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1. INTRODUCTION

The growth o f  the computational power o f  a s in g l e  statement 
i s  a general  tendency in the development o f  programming lan­
guages. One o f  goa ls  in  des igning new languages i s  t «  express in

, . ^
few statements the ac t ion  caused by more statements in  former lan­
guages. In p a r t i c u la r ,  the more advanced language, the lower num­
ber  o f  assignments statements in  each program. How f o r  can one go 

in  th i s  d i r e c t i o n ?
In the present paper we t r y  to answer th is  quest ion .  We con­

s ide r  a programming system (abr./>j ) with in s t ruc t ions  o f  the form:

a  : i f  B then f  and b

where M s  a cond i t ion ,  / i s  an ope ra to r ,  and a ,  b are l ab e ls
( i n i t i a l  and t e rm in a l ) .  F in i t e  se ts  o f  in s t ruc t ion s  are  programs
in our ps . The r e s t r i c t i o n  to the above form o f  in s t ru c t i o n s  i s  
not e s s e n t i a l ,  e . g .  each in s t ru c t i o n  o f  the type

a : ^ f  B then f  and b e l s e  g and c

can be replaced in  a program by the two f o l l o w in g

a : ^ f  B then f  and b

a : i f  ~ B  then g and c .

We are mostly in te r e s t ed  In such ps where s in g l e  in s t ru c t io n s  are 
o f  the poss ib ly  g r e a t e s t  computational e f f i c i e n c y .  To th i s  e f f e c t  
we Introduce a notion o f  a c losed  programming system (ab r .  cps ) 
w ith  the property  that f o r  each (w e l l - d e f in e d )  program P in  such 
a system there  e x i s t s  a semant ica l ly  equ iva len t  tw o - in s t ru c t ion  
program;.

Sp = ^s ta r ts  i f  Bp then fp and s t o p ,

s t a r t ; i f  ~Bj> then loop j.

where ne i the r  Bp nor -fp contain other  In s t ru c t ion s .  I t  should be
s tressed  that the reduced program Sp ( sa id  to be the canonical fonn
o f  P) i s  w r i t t e n  In the same system that P i s .  In other words, any
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closed programming system is  reach enough to express p roper t ies  
o f  programs w r i t t e n  in th i s  system. Usua l ly ,  such p rope r t ie s  can 
not be descr ibed  in the system i t s e l f  but need some stronger meta- 
-system. In f a c t ,  Sp descr ibes  the p rope r t ie s  o f  P  : f o r  any data 
v e c t o r  x ,  i f  B p (x )  i s  s a t i s f i e d ,  then -Sp, hence a l s o / 7,stops and 
g i v e s  the r e s u l t  f p ( x ) . In the opposit e  case,  i . e .  i f  ~  B p (x ) i s  
s a t i s f i e d ,  the r e su l t  of  P i s  not d e f in ed .

Now, the f o l l o w in g  quest ion a r i s e s :  what p rope r t i e s  should
have a ps in  order to  be c losed? How to reduce a g iven  program in 

Cp$ to  i t s  canonical  form?
In the paper,  a f t e r  in troducing some bas is  not ions ,a  very  sim­

p le  ps i s  de f ined  and cond i t ions  f o r  such ps to be c losed  are f o r ­
mulated. Next,  we show what ru les  o f  replacement can be used to 
transform programs in to  semant ica l ly  equ iva len t  canonical  form 
(Theorem l ) .  In the r e s t  o f  paper we d e f in e  a set o f  d e r i v a t ion  
ru les  perm it t ing  to reduce programs in to  the canonical  form, l i k e  
theorems in  a deductive  systems can be der ived  from the axioms of 
th is  system. The bas ic  r e s u l t  o f  th i s  part  i s  Theorem 2, on the 

completeness o f  the set  o f  the d e r i v a t io n  ru le s .

2. BASIC NOTIONS

D e f in i t i o n  1. A programming system A , considered in  th is  pa­
per,  i s  de f ined  by i t s  language LA and i t s  semantics MA . The lan­
guage o f  A cons is t s  o f :

( i )  an alphabet 2 A *

( i i )  a subset EA o f  » c a l l e d  the set o f  l abe ls  and contain­
ing three  d is t ingu ished  symbols s t a r t , stop and l o o p ;

( i i i )  a subset CA o f  ^0 * ,  c a l l e d  the set o f  cond it ions  and con­

ta in ing  a d is t ingu ished  symbol t r u e ;

( i v )  a subset fA of  ^ * 1  c a l l e d  the set o f  operators  and con-

The set

'A
ta in ing  a d is t ingu ished  symbol empty.

l A = ( Ea -  { s t o p , loop ]•) x CAx Fa x (Ea - { s t a r t  j.)



i s  c a l l ed  the set o f  ins t ruc t ions  in  A . For any r  = ( a , B , f , b ) in 
I A we sha l l  w r i t e

a  : JX B then + and b .

We sha l l  use a lso  an abbrev iated  no ta t ion ,  w r i t in g

a : f  and b  instead o f  a : true then f  and b

g : i f  B then b instead o f  a : Lf_ B then empty and b

a : b  instead o f  a : i f  true then empty and b .

The labe l  a i s  said to be the i n i t i a l  la b e l  o f  /", the labe l  b 

i s  said to be the te rm in a l la b e l  o f  r .  Two in s t ru c t ion s  with the 
same i n i t i a l  labe ls  and the same terminal  l a b e l s  are c a l l e d  s i m i ­

l a r ,  Every in s t ruc t ion  such that i t s  i n i t i a l  l ab e l  i s  i d e n t i c a l  
with  i t s  terminal l abe l  i s  c a l l e d  r e f l e x i v e . A f i n i t e  subset P o f  
the set  I A i s  ca l l ed  a program  in  A . By £ ( P )  we denote the set of  
a l l  l abe ls  occurr ing in  the in s t ruc t ion s  o f  the program P . A labe l  
a i s  said to be b l i n d  in P  , i f  stop ^ a. / loop and there i s  no 
in s t ruc t ion  in P  where a i s  i n i t i a l .  A labe l  a i s  said to be i n ­

a c c e s s i b l e  in P , i f  a ^ s t a r t  and there  i s  no in s t ru c t io n  in P 

where a i s  te rmina l .  Then, any labe l  not in E i P )  i s  b l ind  as w e l l  
as inaccess ib le  in P.

Every program P can be represented  by a l a b e l l ed  graph Tp,hav­
ing E ( P ) as the set  o f  v e r t i c e s  and P  as the set  o f  d i r e c ted  arcs. 
To each in s t ruc t ion  a : i f  B then f  and b corresponds an a r c , s t a r t ­
ing in a ,  enter ing  in to  b ,  and l a b e l l e d  with ( B , f ) .  Such a graph 

i s  c a l l e d  the f lo w -d ia g ra m  o f  P .
The semantics Ma o f  ps A i s  a system cons is t ing  o f :

( i )  a nonempty set ( o f  s t a t e s ) ,  c a l l e d  the domain o f  .in­
t e rp r e ta t i o n ,

( i i )  a mapping (f>A : FA »  XA x , l | ,  c a l l e d  the in t e rp r e ta t i o n
o f  opera tors ,  '

( i i i )  a m a p p i n g ^ :  CA *  , c a l l e d  the in t e r p r e t a t i o n  of
cond i t ions .

We sha l l  assume that f o r  every  / in FA and x , y , z  in XA ,

( empty, X, //) = 1 i f f  X = tj

& ( t r u e , x )  = 1

= i  and <pA( f , x , z )  = 1 im p l ies  y = z .
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Given a semantics MA, we w r i t e  Qx instead o f  tjrA ( ^ , x )  and y = +x 

instead o f  <pA ( f , X , y )  =» i .
We sha l l  w r i t e  ^ D ^ i r e s p .  Qi  =  Qg ) , i f  f o r  a l l  / in  XA , 

QjX = i  im p l ies  Q2 x = i  ( r e sp .  Q±x = i  i f f  Q^x = i ) .  We sha l l  
w r i t e  Q 3  = /2 ) i f  f o r  a l l  X, y , z  in  XA such that y  = /'jX,
Z = f 2X Qx = 1 im p l ies  y = Z . The set  SA = £4 * i s  ca l l ed  
the set  o f  s i t u a t i o n s  in  A . I f  PA i s  a program in  A t  then the 
subset JpA o f  SA , SpA = E (PA ) X XA i s  c a l l e d  the set  o f  s i tua ­

t ions  in  PA . For every  in s t ru c t i o n  r  and any s i tua t ion s  , 52* 
we w r i t e

r : s t —  s2

i f  r  i s  an in s t r u c t i o n :  a :  _if Q then / and b,  ¿j  = (f f ,x) ,  s 2 =
= ( b , y ) ,  and Qx = 1,  y = fx . For any program PA and s i tua t ions  

■sl f  S2 , we w r i t e

PA * ¿ i  — ■ Sz

i f  there  e x i s t s  in  PA an in s t ru c t ion  r  such that r :  A se­
quence o f  s i tu a t i o n s :

( S0 , n > 0 ,

i s  c a l l e d  a c o m p u t a t i o n  in  PA beg inning with  and ending with  
Sn , i f  PA : —►Sj f o r  i  < i  < n  . We w r i t e  PA : (o r
simply: i f  PA i s  known), i f  there e x i s t s  a computa­
t ion  in  PA beginning w ith  S1 and ending with  S2 .
We w r i t e

Compp  ̂ ( x , y )

i f  PA: ( s t a r t , x ) =► ( s t o p , y ) .

P r o p o s i t i o n  i .  For any program PA , i f  J^^^jg.and 

tî2 then <51 ^3 *
Proo f  i s  obv ious.
Le t  PA be a program in  A,, and l e t  

PA = I  ai  : J f̂ Qi then // and A/ | / = 1 , 2 , . . . ,  VJ., H >  0 .

We s h a l l  say that PA i s  c o n s is te n t ,  i f  f o r  each L,  j ,  i  ^ j  ,1<
<  i , j < N , and every  X in XA ,
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0/ = fly impl ies  Q[X = 0 or fyx = 0 .

We sha l l  say that PA i s  c o m p l e t e , i t  f o r  each / ,  and
every x in , there e x i s t s  j ,  such that

£2/ = fly and Qj x  = 1 .

We sha l l  say that program PA i s  e x e c u t a b l e , i f  f o r  each / , i <  / < N , 
and every  x in , there e x i s t s  y in  such that

= 1 impl ies  y = { ¿ X .

A program /J, i s  said to be w e l l - d e f i n e d ,  i f  i t  i s  cons is ten t  .com­
p l e t e ,  and executable .  Note that the empty program I s  w e l l - d e f i n ­
ed.

Let s be in  SA , l e t  PA be a program in  A . We sha l l  write stop
(5 ) ,  i f  5 = (s top ,  x ) f o r  some X in  ^  ; we sha l l  w r i t e  l o o p (5 ) ,  
i f  there e x i s t s  no such 6 ' in SA that PA : S ^ S '  and 8t o p ( s ' ) .  

P r o p o s i t i o n  2 . For any w e l l -d e f in e d  program PA :

i f and «Sj =♦ 5q , then e i th e r 32 53 *
or S2 = 53 ’ or ¿ 3 = ^ 2 *
i f ^1 J2 ’ J l = > 5 3 , s t o p ( i 2) ,  and stop(^ g )>
then S2 = J3 .

( i i i )  s t o p ( j )  implies  l o o p (^ )  does not hold.

( i v )  i f  loop ing )  and then l o o p ( j 1 ) .

( v )  Le t f  be a subset o f  SA -  { j  | s t o p i s ) } .
I f  f o r  a l l  in  T ,  implies  S2

i s  in  T, then loop(,s) f o r  a l l  5 in  T .

( v i )  I f  and PA : S -+• S2 , then = S2*

( v i i )  I f  Comp p ^ ( x , y )  and Comp p ^ ( x , z ) ,  then <J = z .

D e f in i t i o n  2. We say that a programming system A i s  c l o s e d ,  

i f  the f o l l ow in g  condit ions  are s a t i s f i e d :
1. There are def ined  in  QA opera t ions:  (unary ) ,  V (b ina ry ) ,

A ( b in a ry ) ,  such taht f o r  a l l  X in XA and Q, Q2 in  QA :

( ~ Q ) X  = 1 i f f  Qx = 0 ,
(0 1 V Q2 ) x = i  i f f  Q± x = 1 or Q2 X = 1 ,

(Qt A Q 2 ) x  = l  i f f  Q±x = 1 and Q 2X = 1 .
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We sha l l  assume ~  s tronger  than A ,A s tronger than V . We sha l l  
w r i t e  f a l s e  instead  — t r u e . Note that the pa i r  o f  in s t ru c t ion s :

a i i£ Q then / and b •
a j i f  ~  Q then q  and C

is written usually as
a : i_f Q then f  and b else g and c .

2. There is defined in F^ an operation o (binary) such that 
for all x in XA , and f  f 2 in FA

y = (/j o /g)x iff there exists z in XA such that z = f 2X
and y = /jZ.

3. There are defined mappings oc : ¡}A*  FA * FA FA, ¡$ : QA * FA -*~QA, 
Qa * 8UCh that for any Q in QA, f, q in FA , and for all

X ,y in XA :
y = a  (Q , { ,< / ) * iff either Qx = 1 and y = fx  , or. Qx a 0

and {/ = gx ;
f i> ( .Q ,f)x = i iff there exists z in such that Qz =

= i and z = fx.5 
y = j*-(̂ ,/)x Iff there exists a sequence (x0,x1 ,...f

X/2), n s * 0 , such that XQ = X , QX?_± =
= 1 , Xi = ± < i < n ,  Qxn = o, xn=
= y , x n is in XA •

Instead of f o g ,  o c ( Q , f ,g ) , we shall write fg ,
Q \f\( ]  i  t ) f . Q * f t respectively. We shall assume o to be stronger 
than * , and y3 stronger than ~  , A , V. it should be noted the 
difference between =>{/2 and, for instance, V ^2; the first 
denotes a binary relation in the set QA, while the second denotes 
an element of QA . The same note concernes

If A is closed, then we can define, for each non negative in­
teger k , every f  in FA , and any ,QZ,..., Q^, in QA , the follow­
ing operators and conditions:

f ° =  empty,

0 fc+1 / k \
V  fa ls e , V  Qt *  V  9i V ,
i=1 / = 1 V-1  /
0 *+1 f  k \
A  Qi  =  true, /\ A  fii] A ^+1*



We sha l l  in te rp r e t e  f g k as / i q k ) .
P r o p o s i t i o n  3. For any c losed  programming system

( i v )  Let PA be a program in A and l e t  PA = PQ O P^ , contains
no ins t ruc t ions  with  a as the i n i t i a l  l a b e l ,  ={<7: i f
Qi then and \ L = 1 , 2 , . . . ,  Â j, N>0.

N
a » V  Q i = true i f f  PA i s  complete,

/-1

b. Q,Ai)i= £ a ls e  f o r  / £  j  , i  <  j  , L < N  , i f f  c ons is ­
tent ,

c .  i f  PA i s  complete,  then:

N
V  true // =  true i f f  PA i s  executable .
/=1

In th is  sec t ion  we sha l l  consider an a r b i t r a r y  but f i x e d  closed 
programming system A ; we sha l l  use an abbrev ia ted  n o t a t i o n .w r i t ­

ing P, £ (P ) ,  X , . . .  instead PA , E(Pa ) ,  Xa , . » -  and s i m i l a r l y  f o r  
other symbols. In whole th i s  s ec t ion  programs are assumed to be 
w e l l  d e f ined .  The main r e s u l t  o f  th i s  sec t ion  concernes program 
transformat ions preserv ing the r e l a t i o n  Comp. Our purpose i s  to 
prove that every  w e l l -d e f in e d  program P in  a c losed  programming 
system can be transformed in to  the w e l l - d e f in e d ,  tw o- ins t ruc t ion  
program S conta in ing no labe ls  but s t a r t , s t o p , and l o o p , and 
such that Compp = Comp^. A f t e r  such a t rans fo rm at ion , the semantic 
ana lys is  o f  P becomes qu i te  simple.

D e f in i t i o n  3. Program P i s  said to be s t ro n g ly  e q u iv a le n t  to 
a program H ( o r ,  simply,  e q u iv a le n t ) , i f  f o r  every  X , y in  X

3. PROGRAM TRANSFORMATIONS

Compp ( x , y )  i f  and only i f  Comp^( x , y ) .



L e m m a  1. (On the e l im ina t ion  o f  b l ind  l a b e l s ) .  Le t P be 
a program. I f  b i s  b l ind  in  P ,  then P^ = P \ j { b i  loop]- is  a pro­
gram equ iva len t  to  P .

Proo f  i s  obv ious.
L e m m a  2. (On the e l im ina t ion  o f  in ac ce s s ib le  l a b e l s ) . L e t

P be a program. I f  a i s  in ac ce s s ib le  in  P and s ta r t  i s  not b l ind  

in  P ,  then P^ = s t a r t : i f  f a l s e  then a ]■ i s  ï s  a program equi­
va l e n t  to  P  .

P roo f  i s  obv ious.
L e m m a  3. (on the reduct ion  o f  s im i la r  in s t r u c t i o n s ) .A  pro­

gram

^1 = P0 u { a :  ij^ then and b, a :  #2 then ^2 and

i s  equ iva len t  to  the program

P2 = J10 U ( as —  #1 V #2 then ^1 I ^l| and .

P roo f  f o l l o w s  d i r e c t l y  from the d e f i n i t i o n  of  the operator
L e m m a  4. (on the e l im ina t ion  o f  r e f l e x i v e  in s t r u c t i o n s ) .

Le t  P± a p Q u if^ Qj then and m  | L = 0 , 1 , . . . ,  A/} M >  0, be
such a program that?

( i )  P o does not conta in any in s t ru c t ion  with  the i n i t i a l  l abe l

Qo*
(ii ) a Q ^  a i for i <  i  < M ;

Then

P2 = PqU {û Q: i f  ~  true (Qq # /q ) then loop],  U

( V  a  0 * V  thep *1 <f0 * V  and a>'\

t ~ 1 ,2 ,  ^

i s  a program equ iva len t  to  P  .
P r o o f .  At f i r s t ,  check P 2 I s  w e l l - d e f i n e d .  The program P 2

M m

i s  complete;  indeed, V Q[ {Q0 *  f Q) =  \/ Q i(()0 *  f Q). because Q0 (Q0

M M
*  f Q) =  f a l s e , and by P ropos i t ion  3 ( i )  \/q Qî (Ç0 *  QNQ0

* f ) r > t ru e (û  *  f  ) .  Hence, o ------  ' o  o .

10



M
V  Qi (Qo *  / o ) v ~ t r u e ( 0o «  -f-Q) =  t r u e ,

and, once more by P ropos i t ion  3 ( i v ) ( a ) t i s  complete.
The program P2 i s  c on s is t en t .  In f a c t ,  by p ropos i t i on

3 (1 )  ( Q t ( Q 0 *  f 0 ) ) M Q j ( Q 0 *  f Q) )  =  (Qi  A Q j ) ( Q 0 *  f 0 ) -  f a l s e  by

assumption, f o r  L £ j  , 1 <  i  , ( Q i ( Q 0 *  f  Q ) ) A ~ true  ( ) )

d true f  ) A ~  true (Qq *  f Q) =  f a l s e . F i n a l l y ,  P2 i s  execu­
ta b le :  there  e x i s t s  always y i n  Y such that y = empty x  (namely,a); 

i f  Qi ( t ) 0 *  f Q) x  = ! »  then there  e x i s t s  z  in  X such that z  = 
and QjZ = 1, hence, by assumption, there  e x i s t s  y in  X such that
y = z  , what proves the e x e c u ta b i l i t y  o f  P 2. Thus, i s  w e l l -

-d e f in ed .
Now, assume Comp^ ( x , y ) .  I t  means that there  e x i s t s  a computa­

t i o n  in  P^ :

(Sqi  5 j  , . . . , Sfi ) ,  > 1,

such that s = ( s t a r t , X ) ,  Sn = ( s top ,  y ) .  Let us consider the
subsequence ( Sj  , Sj  , . . . ,  Jjm) , /ra>l, o f  th i s  computation, de- 

o 1 
f in ed  as f o l l o w s :

11

( i )  j .  = 5 = ( s t a r t , A )
J o

( i i )  = ( s t o p , ^ )

( i i i )  Le t J: = ( f l , z ) .  Then, i f  a t  a we put s . = s . , . ' ,
Jk o 7 yfc+l

i f  a = a we put 5 . = 5; „  1 * where p i s  the smal-
•^ + 1 ■/A:+P +1o

l e s t  non-negative in t e g e r  such that = ( b , t )  im­

p l i e s  b £ aQ. Such an in t e g e r  always ex is ts .because  stop

* V
We claim that f o r  each k ,  l < k < r / n ,

P 2 : St, — S t ,  (#)’
45 Jk  J k + 1

Let  5/̂  = (a,  z ) .  I f  a ^ a0 , then PQi Sjk ~~ Sj k + i  and by d e f i n i ­

t i on  o f  the subsequence and the program we o b ta iq  ( # ) .



Assume a = dQ and consider the f o l l o w in g  sequence:

f 'S/a. » ^ I  » ••• t *Sy # <$/ )•
*  £+1 £+/> k  +/J+1

Th is  sequence Is  a computation In P.,; by d e f i n i t i o n  o f  C, there
( Q )i s  l ,  1 <  i  < M , and z in X , l < 9 < / 7 ,  such that:

•*4 +/J> i  -  z ' -  f i f P z > Q0 ^0Z = ° *  ^ • ^ 2r= A *

that i s ,  by P ropos i t ion  3 ( v )  f P  = * ^o , Q[^Qq *  = 1 * ¿ '  =
= f [  (Q0 *  f Q) z i »ha t  im p l ies  ( * ) .  Hence, the considered subsequence 
i s  a computation in  P 0 what proves Comp

V 2
Assume now CompD ( x , y ) , and l e t  (.5 ,J1 , . . . , J n ) ,  n > i  ,be a com-

r  2 °  1
putation in  P 2 such that SQ = ( s t a r t ,X  ) ,  .5/* = ( s top ,y ) .W  shal l
prove that f o r  a l l  j ,  0 < j  <  t l - 1 , P ^ i  Sj =*■ Jy +1. Let Jy = (c ,  z ) ,  

<Sy+l  = ( b , t ) .  I f  Q ^ aQ, then PQ: ^  =>5J+1 what imp l ies  P ± : ^ j~ *

=>$,• .. If a = then by the definition of P. there must be7+1 °  .Z»

Qi (Q0 * f  o ) z = 1 ^ = h  < Q0 *  f  o } z *

Thus, there  i s  such u in  X that u = {Q *  {  ) z  and t  = -fiu ;hence,
0 0 ( i ) ( 2 )  Co)there exists an integer p  >  0 and a sequence z  , Z z  of

elements o f  X , such that

z ( ? )  = 0 z ,  1 f o r  1 <q < p ,

and

=  ° *  ^ o Z = 1 ‘  0

Consider the sequence:

( ( a 0 , z ) ,  (fl0 , z ( l ) ) , . . . ,  (fl0 , z (/5)) ,  (a,-, n ) .

As i t  f o l l o w s  from the d e f i n i t i o n  o f  P ^, th i s  sequence i s  a com­

putat ion  in  P± , what y i e l d s  : <5y = *  i^+1. By t r a n s i t i v i t y  of-*we
obta in  : Sn =>Sn , what completes the proof  o f  Lemma 4.

12



L e m m a  5. (On the e l im in a t ion  o f  l a b e l s ) .  Le t  P^ = P^vAvB 

be a program such tha t :

13

(i ) A = | a j : if Rj then -fj and b | 7=1,2,..., A'j.,

(ii ) B = {A : J X  Qi then 9i apd Ci ( ¿ = 1 , 2 , . . .

(ill) P does not contain any instruction with initial or ter-o
minal label identical with b ,

(iv) a.j it b ^  Ci (There are no reflexive instructions in A \JB ),
1 < i < M ,  1 < j  ,

(v) >Y*>0, M > 0 (b is neither 'blind nor inaccessible).
Then the program

^2 = Po U { aJ : —  ^  Ql f j  then 9l 6' and ci  | j  -  1 . 2 , . . .  ,/V ,

i s  equ iva len t  to P ^ .

P roo f .  We sha l l  prove only P 2 i s  w e l l - d e f i n e d ;  the r e s t  o f  
the p roo f ,  as s im i la r  to  that o f  Lemma 4, w i l l  be omitted .To prove 

cons is tency ,  consider

1 <  j  , k <  H, 1 <  / , m <  M , J  + k or / jt m . I f  J  jt k , then since  

P4 i s  w e l l - d e f in e d ,  Rj l\R k** f a l s e , and ( l  ) ■■ f a l s e .
I f  j  = k and L jt m , then ( l )  i s  equ iva len t  to  R j A

A Qm) f j ) by P ropos i t ion  3 ( i  ) .  On the other hand Qj A Qm =  f a l s e  by 
the assumption thus ( l ) i s  a lso  f a l s e .

To prove completeness, i t  s u f f i c e s  to  show that

In f a c t ,  by P ropos i t ion  3 ( i )

and by assumed completeness o f  P . ,  \ÿ Q,- =  true  { M >  0 ) hence#
/ - 1

i s  equ iva lent  to

N M N
( * )

N



But P i  i s  w e l l - d e f in e d ,  hence executable ,  thus Rj  3 true f j  f o r
H N

a l l  /', K  i  < N , and thus \/ ( Ri  A true  /,• ) = \/ £ ;.
J jmi  J ------- J 7=1

To prove e x e c u t a b i l i t y , observe that i f  ( Rj  AQ / f j  ) X = i , t h e n  
PyA = i ,  hence by the assumption there e x i s t s  y in  X such that y = 
= ;f jX ; s ince  Qif jX = 1, we have Q[y = 1.  Hence, by the assump­
t ion ,  there  I s  u In X such that U -  f r y ,  i . e .  U = what
proves to  be executable .

T h e o r e m  1. For any c losed  programming system A and any 
w e l l - d e f in e d  program PA in A , there  e x i s t s  a cond i t ion  Qp in  QA,
and an operator  fp in  , such that P  i s  equ iva lent  to the pro­
gram:

Sp = { s t a r t : i f  Qp then -fp and s top ,

s t a r t : i f  ~  Qp then l o o p | .

Sp w i l l  be c a l l e d  in  the sequel the c a n o n ica l form  o f  P  .
P r oo f .  Consider the set  £ ( p ) . I f  s t a r t  i s  not in£(P), then

s ta r t  i s  blind in P. Hence, by Lemma 1 we can rep lace  P by i t s
equivalent

P  U { s t a r t : l oop|,

I f  s t a r t  i s  in  £(P), but stop i s  not,  then stop i s  inacces­
s ib l e  in  P and by Lemma 2 we can rep lace  P  by i t s  equiva lent

P U{ s t a r t : i f  f a l s e  then s t o p ].

Thus, we can assume that s ta r t  and stop are in £(P). Now, i f  loop 
i s  not in  £(P), then loop i s  inaccess ib le  in  P  and by Lemma 2 we 
can rep lace  p by i t s  equ iva len t

14 ,

P u { s t a r t :  i f  f a l s e  then loop j..

is j

i

Hence, we can assume that £ (P )  contains s t a r t , stop and lo o p .
Let ( j { P )  = £ (P )  -  { s t a r t ,  s top , loop |. We sha l l  prove Theorem 

1 by induct ion w i th  respec t  to  card( (J(P) .
a.  Assume card (¡3( P ) )  = 0.  In th i s  case,  applying the r e su l t  

o f  Lemma 3 we obtain the f o l l o w in g  w e l l - d e f in e d  program.equivalent 
to P :

{  s t a r t : 1 f  Qp then f p and s top , 

s t a r t : i f  Rp then lo o p j ,



and, since th i s  program i s  w e l l - d e f in e d ,  Rp i s  ~ Q p  ; in  th i s  case 
Theorem 1 I s  v a l i d .

b.  Suppose Theorem 1 i s  true f o r  a l l  programs P, such that 
card (6 ( P ' ) ) < n ,  n >  0 . We sha l l  prove i t  f o r  P  such that card(6 (P ) )= 
= n , by transforming P in to  P', card ( & ( P ' ) )  = H -  1.  Th is  trans­
formation w i l l  be performed in  four s teps.

Step 1. As In Lemma 3, we reduce a l l  s im i la r  In s t ru c t ions  in/3.
Step 2. As in Lemma 4, we e l im inate  a l l  r e f l e x i v e  instructions 

i n P ;  since there are no s im i la r  in s t ru c t ion s  in  P, Lemma 4 can be 
app l i ed .

Step 3. Since card { & { P ) ) >  0, we can f ind  a labe l  in  6 ( P ) , say,
b. I f  b i s  b l ind  in P, then we apply Lemma 1 ; i f  b i s  inacces­
s i b l e ,  we apply Lemma 2.

Step 4. Since b i s  ne i ther  b l ind  nor in ac ce s s ib le  in P,and 
P contains no r e f l e x i v e  in s t ru c t io n s ,  we can e l im inate  lab e l  b as 
in  Lemma 5.

Every step l i s t e d  above fransforms a program in to  i t s  equ i ­
v a len t ,  p reserv ing the property  " t o  be w e l l - d e f i n e d " .  Hence, the 
r e s u l t  o f  th is  transformation i s  a program P' ,  equ iva len t  to  P , 
and i f  P i s  w e l l - d e f in e d ,  then so i s  P ' .  Since E (P ' )  contains a l l  
l ab e ls  o f  E ( P )  excluding b ,  ca rd (Æ (P ' ) )  = H -  1 . Hence, the proof  
i s  completed by induct ion.

C oro l la ry  i .  Let P . be a w e l l - d e f in e d  program in  A , Sv = {  I f  
Q then / and s to p , iJ_~Q  then l o o p be the canonical  form o f  P . 
The f o l l ow in g  equivalence holds f o r  a l l  X in  XA \

Qx = 1 i f f  there i s  y in XA such that Compp { x , y ) .

Proo f .  Since P i s  w e l l  de f ined ,  so i s  3 p .  Hence Sp i s  exe­
cutable ;  i t  means that i f  Qx »  1 , then there  e x i s t s  y  in  such 
that y = /x , i . e .  that Compp(x,y).  On the other hand, i f  Qx = 0, 
then ( ~ Q ) x  = 1 and there e x i s t s  no such y in XA that Comp(x,y), 
what completes the p roo f .

4. DERIVATION RULES

In th is  sec t ion  we suggest another approach: each program
w i l l  be considered as a set o f  "axioms" ( i n s t r u c t i o n s )  that de-

15



16

scr ibe  the next s ta te  funct ion o f  the program. Now what we want 
i s  to g i v e  a set o f  " d e r i v a t i o n  ru les "  that permit to produce new 
in s t ruc t ions  (theorems) descr ib ing  the t r a n s i t i v e  c losure of  the 
next s ta te  funct ion.  Such d e r i v a t i o n  ru les  are introduced in  th is  
s ec t ion ;  the main r e s u l t  of  th is  sec t ion  i s  a theorem to  the e f ­
f e c t  that the introduced d e r i v a t i o n  ru les  are reach enough to de­
r i v e  the canonical  form f o r  every  w e l l - d e f in e d  program.

D e f in i t i o n  4. Let A be a c losed  programming system, and l e t  
PA be a program in A . The set  Cons(P/ ) i s  the smal lest subset of  
I A s a t i s f y in g  the f o l l o w in g  cond i t ions .  For a r b i t r a r y  in

Qa* f  • f  2 in ^  * and a ' C Ea (w r i t in g  I— r  instead
o f  r  i s  in  C o n s ( f y ) ) :

1. I f

P f - a : i f_ then and b, Q2 3 0 i  » Q2 3 = * 2)

then

PA\— a : i £  Q2 then /2 and b ;
2. I f

PA I— a : Lf  Qj  then and b , PA I— b : if^ Q2 then 

and c ,

then

PA \— a :  I f  f r A f l g f j  then /j and c ;

3. I f

/J,1—  a : if ^  then and b , PA I—  ¿7 : if {/2 then

/2 and b, A Q2 ~  false»

then
PA\— a : i f  (/i  V ?̂2 then 1/̂  I ¿2 and b ;

4.  I f

I— £2 : Lf  Q then / and fl, Q ^  Q f  ,

then
PA\— a : Q then loop;



- 5. I f
PA\— a :  I f  Q then f  and a ,

then »

PA \—a i  i f  true ( Q * f )  then Q * f  and a ;

6 . I f  b I s  b l ind in PA, then

PA\— b : loo

7. I f  a i s  inacces lb le  in  PA , then

PA |— s t a r t : i f  f a l s e  then a .

The above d e f i n i t i o n  can be t r ea ted  as a set o f  r u l e s ,  by 
means o f  which we can de r i v e  some in s t ru c t io n s  from anothers .  In
f a c t ,  i t  f o l l o w s  from the d e f i n i t i o n  that PA I— r  i f  and only i f
there  e x i s t s  a d e r i v a t io n  o f  r  from PA , i . e .  a sequence

(ro, n > o,

where r  = rn and where each r{- s a t i s f i e s  one o f  the following con­

d i t i o n s :

( 1 ) /"/ i s  in PA or ri can be der ived  by means o f  ru le s  6 or 7 }

( 2 ) there e x i s t s  r j with j  < i  that d e r i v e s  // by means o f  rules
i  or 4 or 5;

(3 )  there  e x i s t s  f j  , ^  w ith  j , k < i  that d e r i v e  /"/ by means 

of  ru les  2 or 3.

P r o p o s i t i o n  4. For every  w e l l - d e f in e d  program PA 
in a closed programming system A , and every  Q ,S  in  QA, f ,  q in 

Fa , f l,  b , c in Ea ;
8 . For every  in tege r  m > 1  , i f  PA \— a :  .if. Q then -f and a, then

? 1 »

PA I— a :  i f  A Of  ~ then f m and a\
k=1

9. For every  in tege r  i ,  i f

PA\ -a  : i f  Q then f  and a ,

PA \ - a : i f  S then q and  ̂b ,

then
2 — C lo s e d  p rog ram m ing  system s

17
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m
PA \ - a : if S i m A Q i k _1 then and Z? ;

^1— O : i t  Q then b , PA \— b : / and C ,

PA\— a : if Q then f  and c :

PA\—a i if Q then / and b , PA I—  b : C ,

PAI— a : Q then / and C;

12. I f

/J) I—  fl : ^f then / and 6, Pa •— <3 : if then f  and b ,

10. I f

then

then

11. I f

then

13. I f

then

14. I f

then

15. I f

then

PA t—  fl : if ^ then f  and b ; 

Pa \—Q : if Q then i  and

PAI— fl: if (/AJ then f  and /?;

//th-fl : if then / and b ,

PA\—a : if 0 then j  and 6;

^ I— a : / and b ,

VA \— a : i_t_ Q then / and b .

L e m m a  6. For any w e l l - d e f in e d  program PA in  a closed pro­
gramming system A, i f  R i s  a canonical  form o f  PA i

P = { s t a r t : i f  Q then f  and s top , 
s t a r t :  i f  then l o o p l .

t
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PA I— s t a r t : i f  Q then f  and s to p ,

PA I— s ta r t  : i_f ~ Q then loop.

P roo f .  I t  s u f f i c e s  to show that each step In reducing a pro­
gram to i t s  equ iva len t ,  as in  Lemmas 1, 2, 3, 4, 5 can be perform­
ed by means o f  d e r i v a t i o n  r u l e s .  Reduction o f  s im i la r  in s t ruc t ions  
can be performed by using ru le  3; e l im ina t ion  o f  b l ind  l a b e l s ,  in ­
acc es ib le  l a b e l s ,  and l ab e ls  can be made by means o f  ru le s  3, 6
and 7; e l im inat ion  o f  r e f l e x i v e  Ins t ruc t ions  can be performed by 
means o f  ru les  2, 4 and 5. I t  i s  on ly to show, that

true ( Ç  *  f  ) )  ^ ( ~  true ( Q  # f  ) ) f .

Indeed, assume ~  true ( Q * f  ) x  = 1 f o r  some X in  XA .That is ,there
i s  no such y in XA that y = ( Q * f ) x ,  hence, by d e f i n i t i o n  o f {?* f ,  
f o r  every  z in XA there  i s  no such y in XA that y = { Q * f ) Z  and 
z = fx  , but i t  means that ( ~  true ( $ # / ) ) /X = 1.

L e m m a  7. I f  PA i s a  w e l l - d e f in e d  program in a closed pro­
gramming system A , and PAI— fl :  if^ Q then l o o p , then f o r  a l l  x 
in  XA such that Qx = 1 , there i s  no such y in  XA that PA : ( a , x )  

= >  ( § t o p , y ) .  (# )
P ro o f .  Let r  denotes the in s t ru c t i o n  d\ i t_ Q then l o o p , and 

l e t  ( r , , . . . ,  rn ) , n >  0, be a d e r i v a t io n  o f  r  from PA .
I f  n = 0, then e i th e r  r  i s  in  PA and by the d e f i n i t i o n  o f  

a program and by P ropos i t ion  2 the asser t ion  ho lds ,  or r  a r i s e s
by ru le  6 or 7 from PA , and then obv ious ly  the a sse r t i on  holds
as w e l l .  Assume the as s e r t i on  i s  true f o r  k <  i l ,  k > 0 ;  we shal l  
prove i t  f o r  n = k .  There are three cases to be cons idered.

( l  ) i f  /> a r i s e s  from r¿ , i  <  k  , by ru le  1, then r¡ i s  of  
the form a : then l o o p , and by induction hypothes is,  Q^x  =
= 1 implies  the conclusion.  But, in the case,  Qx = 1 implies  Q^X =
= 1, hence Qx = i  impl ies  the conclusion,  too ;

(2 )  i f  a r i s e s  from //', Kj , l < k ,  j < k ,  by ru le  2 or ru le  
3, then the conclusion i s  true by Propos i t ion  2;

( 3 ) i f  a r i s e s  from K¿ , L <  k  , by ru le  4, then by P ropos i ­
t i o n  2 ( r )  the asser t ion  i s  true.

Note that r\ can not a r i s e  by ru le  5, since there i s  no in ­
s t ruc t ion  with loop as i t s  i n i t i a l  l a b e l .  Hence, by induction,we 
obtain the des ired  r e s u l t .
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T h e o r e m  2. For any w e l l - d e f in e d  program PA in  a closed 

programming system A , and f o r  a r b i t r a r y  Q in  QA, f  in  FA , the f o l ­
lowing equiva lences  are t rue :

( i )  PA |— s ta r t :  i f  Q then f  and stop i f  and only i f  f o r  a l l

X , g in  XA % Qx = 1 and y  = -fx impl ies  Comp^ ( x , y ) ' ,

( i i ) PA |— s t a r t : i f  Q then loop i f  and only i f  f o r  a l l  x i n ^ ,

QXs i  imp l ies  that there i s  no g in XA such that Comp^ (*,y) .

P r oo f ,  ( i )  ( a )  Assume PA \— s ta r t :  i f  Q then f  and stop and 

Qx -  1, y  -  fx . F i r s t ,  observe that f o r  any in s t ru c t ion  a :  i t _  Q
then f  and b in  PA and f o r  any X , y , in XA such that Qx = i  and 
y = f x  , we have PA : ( a , x )  ( b , y ) .  Next,  on the bas is  o f  P ropos i ­
t i o n  2 , the d e r i v a t i o n  ru l e s  preserve  th is  property ,  namely, i f  
PA I— a :  i f  Q then f  and b , then f o r  a l l  X, y in  XA such that Qx= 

= 1 , y = f x ,  PA : ( a, x) => ( b, y ) . Hence, by the d e f i n i t i o n  of  Comp ,̂ 
we obtain  Compp  ̂ ( x , y ) .

(b )  Assume that Qx = i  and y  = f x  implies  Com p^ (X ,y ) .  By Co­

r o l l a r y  1 there  e x i s t s  a cond i t ion  QpA and an opera tor fpA such 

that Como^ ( .X,y)  imp l ies  QpA *  = 1, fj = tPax  * Then» Q ^ =

= fpA ) .  By Lemma 6 we have

P4 I—  s t a r t :  i f  Qp then fpA and stop
A A

Thus, by ru le  i ,  we obta in  PA |— s t a r t : i f  Q then f  and s t o p , what 
toge ther  with  (a )  g i v e s  the f i r s t  part o f  Theorem 2.

( i i )  ( a )  Assume PA |— s ta r t :  i f  Q then l o o p. By Lemma 7 we obtain 
d i r e c t l y  that f o r  a l l  X in  XA such that Qx = 1 , there  i s  noy  in  XA 
such that C o m p ^ (x , y ) .

(b )  Assume Qx = 1 im p l ies  that there i s  no y in  ^  such that 
C o m p ^ (x . y ) .  By C o ro l la ry  1 there  e x i s t s  QpA in  QA with ( ~ Q p A ) x  =

= i  i f  there  i s  no y in  XA such that Comp^ ( X , y ) .  Thus Q=>( QpJ‘

By Lemma 6 we have

PA |— s ta r t :  i f  ~  Qp  ̂ then l o o p ,

20



and by ru le  1 we obta in  PA \— s t a r t : i f  Q then lo o p , what , toge ther  
with ( a ) ,  completes the proof  o f  Theorem 2.

This  Theorem i s  a kind of  "completeness theorem" f o r  our d e r i ­

v a t ion  system.
C oro l la ry  4. Le t  = s t a r t : i f  If then / and s t o p , l e t  r 2 =

= s t a r t : i f  then l o o p , and l e t  R = - jVj , r2|. Then, f o r  any 
w e l l - d e f in e d  program PAt PAI— and PA I— r 2 implies/*,  i s  equiva­
l en t  to  R  .

Proo f .  Since PA I— then Qx = 1 and y = fx  imp l ies  Comp p ^ ( x , y ) ,  

what proves

Comp^( x , y )  im p l ies  C o m p ^ (x , y ) .

I f  Comp^(x,i/) does not hold,  then, by Theorem 2, since 
P/\i— r  the e qu a l i t y  = 1 im p l ies  that there i s  no y inX^
such that C om p^ (x f y ) .  Hence the proo f  i s  completed.

This  Co ro l la ry  toge ther  with  Theorem 2 shows how to construct
the canonical  form o f  a g iven program by means o f  the d e r i v a t i o n
ru le s .

Example. Le t us consider an A l g o l  60 program P :

s ta r t  : / := 1; •

b : S ’■= rn := a [ i ] ;

c : i f  / a n  then go to s top ; 

d : / := / + l ; 
e : s : = 5 + a [/] } 
f  : i f  rn >a-\- [£] then go to c ;

q : m := a [/] ; 

h : go t o e ;

We extend the A lgol  language a l low ing  simultaneous assignments (as 
e . g .  X , y  := x + y , -  y ) . We sha l l  assume the in t e r p r e t a t i o n
o f  assignments and condit ions  to be known. At f i r s t ,  we t rans la te  
the program into  a program in our programming system: 

t . s t a r t : i := i  and b

2. b l  S , m := [/], a [ i ]  and c
3. c :  i f  i = n then stop
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4. a  i f_  i £ n then d

5. d i  L :■ / + 1 and e
6. e : s := s + a [/] and f
7. f i  i f  m >  a 171 then c
8. / : if_ /77 < i f  [/] then g

9. ÿ : /7z := <7 [7] and A

10. A s c

Now we use the d e r i v a t i o n  ru le s  1-7 together  with th e i r  con­
sequences 8-15 g iv en  in  P ropos i t ion  4. The signs |— w i l l  be omit t ­
ed in  the d e r i v a t i o n .  On the r ight-hand side of  every  der ived  in ­
s t ruc t ion  we sha l l ' -w r i te  numbers o f  used l in es  and, a f t e r  R l e t ­
t e r ,  the number o f  used r u l e .

11. f  i \t_ m < a [_l"\ then m  : = a  [/] and h 8, 9, RIO

12. / : i £  m  <a [/]  then m. := a [/] and c 11, 10, R l l

13 . f  ; i f  m ^ a  [/] then m : = m and c 7, Ri

note here that (/n:=/n) =  empty; %

14. f  : m  : = max (m, a [/] ) and c i  2, 13, R3
note that (x>y\x\ y ) =  max(x,y);

15. C i  i f  i  < ri then d  4, Rl 4

16. C i  i  > n then d  4, Rl 4
because I  ji i  < n or ¿ > n

17. d  : /, s s = / + 1 • S + CL [/ + 1] and f  5, 6, R2
note the e f f e c t  o f  the composit ion o f  assignments;

18. d  : /, 5 , m  o / + i , s + a [  / + i ] ,  max (/7?, o [/ + i ]  )
and c 17, 14, R2

19. c  : I f  l < n  then /, 5 , /n : = t  + 1, 5 + ¿7 [/ + i ]  ,max(/x,ajj'+

+ l ] )  and c 15, 18, R2
n-l n-i

20. g : ^ f  /\ ( / + J  -  1 < n )  then /, S , m t *  n ,s + £  a [/  + j ] ,
n- i  J - '  J -1

max(/n, max a [/ + j~\ ) and C 19, R8
j - 1

because i t  can be proved by induct ion  that i f  
f  = ( /, s t mi= I  + 1 , s + a [/ + 1] , maxim,a [/ + i ]  ) ) ,

then
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k k
/*=> (/, S, m:= I + k , 5 + £  a [/ + j\ , nax(/n, max a[i + / ] ) )y. 1 J ’ 1

and
* *

A  ( /< ) ( / : =/  + 1 )J~1 “ A  ( i  + J -  1 <■ n ) i
y-l y-1

rt-l
21. C: / < «  then ¿, s,mi= n, s + X) a [/ + y], max(/7i,

y-1

max, a\l + y ]  ) and C 20, R1
-/= 1 n-i

because i  < n o  / \ (  i  + i  -  1< n );
y-1

n
22. c : i t  i  < n then /, s , m :=  n ,  s + £  o [_/],

max(/n, max a [ y ]  ) and c 21, R1
y-/+1

n
23. c:  I f  (</ jA/ i  •= /J then /, J , /w:= 5 + JC a [ y ]  .

7"+1
max(/B, ^max^c[y'|) and stop 22, 3, R2

n
24. c i  I f  i< -n  then i , s , m := /z, s + J~! a T/I ,

J-/+1

max(/J7, max fl[/| ) and stop 23, R1

25. c t i t  ¿ a n  then /, j ,  m := n , S + X] aT/l •
y-/*i

max(/n, max O I" /'] ) and stop 3, R1
y-/+i L J J - - - - - - - - - - -

Because / = n Implies  (/ ,  S , m  j= n , 5 + ^  f fL/]*
y-/+1

max(/n, max , of,/]) ) ■ ( / ,  5 , /ra:= / , 5,/rc)=empty; 
j-t+1

n
26. c t i t  i  <, n then i , s , m :=  n , s + 2  o. [ / ]  ,

j-/*1

max(/7?, max a\j~\) and stop 24, 25, R12
j-t+1

27. c : i t  i  > n  then /, 5, /7l ;=/ + l ,  5 + a [/+ l ]  , max(/K,

ff(7 + l] ) and c 14$ 18. R ?
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28. . C i  1X  i  > n then loop 27, R4
because /> n Implies i+ t > n ;

29. start; / , S , m  : = 1, a [1] , a [i] and c 1, 2, R2

30
n

. start: if 1 < n then /, s, m := n, oy\,
y-i

max <3P/I and stop 29, 26, R2

31. s t a r t : it_ 1 > n then loop 29, 28, R2

Hence, by C o ro l la ry  4, we have proved that P i s  equ iva lent  to  the
f o l l o w in g  program:

{ start: if 1 < n then /, J, mi = n ,  ¿2 ¿7[y], max a [ j ]
j =1 j - 1

and s t o p ,

s t a r t :  i f  1 >  n then loop j..

Of course,  the presented proof  seems to contain too many de­
t a i l s ;  however, l i k e  in  common mathematical p rac t ic e ,we  omit usual­
l y  some steps  in  a d e r i v a t i o n .
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E R R A T A

Page Line For Read

7 29 taht that
17 6 P A —b: loo P A t-6 : loop

21 24 /: i f  m >  a; [i] /: if m >  a [ i ]

23 3
k
A (i <  ) 

/'-I

k
A  ( i  < n) 
; - l

23 5
n-i

max,
/-I

n-i
max
/'-l

23 10 max alii 
;- i+ l

mSx; = i+ l

23 15 ecause because

23 16
n

max,
/-i+1

n
max
/“ ¿«fl
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