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Abstract: This paper contains yet another attempt to sys
tematize the concepts underlying the formation and description 
of organized data sets. The basic primitive notion assumed in 
the paper is that of name set ordered by the natural selector.

A part of the paper is devoted to a classification of data 
storage media.

Several types of data structures and three kinds of storage 
mapping functions are introduced and the suitability of particu
lar kind of storage mapping for data structures of specific type# 
is considered.

There are few examples and very little practical informa
tion in the paper, which is primarily meant as an introduction 
to a way of thinking.

Streszczenie; Praca zawiera kolejną próbę określenia 
systematycznej metody budowy i opisu zorganizowanych zbiorów 
danych, wychodząc z podstawowego pojęcia zbioru nazw uporządko
wanego przez naturalny selektor.

Część pracy poświęcona jest klasyfikacji ośrodków przecho
wywania danych.

Rozważa się' kilka różnych typów struktur danych i kilka 
różnych funkcji odwzorowania (rozmieszczenia) danych w pamięci, 
zwracając uwagę na przydatność poszczególnych funkcji dla dane
go typu struktury.

Praca zawiera niewiele przykładów i mało wiadomości prak
tycznych, ponieważ jej głównym celem jest wprowadzenie do pewne- - 
go podejścia metodologicznego.
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I. Some people would ask you a number of questions: What is 
the reason for all this hullabaloo about data sets, non-numeric 
information processing, etc.? Is it not so that in the computer 
everything you do is reduced to four arithmetic and, perhaps, to 
a couple of comparing (logical) operations, performable on con
tents of specified memory locations ? What is the difference bet
ween data handling involved in solving a really big linear alge
bra problem and in, eay, file updating ?

If you do not know the answer, but feel, like I do, that 
there should be (at least) one, because you have wormed your way 
through some fiendishly complex data specifications, which you vie re 
unable (or did not have permission) to change, or because you have 
tried, by dint of toil, to produce such specifications which could 
serve as a scaffolding supporting a data-model of some real-life 
agglomerate of heterogeneous objects - then these Meditations are 
for your entertainment and, perhaps, edification.

If you do know the answer already - these Meditations are for 
your kind consideration, and your comments would be more than wel
come.

If you do not see the problem - I envy you.

II. Daturn, an elementary piece of data, appears to me as 
consisting of two inherently connected parts: its value and its 
name. The number 2.718281828459045... is not a datum yet. It 
becomes a datum only when I learn that it is the limit value
of certain infinite sequence. Thus I am inclined to consider 
lim (1 + 1/n)n as the name, and 2.718281828459045... as then ->• co

value of a datum. Hence, a datum is an affirmative statement, 
rather like saying that there is an object identifiable by its 
name and possessing the specified value.

It is important to observe, that such an ordered pair (name, 
value) may be denoted by a symbol, or a sequence of symbols.
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Equally well one can denote each of the two constituents of the
pair. Indeed, when I write "2.718281828459045" I am using nothing
but a denotation of the value, similarly, jjliĝ  (1 + 1/n)n is Just
a denotation of the na;\e. Moreover - one frequently uses the same
denotation for both constituents; in our example, the use of "e"
for this purpose is an old habit of mathematicians^who would
write both „lim (1 + 1/n)n = e, and e = 2.71828... meaning, real- n -» <x> 1
ly, "let us denote ...".

Of course, it is arguable whether the choice of the term 
"name" can be generally accepted, particularly so since many 
people would say that it diffuses the distinction between name 
and object named. It seems to be mostly a philosophical question. 
To me, an object is an external (with respect to the data proces
sing processes) entity and the datum is this statement about this
object which brings the object into our consideration. Name, as a
part of datum, distinguishes the object from other entities, is 
the selected unique property of it,and relates the object to kin
dred ones, if they exist. The value part of the datum is the col
lection of the information pertaining to the other properties of 
the object, deemed important in the data processing tasks for 
which the datum is brought forward. A value is not unique or 
specific for one datum, it can be shared by many data.

III. Data processing can be split into two major groups.
There are processes concerned with values and there are others 
concerned with data treated as indivisible wholes. Typical of the 
former group are numeric processes, typical of the latter - data 
management. In practice, the two groups are not mutually exclusive : 
reordering of a file according to a secondary key is an example, 
where on the basis of information derived from value parts of 
data (i.e. secondary keys) whole records (data) are shifted a- 
round.

Having observed this, we may, for the sake of simplicity, 
concentrate on the processes in which data are treated as wholes. 
To be quite precise - we shall concentrate on these processes 
which are concerned with data items as elements of data structures, 
assuming that the structural information can be derived exclusive
ly from the name parts of data.
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Vie shall attempt to sketch a mathematical description of /'a 
model for such tasks as data structure composition and decomposi
tion, storage mapping and information retrieval, and structural 
reordering of data structures.

IV. First we shall need a model of the data storage media, 
reflecting the well-known differences between various devices but 
free of technical particulars.

A data storage medium (dasmed) is a finite (and thus denumer- 
able) set of positions, each capable of storing certain amount of 
information. We shall use the term "cells" for positions of a das
med if all its positions are capable of storing the same amount 
of information. We shall also say that such dasmed i9 cellular.

The information content of a position is treated within the 
dasmed, and by all read/write operations concerned with the das
med, as an indivisible entity. Extracting smaller portions of in
formation calls for operations other than pure write/read. (This 
property can be made into a more or less formal definition of po
sition) .

Cellular dasmeds are usually addressable i.e. there is a 
hardware realization of a mapping from a set of integers, known 
as addresses, onto the set of dasmed’s positions (cells).

Examples. Core storage of a computer is usually organized 
as an addressable cellular dasmed. Tape storage is not usually 
cellular nor addressable. A hardware stack storage is cellular 
but not addressable.

A dasmed is non-sequential if the total read (write) time 
for any sequence of positions depends only on the number of ele
ments in the sequence, but not on the choice of positions them
selves. A dasmed is sequential if there exist sequences of po
sitions for which total read (write) time is much shorter than 
that for a randomly assembled sequence of the same number of po
sitions (or even for a sequence consisting of the same positions 
but considered in different order).

Examples. Core storage is usually a non-sequential dasmed. 
Tape storage is typically a sequential dasmed. Disc storage is 
neither sequential nor non-sequential storage(unless your notion 
of much happens to differ considerably from mine).
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A non-sequential, cellular, addressable dasmed is called 
horno^eneous. A cellular and addressable dasmed is called semi- 
homogeneous. A dasmed which is not semi-homogeneous is called 
heterogeneous.

In a typical computer installation we have all three types 
of dasmeds: homogeneous core storage, semi-homogeneous - disc or 
drum, and heterogeneous - tape storage.

The addressing facilities of the CPU, operating on the homo
geneous dasmed, induces in it certain types of structures, i.e. 
patterns of address sequences such that it is possible to access 
one by one the contents of cells with the addresses following 
these patterns using the same, unchanged, access instruction (in
dexing). It is perhaps worthwhile to observe that the address 
sequences can be constructed and used equally effectively regard
less of actual numeric values of addresses constituting them (re
lative addressing) and imposed on any area of the dasmed at wish 
(indirect addressing).

' z first, it is rather surprising to discover that inducing 
such structures in the homogeneous dasmed deprives it of its 
distinguishing property - i.e. non-sequentiality. However, the 
data processing tasks in which no order of data accessing is 
specified at any stage seem to be rather infrequent. The homo
geneity of the dasmed, permitting to induce in it quite a variety 
of structures, makes it adaptable (by software means) to a large 
class of access orderings, specified independently of any consider* 
ation connected with the dasmed itself (well, within limits, of 
course !). Thus,a homogeneous dasmed is so good not because it is 
homogeneous but because it is so versatile, lends itself so easily 
to imposition of many different types of non-homogeneity, whereas 
the non-homogeneous dasmeds have their own, hardware dictated kind 
of "preferred" sequences of positions which cannot be effectively 
changed to suit preferences of the data processing tasks.

Some day, perhaps, we shall have only the homogeneous storage. 
Nowadays, however, we have to live with all three types. Several 
software techniques permit to consider mixed dasmeds. Virtual memo- 
rjr and associated pafceini: or segmenting routines is a well estab
lished (though insuffciently investigated) technique of combining 
homogeneous and semi-homogeneous dasmeds. The resulting dasmed
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behaves for the user as a much bigger homogeneous storage with 
poorer overall response time; if the underlying software is good 
enough, the user should not, however, feel the slightest inherent 
sequentiality of the mixed dasmed.

When a heterogeneous dasmed is combined with a homogeneous 
one (like in well buffered core - tape systems) the overall 
effect to the user is like if he had a large heterogeneous dasmed 
with several "windows" of homogeneity. Such a locally homogeneous 
dasmed requires, unfortunately, that the data distribution in the 
original heterogeneous dasmed be made in such a way as to recognize 
meaningful mapping from positions into addresses. This is normal
ly achieved by means of catalogues, directories or other tables 
translating the names of data occupying positions of the hetero
geneous dasmed into some form of numerical, and thus easily con
vertible to addresses,information. Sometimes this translation is 
done in many steps,using intermediary directories,which does not 
change the validity of our general statement.

V. Consider a name space K. formed by a denumerable name set
N, special symbol !,not included in H and the natural selector<r■
which is a mapping <r : 2 -*■ H U such that

if N c H and N t  <f> then <r(N) = n, n £ N
otherwise S' (N) = !
Given any subset of names N, i.e. members of the name set H, 

we may order it by applying successively the natural selector S' :

n̂  = <r(N) ^

“1*1 - *<» - l i  >

Denote, for convenience, the sequence thus ordered by <N,<r> 
and the i-th element of it - by If the considered sub
set N is finite, there exists such an integer i* that 
<N,5-> = ¿.N, <r> £* + 1 = ... = ! . These sequences will be
truncated to first ik elements and in the following we shall 
always assume that all name subsets considered are finite.

If n ' and n ~ are both members of a name subset N we shall
write n ’-<n*if n,=<N,0-> n , t T > .  and i< k.N I K
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A very important kind of name spaces - systematic name
spaces can be introduced by requiring that if two names n ' and
n ~  both belong to two different name subsets N and M then n* n ~

N
if, and only if n X n * .

If
Thus, in a systematic name space precedence of names is in

variant of context (other names of the same name subset), and we 
may drop the denotation of the subset in which the relation ■< 
holds between two given names. This is equivalent to the follow
ing requirement: if N and M are both name subsets without common 
members HnM = 0  and n = <r(N), ,m = <T(M) then, denoting 
K = HUM, i.e. the name subsets consisting of names from N and 
those from M, we have k = « (K) = <r(̂ n, ml), or in more vagüe terms 
terms: the first name of the joined name subset is one of the 
two first names of the.original name subsets.

This property of the systematic name spaces seems so natural, 
that one may be inclined to forget entirely the non-syBtematic 
name spaces. A very trivial example, reminiscent of a renouncing 
convention in the game of bridge, proves that non-systematic name 
spaces do exist: consider, for simplicity, the name set formed 
by the names of the four suits, and the selector picking out from 
sets containing any number of names but three the "least" one,
i.e. in the order: clubs, diamonds, hearts, spades, and from 
three-names-sets the name of the only suit of its colour (e.g.
<r(hearts, spades, diamonds) = spades, whereas (T(hearts, spades) 
= hearts). This name space is not systematic, and it can be 
verified that the above mentioned property is invalid in it.

A subset N of the name set N of an systematic name space may 
be dense. This property is defined as follows. If the subset N is 
dense then from n' = <W,<S->if n'» <H .(r> i+i follows that there
is no such name n in the whole name set N which would satisfy 
n-<n-<n . Of course, the whole set N is always dense.

VI. Consider a set of simple values W. It is quite imma
terial what is the nature of these values - they may be numbers, 
syllables, records fields, etc. - as long as we stick to the rule 
that within the limits of our system the members of YT are in
divisible; they can be broken down only bv the processes analyz
ing the meaning of the values.



-  11

An ordered pair (n, v), where n is a name from the name set 
N and v is a simple value is termed a simple datum, or a datum of 
first rank.

A set of simple data $(n, v) : n«sN, veWj is termed data 
structure of rank 1, if no two elements of it have the same name 
parts. Consider now a larger set of values V, containing the set 
W and data structures, and let us extend the rank concept to data: 
Datum d whose value is a structure of rank r is. of the rank r + 1. 
A set of data (d = (n, v) : ntN, v tVi is termed data structure 
of rank r if the maximal rank of its constituent data is r and no
two elements of it have the same name parts.

For consistency we may say that simple values are structures 
of rank 0 .

The value parts of the elements of a data structure S are 
termed substructures of the first order of this structure. If S* 
is a substructure of the first order of a structure S* which, in 
turn, is a substructure of order k of the structure S, then we 
shall say that S*is a substructure of order k + 1 of the 
structure S. Since we have allowed structures as elements of the 
value set we could run into the well-known paradoxes of the in
tuitive set theory (e.g. what is the rank of a datum d whose 
value is structured from, among other data, the datum d itself.*. 
To alleviate these difficulties we shall not rely on classical 
formal treatment but shall instead prohibit formation of 
structures having itself as a substructure of any order. If we 
follow the way in which the structures are built - from the 
structures of rank 0 upwards we can see that - quit6 informally 
speaking - the constituting substructures have to be fully con
structed before they can be named and only afterwards, made into 
data, can they be assembled into a structure of a higher rank.

For technical expedience of writing we shall use following
abbreviations: the name part of datum d : (d); the value part
of datum d : f i ( d ); the datum,name part of which is n : Jn .

VII. Now we can introduce the notion of the r.air.e ordering 
of the structure.

Consider a data structure S and denote by H(S, 1) the set 
of name parts of the data whose values are first order sub
structures of S. Since IKS, 1) is a name subsetit can be or-
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dered by applications of <r t <H(S, 1),®"> . Let I1 be a set
of integers such that i <H(S, 1), i * ^ ,  is a
structure of rank "Z 1.

Let H^(S, 1), is I, be the set of name parts of the data 
whose values are first order substructures of $<H(S, 1),
The sets H^iS, 1) may again be ordered,forming CH^S, 1), f >  ; 
if the name space is systematic, H(St 2) = H^CS, 1), when
ordered <H(S, 2),0"> , will preserve mutual precedence of indi
vidual names. This process can be iteratively continued until we 
reach the level of simple data.

A structure will be called unambiguous if no name appears 
twice in the sets H(S, 1), H(S, 2), ... , H(S, r), where r is 
the rank of S.

The relation "to be a substructure of" orders data structures 
hierarchically and can easily be represented graphically: a model 
of datum is an arborescence (in the graph-theoretical sense) with 
the root representing name part of the datum, and leaves - simple 
values, i.e. substructures of the highest order. A structure is 
represented in such model as a set of arborescences and when 
named, sad thus made into the value part of a datun^becomes, to
gether with the name, a single arborescence. The well-known iso
morphism of arborescences and arrangments of non-intersecting 
circles on a plane 1 suggests yet another graphical model of data 
structures - as a set of circles, some of which contain other 
opes. In this model the circumferences represent names, internal 
parts of circles - values; a structure is represented by a set 
of disjoint circles, and a datum whose value part is a structure 
of non-zero rank is represented by a circle containing other 
circles.

If we wish, however, to consider also some ordering for sub
structures on the same hierarchical level,we can represent it as 
a permutation of the natural ordering of data constituting the 
structure. The latter is simply the sequence resulting from order
ing the data according to the ordering of the name parts by appli
cation of the natural selector.

Cf. e.g., Claude Berge, Théorie des Graphes et Ses Applications, 
Dunod, Paris 1967, p. 154.
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VIII. Three types of data structures deserve special at
tention.

1. Semi-regular data structures, i.e. unambiguous data 
structures whose name parts belong to a systematic name space.

2. Regular da ta structures, i.e. semi-regular data structures, 
for which all sets H(S, 1), H^(S, k), i*Ik. k = 1, 2, ... , r, 
are dense, all data whose name parts belong to H(S, k) are of the 
same rank and all sets H^S, k), for given k,, contain the same 
number of elements.

3. All other structures, termed, for consistency, irregular,

The common examples of semi-regular data structures are 
lists ordered on properly chosen key, of regular data structures - 
multidimensional arrays, of irregular data structures - threaded 
lists.

IX. Consider a dasmed and a set of unambiguous data structures 
S and denote by P the family of sets P of positions p. The map
ping j S -*P, assigning sets of positions to data structures 
is the storage allocation mode. Given the storage allocation X  
and a structure S, the set of dasmed positions P » if (S) is 
called allotment of S.

The meaningful storage allocation modes will be characteriz
ed by two conditions:

(i) if S' is a substructure of S then the allotment of S' 
is contained in the allotment of S : St (S*)c Jt (S)

(ii) if neither S' is a substructure of S* nor S~ - a sub
structure of S', then the allotments of S' and S~are disjoint:
Jt (s ')A  Æ(s" ) = 0 .

Storage mapping establishes a correspondence between names 
of data and positions constituting allotments of structures. The 
most general storage mapping is given by the mode of storage 
allocation. Indeed, let N be the set of name parts of data whose 
values are structures under consideration, i.e. N ={n t S » /MJn)}. 
Since, by the definition of unambiguous data structures, there is 
one-to-one correspondence between the sets N and S, the function
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yc s N P, given by the relation it (n) = 3C ( /S(Jn)) establishes 
a storage mapping function.

In many instances this is the only storage mapping function 
we can use; e.g. when we have a file of records on magnetic tape, 
or a threaded list in core memory..Using the storage allocation 
mode as a guide in finding the required information corresponds 
to the well-kncwn process of scanning the allotments one by one 
and deriving the name of data from the information recorded in the 
dasmed. As a rule, when we have to rely on the storage allocation 
mode for retrieval of required data - the recorded information 
has to contain not only the parts interpretable as values and 
names but also markers indicating the separators between allot
ments.

Por irregular data structures in any dasmeds and for any 
data structures in heterogeneous dasmeds these procedures are 
quite common.

If the dasmed under consideration is addressable, and data 
structures are at least semi-regular then we may use two more 
types of storage mapping functions.

First we may consider a direct mapping from the set of names 
of simple values into the set of addresses of dasmed cells :

A
: N -¥ A. In order to obtain useful forms of <*. we should re

quire that the allotments of simple values should all be of the 
same number of cells. This form of storage mapping is particular
ly useful for regular data structures; it can be shown that for 
such structures one can always construct ot in the form of a 
scalar product of two vectors consisting of r integer-valued 
elements each, where r is the rank of the structure. One of these 
vectors belongs to a set for which there exists one-to-one cor
respondence with the set of names of simple values (structures 
of the highest order) of our structure, the other vector is fix
ed, and numeric values of its components can be uniquely deter
mined by the analysis of the hierarchical construction of the 
structure.

Such direct mapping is commonly used and well described for 
storing rectangular multidimensional arrays, where simple values 
are named by a vector of subscripts.

Secondly, we may consider a mapping between the set of names 
of structures and the set of ordered pairs (a, <5 where a is the

-  14 -
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address of the first cell of the allotment,and £  - total number 
of cells in the given allotment : cp : N ■* (̂a,<5)j.

Function f̂> is often used in connection with semi-regular 
data structures stored in non-heterogeneous dasmeds. In practice, 
this type of the storage mapping is commonly realized in the form 
of directories or catalogues.

X. The crucial part of the above described approach is, of 
course, the notion of natural selection in the name space. An 
obvious example may explain why it is not so strange as it may 
appear. Consider any source of information - an experimental set
up, bank-teller's stand, cash register, etc. There always is at 
least one way to order the generated data (i.e. pairs "name - 
value"), and that is their sequence in time. If you have a system 
in which two or more data can be generated simultaneously, the 
name space may be non-systematicj in general>the data sets not 
necessarily are unambiguous data structures, not even data 
structures at all.

Perhaps you may straighten the situation by choosing better 
ordering for the name spaco.

The choice of the ordering relation (natural selector) is 
entirely yours and reflects your understanding of the precedence 
relation between the objects modelled by the data sets in the 
same way as your content processing routines reflect your under
standing of the functional relations between these objects.

The approach outlined in the preceding paragraphs can be 
elaborated so as to cover many details of the data handling, 
i.e. provide a more or less uniform treatment of data set de
scription and reordering, storage mapping for various types of 
data structures and dasmeds and operations on data structures.
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