-iX p-4> , 

•e see that

gip> p Vp/'(2 (p- t.H'p—4}) B  O

and, by Theorea (7.62),

OO

J g (v )  vl/v/(2<v- iX\—4>) ¿A' El O 
P

Dividing it on both sides by p2*^  , we obtain

t/QiPVp) / g<v >/(2Vp<p-1 >(p-4 > )  (k> @  O .
P

Hence ae have

(8.69) X m x<W + i/p x'<VS -  3/p2 (4  xCO> -  3 x ‘W>) + tlA fPV p* -

Vp + t
1/6 (20 x(0> -  3 x'CO>)Ap?Vrp> log ---- +

Sp -1

Vp +2
+ i/3 (80 x(0> -  48 x'(0> )A p?V p> log -----

Vp -2

Using tables of Laplace Transforas and taking into account the difference
betBeen (1.1) and (1.2), ae obtain

(8.70) t/p h  t , 2/p? e  t2 , i/<F?Vp> m 6/<tsVr> P V t .
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It reaalns to find the function y jc tf b  YjCpy for

(8.71) :* t/<p*Vp) log ------
Vf> +17

Vp -a

and then to use it for a = 1 and er = 2 . Ue have

■/p +tr a
Va '(p> = -5/<2psVp> log --------------   .

Vp -a p?<'p-s£.>
Hence

-p Va '<p> = 5/2 Vj(p> -  t/cP - 1/(c?p> -  1/(ap?> + p/(c?<p~i7?>) .

By virtue of (7.20), (5.4), (5.5) and Theorea (6.40), ae have 

t = 5/2 y</t> +

+ i/c? ( -  1 -  a?t -  1/2 )  .

Solving this equation by classical aethods, ae obtain

y j t )  = Ka tfS t + 2/<5cP> + 2/<9cP> t + 1/a t2 -

aSt
-  2/(tScP) (3 + 2a21 + 4d*i2)  + 16/15 t?/ t f  ¿¿du

6

as the function having the transfora (8.71). Ue don't need to be concerned
about the value of the constant Ka , because the tera Ka (? V t «ill be

absorbed by the tera R (? V t in the final solution for x<t> .
Using this forauia for q = 1 and *  = 2 together aith (8.70), ae

obtain froa (8.69), in viea of Theorea (6.40),

x<t> = xW> + x ‘(0> t -  5/2 (4  xW> -  3 x ’W>) t2 + & f/(l5-/r) f?V t -

-  1/6 (20 xW> -  3 x ‘(0>) y j(t>  +

+ 1/3 (80 xW> -  48 x ‘CO>) y^ tA .
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Introducing

(8.72)

and

8  -  4/9 x(0>  +  1/15 x ‘<0> ,

C / -  1/9 x(OJ> -  1/15 x'C O ) ,

ft :=  8 tt/ (l5 V w ) +  15/2 8 K j +  240 C tC2  ,

ae obtain

(8.73) x<ts -  ft -  8(41? + 2t + s j e* -  C{'04t? + Of + s j +

/t 2</t
+ 8 B (? / t /  + 255 C t? ft f  <*?du t

O O

ahere ft, B, c  are arbitrary constants. For any initial values x<o.* and
x'COS constants 8 and c  aay be calculated froa (8.72).

For exaaple, for

x(0> = x ’<0> = O , x(1> = 1 ,

ae have B = c  = o , ft = i and, according to (8.73),

xct.> = . •

(8.74) Exaaple. Let us find a transfora X  = X(p> of the function

(8.75) x = xftS := e e ft

Ue have

x 'cty  = t s 2 = t x

and, by virtue of (6.63) and (7.19),

p x  -  p b  1/p X -  X ' , 

ahere X' .•» dx/c(p , that is,
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X ' + (p - f/p) X = p + ,

where <70,> is a function satisfying the condition

g(p> s  ¿7

Let us choose this transform X which corresponds to g(p> = o , that is, 
satisfies the equation

(8.76) X ' + (p - i/p) x  = p .

Solving this equation by classical nethods, we obtain

- f  - f  p f
X -  K p & 2 + p 3 2 f  s 2 dv ,

O

•here /c is a constant. Since, according to Definition (6.1),

J.

it follows fro» Theore® (6.76) that

_  £?
(8.77) Kp * 2 m o .

Thus let us put k' - o . Then

_ g2 p v?
(8.78) X = p e 2 f  e 2 ck* .

O

e*
Since we have (8.77) and the function e 2 does not belong to the ring R ,
let us verify that such an X satisfies the condition X e  f i . Since it
satisfies evidently the conditions 12 and 22 froi Definition (6.1), let us
verify that it satisfies the condition 32 too. Let

_  s? P s?
Y = e 2 f  e 2 <*< .

O
Then we have

X - p V , 

v ' = - p y + /

and
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I H  » /  e *
O

Ue shall prove by induction that

(8.79) PmV + Om

where pm is a polynomial of degree m + f and Qm a polynomial of degree a , 
defined as follows

Ue see that (8.79) is true for m -  o  . Supposing that it is true for m -  k ,
me have

cf* + + 1 = dPk/dp V + Pk (fr/dp + dQk/#> =

= dPk/#> y - P Pk y + Pk + dQk/4> =

* pk: + #k + / i

•hich means that it is true for »  * A* + / too. Thus (8.79) is true for
m= 0 ,1 ,2 ,... .

Thus me haue

I I i  \Pj\y\ + ItfJ i  p\PM\ + \0m\

Since for euery non-negative integer n me haue

p n i. n f eP , 

there exists a positive integer ca such that

I J*X /p* | £ ca eP .

This means that X satisfies the condition 32 from Definition (6.1). Thus me 
have x * f f . •

Pq = P > 0$ = O

and for n = 1,2,3,...

pn ” -P Fn -f + Qn " Fn -t + •
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IX. The distribution rings Ü

If ñ = {Ftp, tA  e B  »e »rite

- rf = {-fife, ¿4 .

If fíf - , /7¿« - ^  »e «pite

1*2 ” {F j<p ,t )+  FzCp.tb ,

/?/ - - {Ff<p,t> -  F2Cp,tA >

fíf *2 = { F fa t S X F j& s ts }  .

If F<p,t) = o  »e ir i te

- ¿7 .

Similarly, if Q b  ( ^ 0 ^ 4  c Dff «e «rite

- «  = 1 ^ 0 , <4

and if Ä j B  » Ą f "  * Bff »e «rite

SfG Ą§ B {Ff<p,0* F&, tĄ ,

<■> - F&p, *•! i

o tO a  ■ l ^ w x ^ , < 4  .

and ÛR
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If FCp,t* so we write

{r< p ,t.| a g  .

The Theorem (7.10) allows us to introduce the following definition.

(9.1) Definition. The *-th derivative of on ^-distribution
&  b  {f<p, e Off is the ^-distribution

(9.2) s •

Here we put

a  Q

Instead of a ft*  we write also @m , instead of a& > also &mm etc.

(9.3) Theore«. Ue have for any ^-distributions 6, & e D#

(9.4) ( a  * 0  J * *  e  g U tt * g s » #

(9.5) f a ° a  / * *  b  A ® *  o gtet* #

(9.6) ( 0 8 ) '  *  f f *8 * a s *  ,

A  q

(9.7) f a s  JO* B £  ( j ) gv> ,

(9.8) m .

Proof. The above fonulas folio« iron Definition (9.1) and Theorems
(7.1), (7.6) and (7.43) . •
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(9.9) Theorea. If ff e  {g<'P'i e Off then

(9.10) rfS®* e  ( ¿g<p>/dfft ■

Proof. The theoren follows froi Definition (9.1) and Theore« (7.46). •

(9.11) Theopo. The ring D of distributions includes zero divisors.

Proof. It is sufficient to give an exaaple of zero diuisors. Let 

6  i  -  {<7/<pS} , 6 2 = G D ,

•here

91<P> =

92*0'' A

0 for 2n < Re ¿7 < 2n + f ,

r for 2ft + / < Re p < 2n+2 \

1 for 2n < Re /? < 2n * t ,

O for ¿>? + /<  Re p  < 2n +2 ,

and n - o, . By virtue of Theore* (1.24) *e have

6f &2 ~ 92(P '>} = { 0 } = O

Ue shall shoi that none of the congruences

9f<p> s  O , 92*P> -  o

is true. In order to do it, let us suppose that

(9.12) 9j<P> = o ( / » / o r  y * i )

In vie« of Theore* (4.47), ie have
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<eP* gjCp> e F  .

This means, by virtue of Theorem (3.3), that there exist reai numbers 
o s a * r , b > o , and a funct ion cets e C , cCtJ o , such that

t
S-Cat +b)p f  c<t-u> gj<p> du =* O ,

O p-*°°

that is,

at +b t
gjip> f  cit-uZ J><u~vt-b> &  + gj<p> f  c<t-u> J> ît~at~b> du Q

O at +b p->°°

Since the function <?cY,> is bounded in every finite interval o <  t< T  
have

at +b
gj<p> JcCt-u> du => O

O p+°°

Therefore for every t t  b/<1-a)

t t-at-b
gj<p> f  cCtru> eP<-u~*t-b> du = gj<p> Jc<t-at-b-v> d v ^ > G

at +b O p->°°

that is, for every t ¿0

t
(9.13) gj<p> f  c<t-v> d** dv => O

O p-*00

Let

2n + f for j  - / ,

2n for j  = 2 .

Since gj<rn> = f , (9.13) may be »ritten in the form 

t
f  cft-iO  =* o for j  » / ,

O oo

t
f  ¿Znv ci't-v> dv =3 O for j  = 2 ,

O /?-»<*>

a,b ,

, me
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»hich is equivalent to

2t
J ' tf"* c(t-u/2> du ■=* O for j  = 1 ,

0 n->°°

2(
J c < t - u / 2 >  du => O for j  = 2 .

O n-*°°

By virtue of the Theoren on Bounded floments (see [5], p. 18), me have

c<tru/2> -  O for j  = f ,

c(t-u/2> m o for j  M 2 ,

for O < u .<• 2t , that is, in both ca3e3, c(v> = O for 0 < v <  t . Since t
can be arbitrarily great, me obtain c(t>  = o , «hich contradicts the 
assumption that c(t>  # O . This means that (9.12) Is not true. It 
completes the proof. •

It remains an open problem mhether the distribution ring Bft has zero 

divisors.

Since the ring B has zero divisors, me cannot construct in the 
ordinary may a quotient field of distributions from the ring B . But in the 
following chapter me shall construct such a field for a subring of B .
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X. The quotient field Q

(10.1) Definition. fl function F <p ,t)& S «ill be called a quotient 

function iff there exist functions h<t>, k<t> e C } k<t> * O , such that

(10.2) F<p, t> X k<t> = h('t> .

In such a case ve shall «rite

h<t>
(10.3) F<p,t> = xxxxx •

k(t>

(10.4) Theore». If F<p, ts is a quotient function then F < p ,t)*F  .

Proof. The theore® follows fro» Definition (10.1) and Theore® (3.20). •

(10.5) Theore«. If » is an arbitrary integer and f<t> , then 

f t  f(t>  is a quotient function. In particular, every f<t>e S is a quotient 
funct ion.

Proof. If m is a non-negative integer, the theore# follows fro® the 
fact that, according to (5.4), »e have



t
fP  f<t>  X t* + fAm + f ) i  s  p” f<t>  X 1/f* + / = f< t>  X  1/p = /  f<u> du

O

uhich leans that p* f<t> is a quotient function. Hence for » = o  »e obtain
the particular case.

If m is negative then, putting /?:*-*, »e have

p * fCt>  = 1/pT f ( t )  =  1/p f< t>  X  s  / W  X f r~f/Cn-1M  =

*
= f  f<t-u> iP~ f/<n- 1>f du 

O

•hich »eons that f<t> is a quotient function. This completes the proof. •
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(10.6) Theorei. If
h<t>

F<p, t> =  xxxxx 
k<t>

and

Ftp, t> =  SCp, t )  e F  

then 6<p,t) is also a quotient function and

G(p, t> s  xxxxx .
k (t>

Proof. If F<p, = &<p,ts then, according to (4.19), the congruence
(10.2) implies

6<p, t>  X  k (t>  s  h (t>  .

Hence ie obtain our assertion. •



-  110 -

(10.7) Theopea. If »e have (10.3) and H<p,t), K (p ,t>  e F  are functions
such that

(1 0 .8 ) M'p, t,* = h<t> , K<p, t> s  k<t> ,

then H (p,t>  and k'<p, t )  are also quotient functions and

(10.9) Fip, t> x K(p, t ) = Hi'p,t> ,

which »ill be written in the for»

H<p,
(10.10) F<p, t> — xxxxxxxx ,

fXp, t>

analogous to (10.3).

Proof. H<p,t> and K<p,t> are quotient functions by virtue of (10.8) 
and Theorems (10.5) and (10.6). Rccordingly to (4.19), it follows fro» (10.8) 
and (10.2) that

F<p, t , ' X  KCp, t>  = FCp, tS X k (t>  = hi't>  = H(p, t> ,

that Is (10.9). •

(10.11) Theorei. The set of all quotient functions for»s a subring of the 
ring F  .

Proof. Let Ff!p,t> and Fgcpst> be quotient functions. Then there 

exist functions h j<t), k j(t>  e C t kj<t> * O t ( j  -  1,2) such that

(10.12) Ffip, t.> X  kfCt> = h fit>  , F lip , t>  X k'2<t> s  .

flu It ¡plying the first congruence by 1/p k^ct.* and the second one by 

l/p kfi't> and adding the congruences thus obtained, »e have

( F fip , t> + F^p, t> ) X ( 1/p k fi t > X /(¿C t)) s

= t/p hf<t> X  kgCt> + f/p h?(t>  X k f it ,> .

By virtue of Theore» (2.27)



- Ill -

t
(10.13) k(t> := JkfCtru) kg/Cu) du e C , kftS * O .

O

Thus, Fft'p,t) + Q quotient function.

If Ftp, t.* is a quotient function, so is -FCp, t> .

No«, multiplying the congruences (10.12) me obtain

Ffip,t.> X F̂ Cp, t ) X kfCt) X kjCtS = h fCt) X htft )
and also

( Ff(p, tJ X F?Cp, t.\) X ( 1/p k f i t ) X kjCty) = f 1/p h ¡ i t )  X h t f t ) )

mhich means, by (10.13), that FfCp,t) X FgCp,t> is a quotient function.

Thus the proof is complete. •

(10.14) Def ini t ion. The subring of all quotient functions mill be 
called the ring Fg . •

(10.15) Theorem. If FCp, t>*Fgt GCp , t ) *F, and

Ftp, t> x GCp, t> = o ,

then
FCp, t> = O or GCp, t> s o

Proof. It is sufficient to prove that, if the congruence F(p,t> s o
is not true, then GCp,t> = 0  . By assumption, there exist functions
hCt>, kCt) e C , kCt> * O , such that

Ftp, t ) X ki t ) b h<t> .

If ht't> = o , then, by Theorem (4.40), FCp,t> = G . It folloms that, if
the congruence FCp,t> s ¿7 is not true, then h<t> *  O , and, by Theorem
(4.42), G<p,t> = G t mhich mas to be proved. •
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(10.16) Thcorea. The ring Fg has no zero divisors.

Proof. The theore» follows i&nediateI y fro« Theore» (10.15). •

(10.17) Definition. If F < p ,t> *F Q and a = { F < p ,t) } then a
mill be called a q-distribut ion, which in the case of (10.10) will be 
written in the for»

{ h<p , ts}
(10.18) /? = {F(p,t$ =   . •

Ufr,  tA

(10.19) Theore». If we have (10.18) and F*<p,tt, ff*cp,t.>, x*Cp,t.> e F  
are functions such that

F*<p,t> = Ftp, t> , H*<p, t> = M'p, t> , K*<p,t.> S KXp, t> ,

then

{»*< p , tA
/? - {F*<p, ts} = ---------

{ K*(p, o )

Proof. The theore» follows fro» Theore»s (10.6) and (10.7). •

(10.20) Theore«. fill representatives of a q-distribut ion are quotient 
funct ions.

Proof. The theore» follows i»»edlately fro» Theore» (10.6). •
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(10.21) Theoree. fill q-distri but ions for* a subring of the ring B .

Proof. The theore* follow ¡Mediately fro* Definition (10.17) and 
Theore* (10.11). •

(10.22) Def init ion. The subring of all q-distri but ions «ill be called 
the ring Bg . •

(10.23) Def init ion. fl sequence of q-distri but ions Rf, R2, ... will

be called convergent to a q-distri but ion R and it will be written

lia Rm = R

iff there are functions h(t>, f t f t ), fgCt), ... e C , hct> *  o t such that

{ fa( t )  }
12 fim s xxxxxxxxxx for m = 1,2,... ,

{ M t) }

22 the sequence f¿ t ) ,  fgCt>, ... conuerges uniformly in euery finite

interval OS tS T  to a function (we write fm<t> ö  f a x )  ,
a->°°

{ tax} <*>
32 R = xxxxxxxxx . •

{ i»ax}

(10.24) Theorce. If Rf, R2, ... is any sequence of q-distri but ions and

lia Rm - R and lia Rm = R* then

R = R* .

The idea of a convergent sequence of q-distributions is analogous to that used by 
J.Mikusinski for convergent sequences of operators <I3J, p.41). See also 141, p.311-333.
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Proof. By assumption, there exist in the class C
h<tS *  O , k i'tS  *  O ,  fm<tS , gm<tS = ,  fi'tS , g<tS  , such

(10.25) /?* {a w } = { fmas) and ftm l*a s ) = {gaaA

(10.26)

(10.27) /? {tx  t A » {**,»}

and

and #* {kits} =

Froa (10.25) «e obtain

and then

•hich Keans

8m {ha A { aas} -  { aas} { rmas} = { Acts} { gMas}

{aas  x rmas} - {/w*; x gMas}

kas x 2  has x

Hence

(10.28)

that is,

i/p ki'tS X  fmCtS s  //£ X  ,

f *
f  ki't-uS fm(uS du = Jh i't-uS  gm(uS du

O O

By virtue of Theorem (4.39) the congruence (10.28) iaplies

i/p k<ts x fmas = i/p has x gmas

By (10.26) le obtain

(10.29) i/p kits x fa s  - i/p has x gas

funct ions 
that

and

If there are such functions Fip, ts, G<p,tS e F  that

8 - { Fip, ts } and ff* = { Gip, ts }
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then, by (10.27)

FCp, t )  X  hCt) s  fCtJ> , GCp, t> X  kCt> = gCt>

and, further,

FCp, t> X  1/p hCt) X kCt) = //  ̂ AY/; x  /T*> ,

X  //£ /><**,> X  kCt> 3  //b X  <7^  .

By virtue of (10.29) #e obtain

f  jRfc, t> - GCp, t )  )  X (  1/p hCt) X  kCt) )  = G

and by Theore« (4.40)

FCp, t )  -  G C pt) = G 

It «eons, that /?-#*, ihich ®as to be proved. •

(10.30) Theorei. If /?*, %  ... and Gf, B ... are any sequences of 

q-distribut ions and

I in fla - ff , I is  Bm - B ,

then

(10.31) lia  <»*+£>*,» * fi + s f

(10.32) lia  CGm - Bm> = fi -  & t

(10.33) lia Rm Bm - /?£ .

Proof. By assumption, there are in the class C functions hCt> * G , 
kCt> * G and gmCt> {m = i,2,...) such that



(10.34) ñm { h a  A - {fm<tA > sm {kaA = {gmaA ,

(10.35) fma) 3  f<t> > gm<t) m  ga) >

(10.36) fí { hi t A = { rrtA , 6 { AC¿,>} = { git )}  .

Froi (10.34) *e obtain

{hit A {kit A = {*<*,>} { {hit A {ACt)} = { { ifcíM

and

<fím +Sm) { A W  X kit) } = { 1/p Ait) X + 1/p hit) X g(t> > .

On the other hand, fro» (10.36) ve obtain analogously

iñ +B> { 1/p hit) X kit) } = { 1/p kit) X fit) + 1/p hit) X git) } .

Since by (10.35)

1/p kit) X fmit) + 1/p ha) X gmit) -

t t
= f  k(t-u) fmiu) du + f  hi t-u) gmiu) du Ed

O O «-»<»
t t

E0 / A(f-£/,> fia) du + / hit-u) giii) du -
m-> <*> O O

1/p kit) X fit) + //£ hit) X

then, by definition, ®e obtain (10.31).

Ue prove (10.32) analogously.

In order to prove (10.33), »e suit¡ply the equalities (10.34) and obtain

am 8m {hit A {kit A = {fmitA {gmaA

-  116 -



-  117 -

and hence
t t

Rm Bm { f  h<t-u> ki'u) du } = { f  fmCt-u> gm<u> du }
0 O

Analogously, we have by (10.36)

t t
R B { f hit-u) ktu) du } = { f f(t-u> g(u> du }

O O

Since
t t

f  fm(t-u> gm<u> du E3 f  f<t-u> g(u> At 
O +->0° O

then we obtain (10.33). This completes the proof. •

(10.37) Definit ion. A sequence of quotient functions Ff<p,t\
F2Cp,t>, ... oil I be called distr ibut ionally convergent to a quotient 

function F<p,t> and it »ill be «ritten

Uadis Fm<p,t> = F<p,t>

iff

Ma {Fm<p, tA = {f<p, (A . •

(10.38) Def init ion. fl series of q-distr ibut ions /?/-*■/?-+ ... «ill 

be called convergent to a q-distr ibut ion R and it «ill be written

R - Rf + R2 + •••

iff
R = I\m <Rf +/?-.+ . . .  +Rm,> . •



(10.39) Definition. fl series of quotient functions Ff(p,t )  +F2<p,t) +
... «ill be called distributionally convergent to a quotient function
F<p,t> and it «ill be «ritten

Ftp, t )  s  Fftp, t> + F *p , + . . .

iff

F(p, t>  s  M id is  ( Ff<p,t> + F-2< P ,t) + . . .  + Fm< p ,t> )
*_>oo

(10.40) Exaiple. Although the sequence

pt/1! , p?t?S2f , fP&/3! , ...

is for every p unifonly convergent to zero « ith respect to t 
finite interval o< t<r , «e have

(10.41) I in {pt*(*/mf} - {/} , i.e. lindis s )

Indeed, since

{/?* <*/»/} { 1 } = {p* * f P  + '/< * + /A '}

and by (5.4)

f  + //iJf + /A, = /

then

{p*P/m/} {/} = {/}

and for » = O

{/} {/} = {/} .

in every

It «eons (10.41), by definition. •
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(10.42) Theorea. If f< t), fjCts, ... e C and

(10.43) fm<t> ^  f(t>

then

(10.44) 

that is,

(10.45) i¡m {fmctA * {ras) .

(See [2], p.41).

Proof. Since
t

{fmaA  {/} = Kp /  fm<u> ¿A
o

and, by Theorem (4.20),

(10.46) {fm<th {1} = {t'aaA , {r‘C(A { f } - {rrtA
then, by definition, (10.45) results fro* (10.43). Since (10.45) is
equivalent to (10.44), the proof is complete. •

(10.4?) Convent ion. According I y to (10.46) ve can vrite si »ply

{ / } = / .

Thus, for every distribution fi ue have

/. a = a . / * a .

Generally, for every real nuaber r ve shall «rite
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(10.18) Rework. There exist sequences of functions fro« the class C ,
«hich are divergent in the usual sense, but «hich are distributionally 
convergent. •

(10.49) Example. (See [2],p.41). The sequence

s in  t  , .¿‘ sin  2t ,  ,?s in  3t , . .

is divergent in the usual sense, but

(10.50) I in dis « s in  mt - p

Indeed, »e have

t
m s in  mt s  p f  m sin mu du *  p< f  - cos mt) s

O

t
s  p f  p< f - cos mu) du *  f P ( t  ~ f/m sin m t) 

O

then, by (5.4),

i/p? s  f?/2

and, thus,

{ « s in  mt}{t?/A ~ {p ? (t ~ f/m s in  m tfl{ 1/p?\ -  { / - i/m sin mt}

Since

t  - f/m s in  mt E3 t

and, by (5.4),

{p } {t2/^ » {p } {t/pPi * { f/p} * {t)

then
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I in { »  s in  mt} * { p }

that is, (10.50). •

(10.51) Theorca. The ping ffg has no zero divisors but it has an unit 

ele»ent / .

Proof. The theore» follows fro« Definition (10.17), Theore» (10.16) 
and Convention (10.47). •

(10.52) Définit ion. R quotient distribution is a pair of q- 
distr ¡but ions H, 6 e ffg , «here B * O (in the sense of Convention (10.47)), 

•rltten in the for»
H

(10.53) ---
B

» i th arithmetical rules defined as follows

H C
(10.54)   =   iff HO = 6 C  ,

8 O

(10.55)

(10.56)

H C H O  + B C

B D  B D

H C H C

S O  BO

H C H O
( 10.57) —  : —  -   ¡f c  * o ,

B D B C

H
(10.58) —  - h

1
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(10.59) Theoree. The set of all quotient distributions forms a field. 

Proof. The theorem follows immediately from Definition (10.52). •

(10.60) Definit ion. The set of all quotient distributions with 
arithmetical rules (10.54) - (10.58) »ill be called the field 4f . •

(10.61) Theore«. Every q-dlstrIbution belongs to Q .

Proof. Every q-distribution belongs to Q in the sense of isomorphism 
established by Conventions (10.47) and (10.58). •

(10.62) Thcorce. Every quotient distribution can be mritten in the form

{ f<t> }
(10.63) --------

{ g i t ) }

•here f< t), g i t ) e C , g i t ) * q ,

Proof. Let
/?

(10.64) —
B

be any quotient distribution, »here

ff = { Ftp, t ) }  t B = { Gt'p, t ) }  *  O ,

and F<p,t), 6<p,t) are quotient functions. Hence there exist functions 
a<t), b<t), a t ) ,  df t ) e C t b i t )  *  Q , e f t )  *  O , dCt) *  O , such that
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F<p, t> X £><(,> = a('t.> , 6Cp, t> X d<t> s  .

flu It ¡plying the numerator and the denumerator of (10.64) by

{ba> x da A - {¿><tA{d<tA

we obtain

ft {Ftp, tA { baA { da A {F<p, t> x baA { da A { *aA { da A

s {s<p, tA {¿as) {da A {6<p, t> x da A {¿a A {caA {ha A

{f/p) { *< tA 1 da A {ra A

where

{ f/p) {caA i ¿><tA {gaA

t t
f a t  :=  f  ait-u.'* d(u> du , g (t>  := f  c<t-u> b(u> du

O O

which completes the proof.

It ¡s an open problem, whether such elements (10.64) exist which are not 
q-distribut ions. That such a case would be rare, we can see from the 
foI lowing theorem.

(10.65) Theorem. If

{ fa A
  e Q
{ gaA

and the function g(t> has a transform hip) such that
/  e F

h(p>

then there exists a quotient function F<p,t> such that
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{ fa  A
{F<’p,tA = ------ .

{9 «  A

Proof. By definition of a transform, me have

{get A = {ht’pA

and thus

{ f a  A { f a  A
"" "" •
{gctA {h<pA

Putt ing
t

F ip ,t) :• - f i t ) e F
hip)

we obtain

Ftp, t ) X g i t ) s Ftp, t ) X = hip) Ftp, t ) = t i t )  .

Thus, F<p,t) is a quotient function and

{r<p,tA{gC(f} = { fa  A .

Hence

{ fa  A {f (P, (A { ? a A  
  = -------------  = {rcP,o }

•hich vas to be proved. •

It is also an open problem, mhether such a function g t t ) e C f g i t )  *  O , 
exists, mhich has transforms, but no transform hip)  such that

(10.66)

f  e F
hip)
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In other words, ¡t is an open problei, whether the conditions (10.66) and 
g<t> *  O are equivalent. Ue know, of course, that g<t> -  O ¡»plies that
(10.66) is not true, but not conversely.
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XI. fl theory corresponding to the 

Laplace Transformation

Let us consider, hoi to change the theory presented above, in order to 
obtain a correspondence to the Laplace Transformation but not to the Laplace- 
Carson Transformat ion. First, let us notice, that the function = r
corresponds by the Laplace Transformation to the transfon g<sS = i/s and not 
to / , as it was by the Laplace-Carson Transformation. Thus, we must 
construct the new theory in such a way, as to distinguish fct> - r and 
g is t = f . (According to custom, we replace the variable p used in the
theory of the Laplace-Carson Transformation by the variable s used for the 
Laplace Transformat ion).

Ue shall deal with pairs of feasible functions, in the sense of 
Definition (3.1) or in the narrower sense of Definition (6.1), namely

(11.1) I FCs, t>, g is t 1 .

The arithmetical rules, however, are now as follows:

(11.2) I g fis t 1 + [[ F^Cs, t.\ g ^ s t 1 =

= I FfCs, t> ̂ F^'s, , g/Cst +ĝ <‘s t 3 ,

(11.3) | Ffts, t>, g f is M  X  I FjCs,t.\ =

t
— £ f  F  -f(s, tru t F-yCs, u t du + gtfi's ) Fgi's, + ggjCs) F  fis, t )  , g f is )  gg/Cs) 1.

O

The above arithmetical operations are associative and commutative, 
multiplication is distributive with respect to addition.
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By virtue of isoaorphisB, «e introduce the following notations:

I F<s, t>, 0 1 = < Fis, t> > , | O, gCst 1 = [ g(*S ] .

Thus, by definition of addition,

I  FCs, t.\ gteS 1 = < F<s, t,> > + [ gC<r> ] .

By definition of aultipl¡cat ion, me have

(1 1 .4 ) < FfCs, ts> X < F-jCs, t> >

[ g tfs ) ] X  [ g ^ >  I

tlore generally,

[ h(s> ] X I  FCs, U  g<s> 1 

Thus, «e have

I  Ff<s, t>, g f<s> 1 X [  F̂ Cs, t,\ g-T*-** 1 =

= (  <Ffts,tJ> + [g/<sS] )  X (  <F2<s, 0 » + [ g & A  )  =

<FfCs, t>> X <F2<s,tS> + [g^sS] X <F^s,tJ> +

+ <Ff<s,tJi> X  [g ?£ rJtl + X

Ue have also

< t  > X  |  1 = 1 t.\ g<s) 1

The set of all pairs (11.1) foras a coBBUtative ring, »hich «ill be 
called the ring L . The set of all functions <F<s,tS> foras a coBButatlve 
ring «ith suit ipl icat ion (11.4) and «ill be called the ring ft . Theoreas
(3.20), (3.24) and (3.26) hold also for the ring ff ,

Definition (4.1) changes as follo«s:

The class 2  is the set of all pairs I F<s,t>, O l e/ satisfying the 
condit ion

t
< J  Ffis, t-a> F jt’s, u> du > ,

O

[ g g^feJ 1

1 F(s, g(sZ 3 .
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< é** X FCs, tt > e ?t ,

Ue introduce congruences in the sane way as in Chapter III, with an additional 
congruence

( s  gi'st y s  [ ] .

Then we have

< gist > X < Fis, tt > = [ 1/s gist ] X < Fis, tt >

< î/s gist FCs, tt >

The propositions of Theorens (4.75) and (4.78) change as follows

< à/àt FCs, ft > s  < FCs, tt > -  [ FCs,Ot ] ,

< <ft/à& FCs, tt > = < s* FCs, tt > -  [ sk~f FCs, Ot ] -  . . .  -  [ /*“ h's,Ot ] .

The propositions of Theorens (4.81) and (4.87) can be written in the forn

oo oo
< FCs, it  > = < s  / FCs, tt dt > = [ / FCs, tt dt ] ,

O Ô

oo oo
< fa t  > s  < s  f i f * 1 fd t  dt > = [ / fCtt dt ] .

¿7 Ô

There are »any prob lens connected with the theory presented here, which 
were not considered. The a in of this chapter is to give only an outline of 
the whole theory.
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XII. Final considerations

In this chapter »e shall consider the relationship of the above- 
presented theory to other existing theories and discuss advantages resulting 
from it. Ue shall also point out some open problems.

First of all ue shall consider the relationship to the theory and uses 
of the Laplace Transformation (or the Laplace-Carson Transformation), because 
this is the most popular basis for Operational Calculus. Ue have already made 
some general remarks in our Introduction, but let us no» consider the problem 
once more in a deeper nay.

The most important statement is, that the theory presented in this paper 
includes the »hole theory of the Laplace Transformation (exactly speaking the 
theory of the Laplace-Carson Transformation and the theory of Laplace 
Transformat ion in the sense of Chapter XI). Thus, me cannot lose any advantage 
of the Laplace Transformation, but ve can gain some nev possibilities, not 
available before. The fundamental theorem, enabling us to use everything from 
the theory and applications of the Laplace Transformat ion, is Theorem (4.87). 
Moreover, it was proved, that the Laplace formula (4.88) may be generalized 
for functions of tmo variables F<p,t> in the sense of Theorem (4.81). The 
main disadvantage of the Laplace Transformation is, that in solving 
differential equations, ve obtain as solutions only functions transformable in 
the sense of Laplace, and me are not able to get solutions from a larger class 
of functions. This observation mas the starting-point for J.G.Hikusinski to 
construct his theory of Operational Calculus. The theory presented above 
starts from the same larger class of functions as flikusinski did. But he lost 
the possibility of including the theory and uses of the Laplace 
Transformation. For example, he had much trouble in adapting some facts from 
that theory to his operators. The theory, presented above, includes all 
results of the Laplace Transform theory.

It is a iell-knomn fact that Laplace transforms are analytic functions 
in half-planes p > pQ . This mas the starting-point for introducing in our
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theory a sma Her but siapler ring ff of functions Ftp, t> in Chapter UI. 
This ring is snaller with respect to the variable p only, not reducing the 
class of feasible functions of the variable t , which means that it does not 
reduce solutions of differential equations, solvable by Operational Calculus. 
For aost applications this ring 8  is quite sufficient. Soae inportant
theorens, like Theoren (6.29), hold for the ring f i , other are lost, for 
exanple Theorem (3.20). But in using the ring tt we do not lose anything from 
the Laplace Transfornation.

The whole theory of llikusinski's operators is included in the presented 
theory, because all his operators are quotient distributions in the sense of 
Definitions (10.52) and (10.60). But a very inportant advantage of the 
presented theory is, that nost of quotient distributions can be written in the 
forn of feasible functions F<p,t> and it is an open problem whether there 
exist quotient distributions, for which such a representation is not possible. 
The introduction, for exanple, of operators, corresponding to our functions

for any real r , forced llikusinski to add an additional chapter of his 
theory. It follows fron Theoren (3.20) that, if any of llikusinski's operators 
were to be represented in the forn F<p,t> , it would be a feasible function in 
the sense of Definitions (3.1) and (3.10).

In the theory presented above, differentiating and integrating of 
functions Ftp, t ) is quite natural, because p is a variable. In nikusinski's 
theory it requires a new construction, because p is an operator.

Exanple (8.74) shows that there exist problens, which can be solved by
use of the theory presented in this paper, but they cannot be solved by the
Laplace Transfornation or llikusinski's operators. The function (8.75) is not 
transfornable in the sense of Laplace and its transform (8.78) is not an 
operator in flikusinski's sense, because the function

is congruent with zero and the only tlikusinskl’s operator corresponding to it 

is the zero operator O .

In conparison with both theories, of the Laplace Transfornation and of 
flikusinski's operators, the theory presented in this paper opens new 
possibilities for calculating with functions of two variables F tp ,t>  . Sone 
such calculations are shown in Chapter DIM. The author is of the opinion 
that he has not discovered the nost inportant nethods in that area yet. For 
exanple, Theoren (8.8) enables us to transforn any linear differential 
equation (with any functional coefficients) into a congruence of the forn

(12.1) Ftp, x  = Gtp, .

Generally, such an equation is not easy to be solved analytically. But there 
are nany possibilities for solving it approxinately. The author is of the 
opinion that it could be very interesting to apply nethods of that kind to the 
equation (12.1).
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There exist several theories of generalized functions or distributions 
treating the* as sequences of functions fy t**  ••• -(See, for example,

[6] ). The theory presented in this paper could include such theories,
because, according to Definitions (2.1) and (3.1), every feasible function 
F<P, e F  «ay be treated as a sequence F<1,t>, FC2,t>, ... . However, in such a 
case ve lose the possibility of differentiating and integrating « ith respect 
to p , which reduces significantly the class of wethods at our disposal. 
Therefore we shall not consider such theories in detail.

It rewains to consider the difference between the latest theory and the 
previous one (see [1] ). They are not equivalent, because the classes of 
feasible functions are not equivalent. The latest class includes the previous 
one, but there exist functions, which are feasible in the latest sense but are 
not feasible in the previous one. Let us consider, for exawple, the function

(12.2) Ftp, t>  cos ts .

Ue have for any b > O
t u

e-top(  t X F(p, t> )  - *-**> { f /pXf X Fi'p, t> )  -  p / / a ^ cos  <J*u> du dv *
GO

- e~bP p {  / - cos (&°r' t> ) =$ O ,
P+GO

which weans that F ( p , t ) * F  . However, we have

t t  t
f\e~bp F<p,uAdu 1 | / F<p,u> du I ■ | eT^P f  ir ^ c o s u> du |

I J^s\n

and, for every b > O , there exists t > O such that for every P, Q > o  we

can find a real p •> P such that

t

f  | F(p, uA du > 0
O

which weans that F<p,t> is not a feasible function in the sense of the 
previous theory.

R siwpler, but not so iwportant, exanple is the function

(12.3) 6<p, t> :=  , O <* a < / ,
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which is also feasible in the sense of the latest theory and is not feasible 
in the sense of the previous one.

It follows from (4.6) and the fact, that (4.36) would not imply (4.37), 
that the function

(12.4)

cannot be feasible and must correspond to . He see that in the latest 
theory we can come with (12.3) arbitrarily near to the function (12.4). This 
weans that our class F  of feasible functions is, indeed, constructed in a 
tight way.

The fact that the class of feasible functions in the latest theory is 
larger than the corresponding class in the previous one, is not only for the 
personal satisfaction of the author. It has also very Inportant consequences. 
For example, in the latest theory it was possible to prove Theorem (4.22), 
which showed that we had defined the ideal Z  in the optimal way. It was also 
possible to prove Theorem (3.20), which showed that every quotient 
distribution equivalent to a function F<p/t> is a q-distribution. Both 
theorems (3.20) and (4.22) are fundamental in the latest theory and they do 
not exist in the previous one.

fls it was already said before, there are many open problems connected 
with the presented theory. Some of them were already mentioned above. How, let 
us collect the most important ones.

Problem 1. How can equations of the form (12.1) be solved ?

Problem 2. fire there any quotient distributions which are not q-
distributions ?

Prob I en 3. Does such a funct i on g(t> e C , g<t> * O t ex i st, wh i ch has 

transforms, but no transform h(p> such that f/hCp>eFl

Problem 4. Do such functions f<t> e F  exist, which have no transforms 
at all ?

Problem 5. Is it possible to change Definition (6.1) in such a way
that the congruence

hi'p> s O

would imply

h(p> = O ?
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Problea 6. Starting froa Theorea (7.35), learn to solve differential 
equations written with D-derivatives of different order, according to Theorea
(7.44).

The idea used to construct the theory presented in this paper can be 
applied to construct analogous theories for other integral transforaations. 
The author has obtained already soae results in this area, which, however, are 
not a subject for this paper.

Uollongong, August 1987.
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