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Abstract . Streszczenie

The paper deals with the usual fixed point property 
and the following Kakutani property of a space X: for every 
upper semicontinuous function #> from X to nonempty closed 
convex subsets of X, there exists xQ such that xoef,(xQ). 
We derive this property of X from various separation proper
ties of convex subsets of X and a kind of local convexity 
of X.

Convexity in our setup is given in an abstract axiomatic 
way. Special emphasis is given to the case where X has the 
form of a product. The obtained results cover several known 
fixed point theorems: Ky Fan-Glicksberg, Wallace and special 
cases of Eilenberg-Montgomery. We also discuss an open problem 
concerning the fixed point property of finite posets and its 
role in proving more; advanced theorems.

Własność Kakutaniego i własność punktu stałego 
przestrzeni topologicznych z uogólnioną wypukłością

W pracy bada się zwykłą własność punktu stałego i nastę
pującą własność Kakutaniego przestrzeni X: dla każdej górnie 
połciągłej funkcji # z X w niepuste domknięte wypukłe 
podzbiory X istnieje xQ takie, że xo e#(xo). Tę własność 
przestrzeni X wyprowadza się z różnych własności oddzielania 
wypukłych podzbiorów X oraz pewnego rodzaju lokalnej wypu
kłości X.
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Wypukłość w naszyci ujęciu jest zadana w sposób aksjoma- 
tyczny. Szczególnie dokładnie zbadano przypadek kiedy X ma 
postać produktu. Otrzymane wyniki pokrywają znane twierdze
nia o punkcie stałym:'Ky Fana-Glicksberga, Wallace'a i szcze
gólne przypadki Eilenberga-Montgomery'ego. Dyskutrje się rów
nież otwarty problem tyczący się własności punktu stałego 
skończonych zbiorów częściowo uporządkowanych i jej roli w 
dowodzeniu bardziej złożonych twierdzeń.



7-he Kakutani property and the fixed point property of 
topological spaces with abstract convexity

In [1988] Keimel and Wieczorek presented results deriving 
the Kakutani property of a space X, equipped with abstract 
convexity, from the same property assumed to hold only for 
the polytopes in X. In the present paper we deal, in the 
same framework, with theorems which establish the Kakutani pro
perty, as well as the usual fixed point property of X in a 
more direct manner deriving it just from separation properties 
of convex sets in X and a kind of local convexity of X. It 
is interesting to notice that the usual definition of the fixed 
point property does not involve any "convex" sets but, never
theless, the techniques using abstract convexities prove very 
powerful.

In E'945 3 Leray proved a fixed point theorem which has 
been extended by Wu Wen-tsfln [19613 to the case of relations; 
it says that, given a compact space X, convexoidal in the 
sense of Leray [1945], every upper semi-continuous relation 
§ CX xx with nonzero index A(f) and such that all sections 
$(x) ;= {x'|(x,x' ) 6 $} have the same Cech-Alexander cohomologies
as the point, must have a fixed element xQgf (xo) . A part of 
the present paper can be regarded as an elementary (nonalgebraic) 
refinement and continuation of this subject; another part can 
be seen as an analysis of special cases of convexoidality.

In [1973] Muenzenberger and Smithson have considered 
abstract "fixed point structures", an earlier formalization of 
the Kakutani property. The results obtained in that paper are.
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however, far distant from those to be presented here (though 
they have a considerable common part). A Remark on p. 167 in 
Muenzenberger and Smithson's paper [1973] formulates, as an 
open problem, the question whether the Kakutani Fixed Point 
Theorem could be obtained in an abstract framework. The results 
in the present paper as well as those obtained by Keimel and 
Wieczorek C1903J can be regarded as an answer to this question.

In Section I we give necessary definitions and formulate 
the basic result, Theorem (3). Section II contains its proof 
which is based on refinements and extensions of a theorem of 
Van de Vel [1982] (Theorem 4./1). In Section III we consider 
extensions of Theorem (3) to spaces which have the form of a 
product (generally, it is known that a product of two spaces 
with fixed point property may lack this property, see e.g.
Bing [1969]). We deal here with "box" convexities which are 
extremely important in applications to game theory. The nain 
result in this section is Theorem (12) which determines a large 
class of spaces with Kakutani and fixed point properties. In 
Sectipn IV we describe special cases of the obtained results 

which include the fixed point theorems of Ky Fan-Glicksberg, 
Wallace and special cases of Eilenberg-Montgomerv. Finally, in 
Section V we discuss the relevance of an auxiliary result, 
Theorem (5), which is a sort of fixed point theorem in a finite 
partially ordered set.

The author, is grateful to Dr. A. Idzik and Dr. R. Marika . 
for their comments and suggestions, especially those concern
ing the literature of the subject.



I. Definitions and basic results

A convexity on a topological space X is a family X  of 
closed subsets of X which contains X as an element and 
which is closed under arbitrary intersections. Clements of X 
are called closed convex sets (there might be subsets of X 
not in 3C also interpreted as convex sets).

A convexity "X is normal if for every Ke X  and every 
closed set F disjoint from K there exists K'e X also dis
joint from F, such that Kclnt K'. lf_ X i£ a T 1 -space 
(i.e. all singletons are closed) then normality of X implies 
its regularity in the sense of Keimel and Wieczorek [1988].

We say that a convexity TC is local or that X is 
locally convex (w.r.t. 3C) if %  is a topological base for X 
(i.e. for every xfrX and every open set G3 x  there exists 
K € X such that x e Int KcKCG). Obviously, all singletons
in X belong to X then normality of X implies that X

is local.
We say that a family of sets T screens a family of sets 

whenever, for every A s  T and G,G'e£ such that AnGnG'= 
there exist F,F'e T such that Ar»GcF\F', A n G ’£F'\F and 
FuF' = A; a family of sets £ penetrates a family of sets T 
whenever, for every F,F'e ?  such that F u F ' S f  and every G e£, 
the conditions GnF f 0 and GnF' t 0 imply Gr> Frt F ' i 0.

The Remark (1) below follows e.g. from Corollary 6.1.18 
in Engelking's monograph [19773; Remark (2) is obvious.

1. Remark. Let 7 be a family of closed subsets of a topological
space X. If the intersection of every element of a family of
sets £ with every element of f  Is a connected set then 
penetrates S’ .
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2. Remark. If a family of sets 7 screens (resp. is penetrated 
by) a family of sets J then it also screans (resp. is pene
trated by) every subfamily of

If ♦ is a relation in a set X, i.e. ♦ £ X xX, then
* . we denote, for x«X, $(x):* {y|(x,y)e<£}.
Recall that, given a topological space X, a relation

♦ C X * X  is upper semicontinuous (abbreviated u.s.c.) if its
all sections #(x) are closed and the following condition holds:

for all x0eX* and every neighborhood 0 of $(xQ) there
is a neighborhood V of xQ such that # (x)C U for all
x e v .

Ke say that a topological space X has the Kakutani
property w.r.t. a family of sets 3fC 2X whenever, for every
u.s.c. relation ♦ in X with nonempty sections #(x)e TC
there exists xQ such that xQ e #(x0).

As usual, a topological space X is said to have the
fixed point property whenever, for every continuous function
g: X— »X there exists x„ such that x_ * g(x_). Obviously,o o o
if all singletons in X belong to OC then the Kakutani pro
perty of X implies its fixed point property.

The basic result in this paper is the following theorem:

3. Theorem. Let X  be a convexity on a nonempty compact 
space X. Assume that there exists a family ^ of subsets 
of X such that: ol. j is finitely multiplicative; (1.
screens £ ; r. £ penetrates X ; and J1. £ is a topo
logical base for X.

t
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a. If X is locally convex then it has the fixed point pro
perty.

b. If X is normal then X has the Kakutani property.

Notice that Theorem (3.a) which is just a statement about 
a topological space, can be rephrased so as to reduce the role 
of the convexity. Then it sounds as follows:

3". Theorem. A nonempty compact space X has the fixed point 
property whenever it admits a local convexity X and there 
is a family J s 2X satisfying the conditions (3.o<- <f) .

Theorem (3) can be split into many specialized cases ac
cording to the choice of the family £.

For instance, ^ may be a family of open sets interpreted 
as convex; in this case the "separation" condition (3./j) has 
a clear intuitive meaning; (3.j*) would be satisfied, for in
stance, under two natural general requirements: "an intersec
tion of two convex sets is convex" and "all convex sets are 
connected*.

Another special case obtains for ^ = X. In thiB case con
ditions (3.rf) and (3.4) (in case (3.b) X  must contain all, 
singletons) become redundant; (3.?) can be derived, for instance, 
from the hypothesis: "all closed convex sets are connected", 
condition (3.p) assumes the form "for every disjoint closed 
convex sets F,F' there exist closed convex sets H,H' such 
that FCH\H', F'CH'\H and HuH' = X".
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II. P£00f_0£sĝ ^ ° £ ^ ;:sJ22

We shall first recall several standard definitions and 
introduce some others:

A simplex is a nonempty finite set; faces of a simplex 
are its nonempty subsets. A simpllcial complex (or just complex) 
is a finite collection C of simplexes such that every face
of every element of C also belongs to t . A simplicial 
complex is recursively contractible if it consists of a simplex
and its all faces or, recursively, it is a union of two recur-

*

sively contractible complexes whose intersection is also a 
recursively contractible complex.

The nerve of a finite family of sets (A^|i€i) is the 
simplicial complex consisting of all J CI such that 
n  (Ajiej) * 0.

F. any indexed family of sets ot = (A^|i€l) and any 
set F we shall write « |F to denote the indexed family
(Ain F|ie i) .

%

The theorem below is a refinement of van de Vel's Theorem 
(4.1) in fl 982 J.

4. Theorem. Let T  and £ be finitely multiplicative families
• .  -of sets and assume that f screens ^ while p penetrates J .

If a finite indexed family oi of elements of ^ covers a
nonempty set Fe f  then the nerve of the family oi|F is a 
recursively contractible complex.

Proof: Write oc :* (Ajiel). The proof is inductive w.r.t.
cardinality of I, denoted by n*. The theorem is trivial for



= 1. Suppose that .for some p > 1 the theorem is true for
all F e y ,  F i 0 and all oi with n* < p. Now let n ̂  = p. '

The theorem is trivial if all meet. In the opposite 
case, let t— p be the smallest integer n such that for
every set J c l  with less than n elements, {Ai| iej}n F f 0.
but there is a set J'C 1  with n elements such that 
fl{A^|iej'}nF = f6. We shall continue the proof inductively 
w.r.t. t^ F< If t^ F = 1 then there is k such that
A^r» F = 0. Write ot' := (Â l i€l and i + k) . The nerves of
<rt|F and oi'IF obviously coincide. Since n̂ , = p-1, we obtain
from the inductive hypothesis that <*'|F, and consequently
also oi|F, have recursively contractible nerves. Suppose that 
for some q > 1 the theorem is true whenever t . _ < q andoCp r
now assume that tc< p = q. Choose any j eJ' and write
G := {A^lieJ~ and i f j}. Since T  screens £ , there
exist H,H'e T  such that GrtF A ^ n F t H M i  and
HuH' = F. Notice that t „ = t „ =1; therefore, by the

oi/Q oL r nn ri

inductive hypothesis, «t|H as well as «|HnH' have recursively 
contractible nerves.

By the construction, D i A ^ i e j '  and i j j} n H' » cnH'=(6 
which means that t^ H, < q and therefore, by the inductive 
hypothesis, also oi|H' has a recursively contractible nerve.

Now it suffices to prove that the nerve of oi/Hr\H* is 
equal to the intersection of the nerves of or|H and <x/H". 
Clearly, the nerve of ot|HnH' is included in the nerves of 

IH and « |H". N o w  take any simplex SCI which is in both 
nerves: of <x|H and of *|H'. Write K:« 0{Ail i e S}. We have
K n B  (i / and KnH' f fi. Since KE ^ , it follows from
the definition of penetrating that K o H o H '  i- $ which means 
that S belongs to the nerve of oc|HnH'.
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The next result,•Theorem (5), deals with fixed points of 
relations in simplicial complexes. The Theorem will be derived 
from a special case of the Eilenberg-Montgomery Fixed Point 
Theorem. Unfortunately,at this point we are forced to derive an 
easily formulated theorem from a nonelementary one.

5. Theorem. Let C be a recursively contractible complex 
and let f j txC .If
a. for every 6 eC , f(6) is a recursively contractible com

plex; and
b. for every 6 e t and its face x , f(tr) 2  V(tr)t 
then there exists eQ which belongs to ¥ (e>Q) .

As usual, the geometric realization of a simplicial complex 
C is the set of all functions f ; U C — such that the 
support of f belongs to C and X a e f(a) = 1< the
geometric realization of C is considered as a topological 
space with topology of point-wise convergence; we denote it
by |C| . A polyhedron is a space homeomorphic to the geometric
realization of a complex.

A union of two contractible (in the topological sense) 
polyhedra with contractible intersection is also contractible 
(see e.g. Borsuk [1966], p. 90). Therefore we have:

6. Remark. The geometric realization of a recursively contra
ctible complex is a contractible topological space.

Let C be a simplicial complex and let fcCxC be such 
that <f(«) is a simplicial complex for every eeC; we define



IflClCJxICI letting, for f elCI , |Y|(f) be the set of
all elements of |CI whose support belongs to <f(support f).

Notice the following:

7. Remark. Let C be a simplicial complex and let ¥ £ C x C . . 
If, for every 6eC, <p (ff) is a simplicial complex and, for 
every face t of 6 , <P('C) 2  ¥(6), then |?| is upper semi- 
continuous.

Proof of Theorem (5): A special case of the Theorem of Eilenberg 
and Montgomery [1946J states that if W is a contractible poly
hedron, V £ W * W  is upper semicontinuous and, for every weW, 
Y(w) is also a contractible polyhedron then there exists wQ 
such that woeV(wQ) . Remarks (6) and (7) allow to apply this 
theorem? thus there exists fQ e  IC| which belongs to If MfQ) . 
For the support of fQ, call it 6̂ , we clearly have

®o6 V<«o)-
If aC is an (indexed) family of sets and B is a set 

then denotes the star of B in oc, i.e. the union of
all elements of oC which intersect B.

If VC is a fixed convexity on a topological space X 
then, for any set A^X, hull A denotes the set D{K«if|K2A}.

8. Lemma. Let VC be a convexity on a nonempty compact space X. 
Assume that for every entourage (i.e. neighborhood of the 
diagonal) ECXxX there exists a finite indexed family
fE = (G^|isiE) covering X whose elements satisfy G ^XG^CE 
and such that for every nonempty closed convex set FSX, the 
nerve of the family /■ |F is recursively contractible.
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a. If X is locally convex then it has the fixed point pro
perty .

b. If “X  is normal then X has the Kakutani property.

Proof: We shall be actually proving (b); the proof of (a) 
requires only minor modifications which will be described 
in the course of the proof.

In what follows, given a relation V £ XxX and a set ACX, 
Y CAJ denotes U{V(x)| x£A) while Y n denotes the n-fold 
composition of V with itself. <

bet c X xx be an u.s.c. relation with nonempty convex 
sections 4> (x) (in the case (a), 4> would be a graph of a
continuous function g: X— »X) . For every entourage ECX*X 
define a relation ♦j.cXxX by

$r(x):=St„ hull*CSty n{G?|xeG?}], for xex.
* E E
We shall first prove that there exists xE which is in 
. Let n„ denote the nerve of the indexed family 7L.

For every e € n E, let fff be the union of all simplexes in 
nE which include 8 and let He denote the nerve of the 
indexed family j^lhull #[U{G^|i€ fff}J. Notice that, by con
struction and the hypothesis, the relation

*E >iHe|<renE } £ nE x n E
«

satisfies the assumptions of Theorem (5) and therefore there 
exists  ̂ such that  ̂€<fE (£). Define a relation ^ c Xxnj; 
letting, for xeX, >̂(x) :• {i)x€G^}. Notice that'
§E = ? * fE 0 f ~ 1 and <fE » 1 o f E - ^ . Thus, for every.
(x,lj)€ f , x €$e (x) is equivalent to ^Gfg(^). In particular,
the existence of a fixed point for <fE implies the existence

of a fixed po. " for * E, we name it . xn.E
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Let x° be a cluster point of the net (Xjj,|E is an entou
rage in X). We shall now prove that x° is a fixed point for
$ . In order to achieve it, it suffices to prove that for every 
neighborhood U of $(x°) there exists a neighborhood Gq of 
x° and an entourage Eq such that for every x e G  and every 
E C E q, $E (x)cU. In fact, if x° were not in $ (x°) then
obviously it would not be a cluster point of the net (x„) whose£j
elements eventually fall into U which may be disjoint from x°.

Choose U 2 # (xQ) and let F be a closed convex neigh
borhood of $ (xQ) included in U. Its existence follows, in 
the case (a) from local convexity of X and, in the case (b),
from normality of %  . Since $ is upper semicontinuous, there 
exists a neighborhood G 1 of x° such that for all x€G1#
$(x) £ F. Let E1 be an entourage in X such that E-jCFJ S U
and let E2 be an entourage in X such that (x°)£ G1.
Write G^ := Ej(x°) and let EQ :« E^ n Ej. We shall finally
check that GQ and . EQ are as required. For every x€G°
and EC E q we have

Str 0  ( G ^ | x 6 G ^ } £ E 2 ( x )  S  E j ( x )  C  e ]  l x ° )  S  G.j j 
E \

thus

# Csty. n {G?|xeG®}] e f .
E 1 1

Since F is closed convex, also

hull * [St^ 0 {G?|xe G® }] C F 
rE x 1

and finally

St^ hull #[Sty D{G^/xeG^}J c EfFJCE^FJ S U.
E E
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Theorem (3) is an immediate consequence of Theorem (4) 
and Lemma (8); one only has to notice that, if ^ is a
topological base for a compact space X then for every
entourage E £  JUX there exists a finite cover of X com
posed of the sets G e  C such that G*GsE.

>
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III. Results concerning products

In this section we shall apply Theorem (3) to convexities 
of special kind: given an indexed family of topological spaces 

i«I) and an indexed family of convexities (Ô l i€l), with . 
being a convexity on the box convexity on the product

space n(Xil i«I) is the convexity consisting of all the 
products n(Ci l i«I> such that ^  for every ici.

The box convexity is obtained as a result of an automatic 
operation of taking products and it is essentially coarser 
than the "usual" convexity in products, the simplest example 
being R . However, the box convexity occurs extremely impor
tant when dealing with applications in game theory: spaces 
X^ are then interpreted as strategy sets of particular players 
each of whom determines his choice according to his preferences 
and subject to some constraints; under some assumptions^ player's 
i replies which are in some sense "good" constitute a set which 
belongs to a convexity 3^. The players act independently, 
therefore their joint "good replies" form a box in the product 
space iKX.I iei) . A routine reasoning 'connects equilibria 
in the game with fixed points of a "good reply" correspondence 
and this is why the fixed point theorems concerning box con
vexities are so important. This is not a right place to present 
any further details but an interested reader can see relevant 
applications of the results in this section to games with 
constraints in a paper of Wieczorek C1988J.

\



9. Lemma. Let (T̂ \ iei) and (^|iei) be indexed families 
of collections of sets. Let

T «“ {H(Fi| i€D| Fi eri for all iei)

and

£ := {n(Gi|i€I)|Gie  ̂  for all i€i}.

a. If, for every i«I, screens ^  and, for every G^,
G T e ^ ,  there exists such that F ^ G ^ u GT (for
instance, this is the case whenever then ¥
screens Cj .

b. If, for every i€I, ^  penetrates then ^ penetrates ¥.

Proof: (a). Suppose that A = fl(Ai | iei) e JT, G = n ( G i | i e i )  e <j
and G' = fl(G'|i€I)t^ are such that A n G n G '  - p. Then

Ai n Gi n GT = fi for some i0eI* Let Fi ' Fi e be aso o o o o o
in the definition of screening. Then the sets

F := fl(Fil iei) and F' := n(F^| i€l)
with F^ = F' chosen, for all i f i0, so as to include
G ^  GT satisfy the conditions

AnGCF\F'f AnG'C F' \ F and Fu F' = A.
(b). Let F = n(Fi|iei) and F' = n(F£U«I> be
such that also F u F ' e  T ; then there is such that
Fi u F' e while Fi = F' for all i t iQ . Take any
o o o

G = rKG^iei) e (j with Gn F ̂  and G o F ’ t fi . Clearly,
Gj n F. t fi and G. n FT f fi and therefore also

o o o o
Gi n Fi ° F1   ̂ ^ ‘ For 1 ** ^o we have G^A F^ =O O O •
Gi n Fi ** ^ ' hence G r\ Fn F'  ̂ fi .

-  18 -
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10. Theorem. For i*I» let ^  be a convexity on a topological 
space X^, and let X := fl(X̂ | iex) .
a. If, for every i®I, is local then so is the box conve

xity on X.
b. If, for every i«I, X^ is compact while is normal

then the box convexity on X is also normal.

Proof: (a). Let xeX and let G t X  be an open set containing
x . There exists a finite set of indexes {ij,...,! } and
open sets G. S X. ,...,G. £ X. such that the set

X1 1 1 n n
G':= n(G£|i€i), defined by

G' := G. for k = 1,...,n,
xk 1k

G' := xi / if there is no k « 1,...,n with ij. = i,
satisfies the condition x€C£G.

For k = 1,...,n, let G- b e  such that xi e Int D^.

The set C := HtC.Jiei) defined by

C^ := if there is k = 1 ,...,n such that i = î ,
:= Xi if tJiere is no such k,

clearly satisfies the condition x feint CSC SG.
(b) . Take any get C = I"1 (C.J i«I) with for ' isI
and let Fc X  be any closed set disjoint from C. The set 
X \ F  is, by the definition of product topology, a union of a 
family y of sets of the form rHG^iei) with Ĝ  ̂ « Xi for 
all but finitely many i^i and G^ being an open subset of 
Xi for all iei. Since C is compact, there exists a finite 
subfamily of say {n(G^|i€I)| j=1,...,k}, covering C.

\
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For i*I, let denote the family of all subsets T
of the set {1,...,k} such that U{G?| jeT} 2 C^. For ieT, let 
G' denote 0{U{G?| jeT} I T e «J. The set G': = n(G'|iei) 
is open, C C  G', G'r>F * 0 and, by construction, G^ = X.̂ 
for all but finitely many i€i.

For i€I, define := X^ ifff GT = X^, otherwise let
Di be any element of 3^ such that C^cint D.SD.CG^; it 
exists by normality of 3^. The set D := n(DJ iel) clearly 
belongs to the box convexity on X and it satisfies Ccint^ D S D  
and DO F “ 0.

The next lemma has a purely topological character. Its
i

proof is standard and therefore omitted.

• %
11. Lemma. For i*I, let ^  be a family of sets in a topolo
gical space X^ and let J denote the family of all products
n<G.|i€i)cX:= rKx^iei) such that G± = X± for all but fini
tely many ici and Gi e  ̂  whenever Gi t Xi# If
a. all X^ but finitely many are compact; and
b. for every iei and every entourage E^fiX^*X^ there exists a 
finite cover of X± composed of sets G i 6  ̂  satisfying 
G ^ X G ^ C E ^  then, for every entourage ECXXX, there exists
a finite cover of X composed of sets G e £ satisfying 
G x G CE.

We are now in a position to formulate and prove the main 
result in this section:



12. Theorem. For isl, let X  ̂be a convexity on a nonempty 
compact space X^. Assume that, for every iel, there exists 
a family of subsets of X^ such that: of. Ĉ  is finitely
multiplicative; p. GT screens t. ^  penetrates
and S. Cf̂ is a topological base for X.̂ .
a. If, for every i«I, x.̂  is locally convex then rMX^Jiei) 
has the fixed point property.
b. If, for every iel, is normal then n (X^liel) has
the Kakutani property w.r.t. the box convexity.

Proofs Define £ to be the family of all productslKG^i«I)
such that there exists a finite set of indexes I ci sucho
that ^  for ieiQ and G^ « X^ for i ji IQ. By Lemma
(9) and Remark (1), £ satisfies conditions (3. p - f); con
ditions (3.o<) and 13.t) are obviously satisfied. Theorem (10) 
implies that CI(X̂ | i«I) and its box convexity satisfy, in the 
respective cases (a) and (b), the hypotheses of conditions 
(3.a) and (3.b). Hence, the theorem follows from Theorem (10).

In the case of the usual fixed point property, the re
sults presented in this setotion only apparently involve the 
box convexity. Theorem (12.a) actually determines a large 
class of topological spaces with fixed point property. Its 
rephrasement, analogous to and generalizing Theorem (3*), 
would look like this :

12'. Theorem. A nonempty compact space X has the fixed point 
property whenever it admits a factorization X = iKX^Iiei)
such that each X. admits a locai convexity and there is a

xifamily of sçts Ç 2 satisfying the conditions (1 2 .* - £).
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Actually, when proving Theorem (12), we could only deal 
with the case of finite I and then extend the result to arbit
rary I by means of Theorem (13). However, we preferred to 
present a proof the way it has been given, since the auxiliary 
results, Lemma (9) and Theorem (10), are interesting on their 
own and in the given proof of Theorem (12) it is clearly seen 
how the auxiliary family of sets £ has been selected.

On the other hand. Theorem (13) is interesting and impor
tant on its own behalf; actually, it generalizes a known theorem 
concerning the usual fixed point property (Dyer [1956]; see 
Dugundji and Granas [19823, p. 71).

13. Theorem. .For i^I, let be a family of sets in a com
pact space X^. If, for every finite set of indexes I0 £I, 
the space fl (X^ i6IQ) has the Kakutani property w.r.t. the
family of all boxes {f! (Kil i€IQ)| K± e Xi for all then
the space X :« ri(X^|i€i) has the Kakutani property w.r.t. 
the family of all boxes { 11 (K̂ | ici)| K^ €* for all iei}.

Proof: Let <f S X<X be upper semicontinuous and such that,
for every x*X, <$(x) is a nonempty box in X, i.e.
#>(x) ■ (1 («¥• j (x)| i€i) . Choose any x*ex. For any finite set

I- I
I0 SI write X ü := n(X.|iei). For ^ e X °  define o' (£)

o
to be an x€X such that x^ = ^  for all and

* ,x̂  ̂ = for all
I I_Define ¥ £ X ° x X °  letting, for t € X ,

o ^
V j  (t)  := r u ^ u  (fc))|ifcl )»

o o
I I I I

by assumption there exists £.. 6 X such that £, eYj- (¿,°).
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Now It suffices to check that any cluster point of the 
I

net («£ (£ )lIQ gl) is a fixed point of # ; this is routine, 
o

IV. Special cases

He shall now list several special cases fit to the 
framework of Theorem (3), by which we mean that they comprise 
spaces with very natural convexities which, under additional 
assumptions, may fulfil the assumptions of Theorem (3).

Needless to say, any product of these spaces fits to 
the framework of Theorem (12).

Actually, the Case (A) dealing with the "usual" convexity 
in topological vector spaces occurs to be a special case of the 
convexity considered in (C) but, for its importance and differ
ences in handling, we treat it separately. In turn, the case (B) 
has a different character; only its compact metric case is a 
special case of (C); only singletons and intervals are common 
for Special Cases (A) and (B).

A. Let X be a convex set in a topolog-ical vector space E; 
the usual convexity %  on X consists of all closed convex (in 
the usual sense) subsets of X. By well-known separation results 
(see e.g. Dunford and Schwartz [1958D, Section V.5; also 
Remark (1) in this paper), if X is nonempty compact while E 
is Hausdorff and locally convex then X , together with the 
family 0( = , satisfy all assumptions of Theorem (3) (the
same holds true if £ is taken to be the family of all open 
convex, in the usual sense, subsets of X). Thus we obtain as 
a special case the Ky Fan [1952] - Gllckshe’-cr [19C?7 Fixed
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Point Theorem which states that every nonempty convex compact 
set in a Hausdorff locally convex topological vector space has 
the Kakutani property w.r.t. the usual convexity.

B. Let X be a locally connected tree-like space, i.e. a con
nected Hausdorff space in which every two distinct points x 
and x' can be separated by some y (in the sense that x and 
x' belong to different connected components of X\{y}) and let 
^ be the family of all closed connected subsets of X. Since 
the intersection of any family of connected sets in X is con-» 
nected (see e.g. van de Vel [1963], p. 24), we find that X is 
a convexity.

If X is a tree, i.e. a compact locally connected tree
like space then its convexity is normal (this follows from an 
easy compactness argument and Jamison's [1974], pp. 55-57,

Iobse ition that for every compact connected set C in a tree 
and every x^ C  there exists a compact connected neighborhood 
of C also disjoint from x) . Let £ be either "3C or the

i
family of all open connected subsets of X . In both cases, 
normality of implies the condition (3.tf) (the interior of 
a connected set in X is also connected) while O./’) follows 
from the Remark (1). In order to prove (3./j), take any disjoint 
nonempty sets G,G' e  ̂  and any x€G, x'eG'. Let y e hull {. x,x'} 
be any point not in Gu G' (we skip here the details of the 
reasoning). It suffices to define now F as the closure of 
the connected component of X \{y} including G and F" as the 
closure of the connected component of X\{y} including G'; 
this fulfils the requirements of the definition of screening.
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Thus we have proved that every nonempty tree satisfies 
the assumptions of Theorem (3) and therefore it has the 
Kakutani property. This generalizes the Wallace [1941J Fixed 
Point Theorem (cf. also Keimel and Wieczorek [1988J, p. 102).

C. Suppose that a topological space X admits a connecting
2function, i.e. a continuous function c < [0;1JxX — «x such 

that

c(oc,x,x') = c(1,x,x') = c(0,x',x) = X

holds for all ote[0;l3 and all x,x'€X.
We say that a set ACX is convex (w.r.t. c) whenever, 

for all oie[0;1] and x,x'eX, x,x'eA implies c (<*,x,x') e A. 
The convexity consisting of all closed convex sets is referred 
to as generated by c. We have the following:

14. Proposition. If a connecting function c in a space X
generates a normal convexity and it satisfies the condition:
a. for every x,x',x1 ,x^ € X, every <*e(0;1) and
there exists e CO ; 1J such that c ( t,c ( p,x,x1 ) ,c ( p',x' ,x̂ ) ) 
belongs to hull{c (<x,x,x') ,x1 ,x^}j
then the family of all closed convex sets in X screens itself.

Proof: Given any disjoint closed convex sets F,F" take any 
disjoint closed convex sets F^,F^ such that F Sint F 1 and 
F'slnt F^, Let G be a maximal convex set including F̂  and 
disjoint from FiJ and let H and H' denote, respectively, 
the closures of G and X\G. We infer from (a) that X\G is 
convex and, by continuity of c, also H and H' are convex.

v
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Thus we have F £ H\H“, F'CH'\H and HuH' = X.

15. Proposition. If a convexity on a space X is generated 
by a connecting function c then the family of all closed 
convex sets penetrates itself.

Proof: Let F,F' be closed and convex with Fi/F' also being 
convex and let G be convex such that xeGnF and x'eGnF'; 
suppose that Gn F n F '  = 0 . Clearly, x and x' belong to dif
ferent connected components of the set H := (F\F') u (F'\F); 
on the other hand, the set cTCO;l]x{x}x{x']j is connected and 
entirely included in H, a contradiction.

16. Proposition. If a connecting function c in a compact metric 
space (X,r) satisfies the condition:
a. for every e > 0, x ^ ' ^ ^ x j e X  such that r(x,x') 4 6 and 
r(x.j,x̂ ) ^ € and every «(«[0;1] there exists (be[0;1j such
that r(c(*i,x,x1) ,c(^,x',xp) 4 6; 
then the generated convexity is normal.

In order to prove Proposition (16), it suffices to notice 
that (a) implies that, for any convex set A C X  and any £ > 0, 
also the set A£ := iy€Xl3xeA r(x,y) 4 is convex.

Dugundji C1965J and Himmelberg C1965J have proven that 
a compact metric space which admits a connecting function such 
that the corresponding convexity is local, is an AR (absolute 
retract). In this case we find out that a special case of 
Theorem (3) concerning nonempty compact metric spaces with



convexity generated by an appropriate connecting function 
occurs to be a special case of the Eilenberg-Montgomery Fixed 
Point Theorem saying that every compact metric acyclic ANR 
has the Kakutani property w.r.t. the family of all acyclic 
subsets (in our case, every nonempty convex set is acyclic, 
being even contractible).

The most common example of a connecting function obtains 
in the case where X is a convex set in a topological vector 
space: then c(oi,x,x') :=«.x + (1 -«)x' is a connecting function 
and it generates the usual convexity on X.

Here is a more original important special case of a connec
ting function: say that a metric space (Y,̂ >) is strongly convex 
in the sense of Borsuk [1959] or [1967J, p. 219, if for every 
y,yeY there exists exactly one zeY such that f(y,z) = 
f(y',z) = y(y,y')/2. If the space in question is also complete 
then for every y,yeY and every °te[0;1J there exists exactly 
one element d(<*,y,y') €Y such that f (y,d(«,y,y')) =
(1 —ot)̂> (y,y') and 5>(y',d(oc,y,y')) = <*?(y,y'). This function 
d is a connecting function (cf. Borsuk [1959J, pp. 325-326).

It is known (cf. Bing [1953]) that every metric tree can 
be metrized with a strongly convex metric. In this case, the 
convexity generated by the corresponding connecting function 
is normal while the family of all closed convex sets screens 
itself; actually, this convexity coincides with the convexity 
described in the Special Case (B).
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V. How elementary is Theorem (5)

The results in this paper rely on Theorem (5); the rest 
of the proofs is comprised of various reasonings mainly concern
ing set-theoretic relations and operations. Notice that 
Theorem (5) is a statement concerning a finite set; more 
precisely, it establishes the fixed point properties of rela
tions in this finite set. Therefore one might expect that 
Theorem (5) would have a relatively simple proof. However, 
the only proof of Theorem (5) we can offer is a reference to 
a special case of the Eilenberg-Montgomery Theorem or an 
adaptation of the proof of Eilenberg-Montgomery Theory to 
the case of Theorem (5), still involving the'roethods of 
algebraic topology.

Probably there are simple direct proofs of Theorem (5), 
recursive or combinatorial, something like a proof of Sperner 
Lemma, but their existence is an open problem. Such a result 
would allow for alternative, relatively simple proofs of thé 
results like Brouwer Theorem (obviously, in such a special 
case, the remaining part of the proof would become essentially 
simpler than our proof of the general Theorem (3)).

We shall also formulate an analogue of Theorem (5) in 
the language cf partially ordered sets (posets), Theorem (5'). 
We shall not formally prove the equivalence of Theorems (5) 
and (5') but this is clearly visible and the proof of this 
equivalence is routine.

Let X and X' be disjoint posets, let u : X ~*~X~ be 
their isomorphism and let v^XUX'. The set XuX'u{v) with 
the smallest order including X'x{v}, {( ux,x)| x€X} and the



orders in X and X' is a cone over X (Fig. 1).
A poset X is a simplex if there exists a sequence of 

posets Xq £ X 1£ ... 5  xr = X such that XQ is a singleton 
and, for i = 1 ,...,n, X̂  ̂ is a cone over •

Let X and X' be posets such that the orders in X 
and X' coincide on xnx'. The union of X and X' is the set 
Xu X” with the smallest order including the orders in X and X'.

A poset is recursively contractible if it is a simplex 
or, recursively, it is a union of two recursively contractible 
posets whose intersection is also recursively contractible 
(Fig. 2) .

A subset A of a poset X is increasing if, for any acA 
and x«X, a < x implies x«A.

let F cx«x.  rf
a. for every x«X, F(x) is recursively contractible and increasing 
and
b. for every x,xsX, x < x' implies F(x)CF(x')>
then there exists x e x  such that x„eF(x).o o o

X
Fig. 1 Fig. 2

5*. Theorem. Let X be a recursively contractible poset and

Ślubów, July 1988
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