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Abstract . CORSpzaHBe . Streszczenie

A synchronous process known as so called gamę of life is 
considered in the paper. It is shown that such a process can be 
realized by an entirely asynchronous process with a certain 
ability of a local self-synchronization involved.

" H r p a  XH3 HB" -  CHHXpOHHHeCKH0  OpOUeCC, KOTOpuft B0 3 M0ZH0  

BHII0JIH8TL aCHHXpOHHO

P aO o T a  K ao aeT C H  c z H x p o to r q e c K o r o  n p o n e c c a  H3 B e c T H o ro  n o n  H a3 -  

BaHHeM " n r p a  a u r a r a " .  ,HoKa3 a H o ,  * i to  Taicoft n p o n e c c  b o 3 m o x h o  b h i io j i -  

HHTB Ó6 3  HHKaKOft CKHXpOHJBaHHH OOJQrqaH TOT TUB CaMClfl p 8 3 yjIB T 8 T .

Gra "życie" jako proces synchroniczny który można 
realizować niesynchronicznie

V pracy na przykładzie tzw. gry "życie" pokazano, że proces 
synchroniczny można realizować niesynchronicznie uzyskując te
same wyniki.





1. INTRODUCTION

To explain the process of life J. von Neumann studied self- 
-reproducing automata. Several years later J. H. Conway invented 
a "game of life" which has the features suggested by J. von 
Neumann (Gardner (2]). The rules of the game are the following.

The game is played on the infinite plane lattice composed of 
unit squares (cells). Every cell can be empty or occupied. The 
game is played in successive generations, synchronously in the 
whole plane. A cell will be empty at generation n+1 if less than 2 
or more than 3 of its 8 neighbours are occupied in generation n.
A cell with exactly 2 occupied neighbours in generation n will be

, /empty in generation n+1 iff it is empty in generation n. A cell 
with exactly 3 occupied neighbours in generation n will be 
occupied in generation n+1.

It has been found that certain configurations are able to 
behave like living organisms. There is however one very unnatural 
rule of the game, namely, that it is played synchronously. Thus 
a natural question arises whether this rule can be eliminated.
In what follows we answer positively this question, constructing 
an asynchronous game which realizes the original one. The idea is1 \
as follows.



We extend the set of cell states

S « .{occupied, empty j

to the set

S'= |occupied,empty.
changing from empty to empty. ' 
changing from empty to occupied. 
changing from occupied to empty. 
changing from occupied to occupied. 
becoming empty, becoming occupiedj

by introducing intermediate states

chan̂ in/* from empty to empty,
chanr;infi from empty to occupied,

. changing from occupied to empty.
changing from occupied to occupied

called changing states, and

becoming empty, becoming occupied

called new states. The states

occupied. empty

are said to be old.
Kext, we introduce auxiliary functions

a(emoty)= a(changing from empty to empty) = 
a (changing from empty to occupied )=» 
a(becoming empty)= empty



a(occupied)» a(changing from occupied to empty)» 
a(changing from occupied to occupied)» 
a(becoming occupied)» occupied

and

b(changing from empty to empty)» 
b(changlng from occupied to empty)» 
b(becoming empty)» empty.

b(ehanging from empty to occupied)» 
b(changing from occupied to occupied)» 
b(becomlng occupied)» occupied

Finally, we formulate rules according to which every cell 
changes its old state to a changing state, then to a new state, 
and again to an old state, so as to get the resulting changes of 
old states as in the original game. These rules, which are allowed 
to be applied asynchronously, are chosen in such a way that none 
of them is applicable till the neighbours of the cell under 
consideration are not ready for such an. application. As a con
sequence, we obtain an automatic synchronization which guarantees 
that consecutive generations of old states are exactly as in the 
original game, even if different parts of a generation are 
achieved at different moments.

The rules are the following:

(1) if a cell is in an old state, and none of its neighbours. Is 
in a new state, and a(s)» occupied for the states of less 
than 2 or more than 3 of its neighbours, then it passes to 
the state changing from empty to empty (when the old state 
is empty). or to the state changing from occupied to er.pty 
(when the old state is occupied).



(2) if a cell is in an old state, and none of its neighbours is
in a new state, and a(s)« occupied for the states of exactly 2
of its neighbours, then it passes to the state changing from 
empty to empty (when the old state is empty), or to the state 
changing from'occupied to occupied (when the old state is 
occupied),

(3) if a cell is in an old state, and none of its neighbours is
in a new state, and a(s)- occupied for the states of exactly 3
of its neighbours, then it passes to the state changing from 
empty to occupied (when the, old state is empty), or to the 
state changing from occupied to occupied (when the old state 
is occupied).

(4) if a cell is in a changing state s, and none of its neighbours
is in an old state, then it passes to the state becoming empty
(when b(s)- empty). or to the state becoming occupied (when 
b(s)« occupied).

(5) if a cell is in a new state s, and none of its neighbours is
in a changing state, then it passes to the state b(s).

As we said, these rules may be applied in an arbitrary order, 
provided they are applicable. This leads to an indeterminism because 
there may be applicable rules which are in a conflict, and so only 
a single, unspecified one, of them may be applied. Thus, there may 
be a number of processes corresponding to particular runs of the 
game for the same initial conditions. We will show, however, that 
every of them determines the same sequence of generations which is 
as in the original game. In order to formulate this result precise
ly and prove it we have to characterize formally runs of the 
original and modified games.



2. MATHEMATICAL FORMULATION OF THE PROBLEM

Any particular run of the original game G can be identified 
with a function

that assigns a particular state f(t,m,n)eS to every generation

the set of integers; cells are represented by the coordinates of 
their south-west corners).

Denoting by w(t,m,n) the number of occupied neighbours of 
the cell (m,n) in generation t we can characterize such a function 
by the condition

Of course, such a run always exists and it is completely deter-

Any particular run of the modified game G' will be represented 
by a labelled graph with two types of vertices: dots and bars.
Dots will represent occurrences of situations (i.e., of states of 
particular cells) in the run. They will be labelled by the cof-

6f changes of situations and will be labelled by the corresponding 
ahanges. That a particular occurrence of a situation is a pre
condition (or one of the immediate causes) of a particular occur
rence of a change is represented by an arrow leading from the 
corresponding dot to the corresponding bar. That a particular 
'OCurrence of a situation is a postcondition (or one of the

f: NXZ

Ot£N (the set of natural numbers) and cell (m,n)eZ (Z denotes

empty if w(t,m,n)-<r2 or w(t,m,n)>3 
(G) f(t+1,m,n)=* ■ f(t,m,n) if w(t,m,n)«2

occupied if w(t,m,n)-3

mined by its initial state

responding situations. Similarly, bars will represent occurrences



immediate consequences) of a particular occurrence of a change is 
represented by an arrow leading from the corresponding bar to the 
corresponding dot.

For exanple, if:
- occurrences xQ Q, x1 1 of situations (s0,0;0), (s.j,1,1) of the 
cells (0,0), (1,1) are preconditions of an occurrence yQ Q of 
a change (s0,Sq ,0,0) of the state 8q of the cell (0,0) to a 
state 8̂ ,

- occurrences x^ q, x  ̂ 1 of the situations (Sq,0,0), (s1t1,1) are 
postconditions of yQ Q,

- the occurrences x^ q, x  ̂ 1f and an occurrence x£ 2 of a situation 
(s2,2,2) of the cell (2,2) are preconditions of an occurrence
y1 1 of a change (s.|,s!j,1,1) of the state s1 of the cell (1,1) 
to a state ŝ ,

- occurrences Xq 'q, x^'i» x2 2  of the si'tua'tions (e^,0,0), (s^,1,1), 
(s?,2,2) of the cells (0,0), (1,1), (2,2) are postconditions

o f  * 1 ,1
then we have in the suitable graph



and the labelling is
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(s2 ,2)

, 1. 1)

( s 2, 2, 2)

 ̂ ' '

Of course, all the possible runs of G' must have certain 
local properties reflecting what we mean by a run of G'. These 
properties will be formulated as certain conditions which must 
be satisfied by labelled graphs representing runs of G*.

Namely, by a run of G' we mean an ordered quintuple

(X,Y,pre,post,Ii)

such that:

(G'1) X,Y are disjoint sets; the elements of X are said to be 
situation occurrences; the elements of Y are said to be 
change occurrences,

(G*2) pre £  X*Of, post s  YxX are binary relations such that
pre(x,y) and pjst(y,x') implies x/ix'; a situation occur
rence x is s^id to be a precondition (postcondition) of 
a change occurrence y if pre(x,y) (resp. post(y,x)),



—» 2—

(G'3) if yi,y2 are different change occurrences then there is no 
situation occurrence x such that pre(x,y.j) and pre(x,y2), 
or po3t(y^,x) and post(y2,x),

(G'4) the reflexive and transitive closure of the following 
relation between situation occurrences:
"there is y€Y such that pre(x.j,y) and post(y,x2)" 

is a partial ordering of X, and for this ordering all the 
sets (x'cX: x'^x) corresponding to xeX are finite,

(G'5) L is a function from XUY into Si<Z2US'>: Z2 such1 that 
1(X) £ S'xZ2 and l(Y) C S'^< Z2; every (s,m,n) € S'xZ2 is 
said to be a situation (of the cell (m,n)); it represents 
the fact that the cell (m,n) is in the state s; if 
l(x)=(s,m,n) then x is £aid to be an occurrence of the 
situation (s.m.n): similarly, every (s,s',m,n)€ S'^< Z2 iB 
said to be a change (of the state of the cell (m,n)); it 
represents a transfer of the cell (m,n) from the state s 
to the state s'; If I,(y)=(s,8',m,n) then y is said to be 
an occurrence of the change (s.s'.m.n).

(G'6) for every cell (ra,n) there is exactly one minimal element 
of X which is an occurrence of a situation (s,m,n); s is 
then an old state; there are no other minimal elements in X,

(G'7) every occurrence yeY of a change (s,s',m,n) has exactly 9 
preconditions x^CX, i,j* -1,0,1, and exactly 9 postcon
ditions x^6X, i»j= -1,0,1; they are occurrences of 
situations (s^^fm+i,n+j) and (8ij ,m+i,n+j) respectively, 
s,. if or ĵ O, Sqq*3, sp0»s', and the change of the
state s of the cell (m,n) to the state s' is a change 
according to the rules (1) - (5).

I



(G*8) there are no maximal elements x^ei, i,j= -1,0,1, 6ucx.
that I(xi;j) = (ai;jfm+i,n+j) and there is a rule among (1) -
(5) which is applicable when the cell (m,n) is in the state 
sQ0 and its neighbours (m+i.n+j) are in the states s^.

As an example we may take a run which starts with synchronous 
changes of the states of all the cells (3m,3n), and then goes 
successively through synchronous changes of the states of all the 
cells: (3m-1,3n-1), (3m,3n-1), (3m+1,3n-1), (3m+1,3n), (3m+1,3n+1), 
(3m,3n+1), (3m-1,3n+1), (3m-1,3n), (3m,3n), and so on, as it is 
shown in the following scheme.

the first step

\\
the second step

^  I✓ I



(
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We can put:

i(9k+1 )»i(9k+7 )«i(9k+8)«j(9k+1 )*3(9k+2 )«;j (9k+3)= -1 
i(9k)-i(9k+2)=i(9k+6)-j(9k)=j(91c+4)=o(9k+8)- 0 
i(9k+3)-i(9k+4)-i(9k+5)«j(9k+5)=3(9k+6)«j(9k+7)- 1

and define:

Y“ Uo7i',, 2 , . . . { ° M t }K{(m' n )e  z2j (3ktl)(® *3k+i(t) ,n=31+j(t))}

pre((t,m,n),(0,t',p,q)) iff t-t', |m-p|<.1, and |n-ql^1
post((0, t',p, q), (t,m,n)) iff t=t'+1, |m-p|^1, and )n-q|^1 
for (t,m,n) € TC, (0, t' ,p,q) € Y,

L((0,m,n))=(s,m,n) with an old state s

L((0,t,m,n))=(s,s',m,n) with a state s satisfying (s,m,n)=
Ii((t,m,n)) and a state s' chosen 
according to the rules (1) - (5) 
for every (m,n) of the form 
(3k+i(t),31+j(t))

L((t,m,n)) for every (m,n) not of the form 
2i( (t+1 ,ra,n))» , (3k+i(t), 31+j (t))

(s',m,n) with s' satisfying (s,s',m,n)= 
i((0,t,m,n)) for every (m,n) of 
the form (3k+i(t),31+0(t))

It is easy to check that (G'1) - (c'8) are then satisfied.
Thus, there exists a run ? of G' in our sense, which means 

that (G'1) - (G'8) are consistent. However, there may be also many 
other runs, and in this number asynchronous ones.
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Now, our problem is the problem of defining a run f of G in 
any run P of G'. In other words, we should say what means for a 
cell (m,n) to be in the t-th of its old states in P, and conside
ring this state as the state f(t,m,n) in the t-th generation to 
check whether state changes from generation to generation are then 
as in G. More precisely, we should define f in terms of X,Y,pre, 
post,L and show that this f satisfies (G) if X,Y,pre,post,L satisfy 
(G*1) - (G'8). T o do bo we need some particular properties of P 
which can be derived from (G'1) - (G'8).

3. PROPERTIES OF RUNS OF THE MODIFIED CAME

Proposition 1 There is no occurrence of a new (old, changing)
state of a cell among the preconditions of an occurrence of a
change from an old (resp. changing, new) state to a changing (resp. 
new, old) state.

This property is a direct consequence of (G'7).

Proposition 2 The set C(m,n) of all the occurrences of situ
ations of a cell (m,n) is a chain.

i

Proof. Let x.|£.C(m,n) and x2eC(m,n). Due to (G'4), the sets 
{xfX: {xeX: x^x2} are finite. On the strength of (G'3)
and (G'7) any element of C(m,n) has at most one immediate prede
cessor and successor in C(m',n). If x1 is not a minimal element of X 
then, by (G'4), there is exactly one immediate predecessor of 
in C(m,n), and-it is a minimal element of X or has exactly one im
mediate predecessor in C(m,n)-, and so on. Similarly for x2> Thus,

ithere are two finite chains of consecutive elements of C(m,n), and
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due to (G'6) these chains have the same initial element, and thus 
one of the chains is a part of the other. Hence, x1 is an element 
of the chain leading to x2 and x1^ x 2, or conversely. x

Proposition 3 Every sequence of consecutive occurrences of 
the same situation of a cell is finite.

Proof. On the strength of (G'7), a new occurrence of the same 
situation (s,m,n) of a cell (m,n) may appear only because of an 
occurrence of a change of the situation of a neighbour of (m,n). 
Due to the rules (1) - (5), property (G'7), and proposition 1, 
there may be only a finite number of such changes. On the other 
hand, there is only a finite number of neighbours of (m,n), and 
hence the total number of changes leading to a new occurrence, of- 
(s,m,n) is finite. x

Proposition 4 There are no maximal elements in X.

Proof. If there was a maximal element x in X, say an occur
rence of an old state s of a cell (m,n), then every chain C(m',n') 
of occurrences of situations of a neighbour (m',n') of (m,n) 
would be finite. This would be because all the occurrences of 
changes of situations of (m',n') would have preconditions earlier 
than x.

Thus, every chain C(^'fn') of occurrences of situations of a 
neighbour (n',n') of (m,n) has a maximal element. This element is 
obviously a maximal element of X too. On the strength of (G'8), 
at least one of such maximal elements must be an occurrence x' of 
a situation of a neighbour (m',n') of (m,n) with a new state s' 
(otherwise a rule is applicable and x can not be maximal).

Row, there must be occurrences y,y' of changes of the states 
of (m,n) and (m',n'"), a chain x,j,...,Xp of consecutive occurrences

% 1
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of a situation (s1tm,n) of (ro,n) with a new state s.j, a chain • 
xp+1* * * *,xp+q“x of consecutive occurrences of the situation (s,m,n), 
and a chain x^,...,x£,x£+1,...,x£+1=x' of consecutive occurrences 
of the situation (s',m',n'), such that postiy'.x^ and post(y',x'), 
P r e ( x p , y )  and pre(x£,y), post(y,xp+1) and post(y,x'+1).

occurrences 
of (s1fm,n)

occurrences

r-y'

occurrences 
► of (s',m',n')

p+1 ■’hc+l

x“xp+1 . xk+l“x

In particular, xpx' have predecessors u,u' such that u>-u'.
Applying a similar argumentation to x' which is maximal, then 

to a maximal x" obtained as previously, and so on, we get an in
finite sequence of maximal elements x,x',x",... which have prede
cessors u >u'>■ u">-... . But this is in a contradiction with (G'4) . *

Proposition 5 E^ery chain C(m,n) of the occurrences of situ
ations of a cell (m,n) is infinite.

Proof. If x were maximal in C(m,n) then it would be maximal 
ih-X (otherwise there would be an occurrence of a state change of 
a neighbour of (m,n) with x among the preconditions, and thus x 
could not be maximal in C(m,n)). *
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4. DEFINING A RUN OF THE ORIGINAL GAME IN A RUN OF THE MODIFIED 
CAKE

Now we are ready to define a function f satisfying (G) (and 
thus representing a run of G) for any structure P satisfying 
(G'1) - (G'8) (and representing a run of G').

As we already know, all the occurrences of situations of a 
cell (m,n) form a chain. This chain is a disjoint union of non- 
-overlaping segments, where every segment consists of consecutive 
occurrences of a particular situation. The segments are ordered 
in the following way:
- a segment of occurrences of a situation with an old state,
- a segment of occurrences of a situation with a changing state,
- a segment of occurrences of a situation with a new state,
- a segment of occurrences of a situation with an old state,
and so on.
Let D(old,t.m,n) (resp. D(changing.t.m.n), D(new.t.m.n)) be the 
t-th of the segments of occurrences of a situation with an old 
state (resp. changing, and new state). Let state(t.m.n) be the 
state of the situation that has occurrences in D(old,t.m.n). We 
call it the state in the t-th generation.

We define a function

f: Nxz 2— > S
pputting f(t,m,n)= state(t.m.n) for every t € N, (m,n)CZ . Then 

our main result can be formulated as follows.

Theorem The function f satisfies the condition (G).
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Proof. First, we shall show that every change occurrence which 
leads from D(old.t.m.n) to D(changing,t.m.n) has all the precon
ditions in D(old. t.m+i.n+,1) or D(changing. t.m+ i.n+ .1). where 
(m+i,n+j) are neighbours of (jn,n), i.e., i,j= -1,0,1.

This is true for t=0 because the only possible state changes 
of neighbours of (m,n) are from an old state to a changing state 
if (m,n) remains in an old state.

If the statement is true for t^u and (m+i,n+j) is a neighbour 
of (m,n) then there are:

occurrences y.|,y2,yj,y4 of state changes of (m,n), 
occurrences ŷ  T>f state changes of (m+i,n+j),
consecutive occurrences x^,...,x. of situations of (m,n), 
consecutive occurrences x^,...,x^ of situations of (m+i,n+j) 

such that:
x1€ D(old,u,m,n), 6 D(changlng.u.m.n). . ;
pre(*1 ,y1), pre(x£ .y^, post(y., ,x2), post(y1 ,x'^+1),

*k Cl>( changing, u,m,n), *ki + i € D(new.u.m.n),

P«(xki.y2). pre(x* ̂ ,y2), post(y2,xk +̂1), post(y2,x' ̂ + 1),

xk € D(new,u,m,n), xk +1 6 D(old,u+1,m,n),

pre(xk^,y5), pre(x'^,y5), post(y5,xk^+1), post(y5,x'^+1),

xk-1 € D(old,u+1,m,n), x^ e D(changlng.u+1,m,n),

pre(xk_1ty4), pre(xl_1,y4), post(y4,xk), post(y4,x')

with 2 £ k1 <r k2 < k-1, 1 ̂  1., < 12 < 1-1, and:

ŷ  leading from P(old,u,m+l,n+j) to D(changing,u,m+i,n+3) 
and having pre- and postconditions between x̂  and x^,

y2 leading from D(changing,u,m+i,n+j) to D(new,u,D+l,n+j)
and having pre- and postconditions between x̂  A and x̂  ,

A0 1 2

/
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y^ leading from Dtnew.u.m+i.n+j) to D(old,u+1 ,ni+i,n+j) 
and having pre- and postconditions between x^ and x^-l’

y^ leading from D(old,u+1 ,m+i,n+j) to D(changing.u+1.m+ i.n+ .1) 
and having preconditions not earlier than x^ +1,

and with a change from D(changing;.u+1.m+1.n+ .1) to
D(new,u+1,m+i,n+j) having preconditions not earlier than x̂ , as it
is shown in the scheme below.

y2-

y4-

x': old

x1 :oLd x.
1 —  _ _ f o

x2:changing x' ^
. 0« •• •

x,.: changing
I'M

1;-------- r
+ *1., + 1

• •• •
xv :new xi
I 2 I 2 ^t i. .
k0+1sold x

Xk_i:£ld

i

. 12+1

1-1

x^;changing x̂

y^: from old to changing

y£: from changing to new

y :̂ from new to old

y^: from old to changing

.from changing to new

N
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In consequence, the statement is true for t=u+1, and thus it 
is true for all t€K.

Now, it is easy to see that for every change occurrence y 
leading from sin occurrence x eD(old. t.m.n) of a situation (s,m,n) 
to an occurrence x'e Dfchanging,t.m.n) Of a situation (s',m,n) 
the following is true:

*(■')«
empty if v(y)<2 or v(y)>3 
a(8) if v(y)=2 
occupied if v(y)»3

where v(y) is the total number of the preconditions of y which 
are occurrences of cell states s" with a(s'*)-occupled.

But we have afs^-aisj) for every s^Sg such that (s1 ,ra+i,n+j) = 
I ^ ) ,  (s2,m+i,n+j)-L(x2), x1 £ D(old, t,m+i,n+ j), and 
Xq € DCchanglng.t.m+l.n+j), and thus, due to proposition 1, v(y) is 
the number of those neighbours (m+i,n+j) of (m,n) which have an 
occurrence x € D(old,t,m+i,n+ j) of the situation (occupied.m+1.n+ .1). 
On the other hand, there are only the possibilities: to change s' 
into becoming empty and then into empty (if b(s')=empty), or into 
becoming occupied and then into occupied (if b(s')=occupled). Thus, 
on the strength of the proved property, we come to the conclusion 
that f satisfies (G). *

Corollary If the initial states of cells in a run P of G' 
are the same as in another run P1 of G' then the runs f,f1 of G 
defined in P»P-| are identical.

Proof. If P and P1 have the same initial states of cells then 
the initial states f|{o/xZ2, fJ {o}xZ2 of f and f1 are also the 
same. On the other hand, f and f1 satisfy (G), and thus they are 
uniquely determined by f[ {oJ*Z2 and fJ {ojxZ2. *



5. COMMENTS AND CONCLUSIONS

The obtained result shows a possibility to avoid a global 
synchronization of processes which take place in a space, and to 
preserve still their essential features. This can be done by a 
sort of local synchronization, expressed in terms of certain 
local rules, if changes occurring depend on states of.small pieces 
.of space only. One may expect, for instance, that a possibility 
like this exists in systems of cellular automata (see (1) [3]).
If it is so then the standard assumption that such automata are 
acting synchronously is justified, being inessential but very 
convenient from the technical point of view.

It is perhaps worth to emphasize that the result vas obtained 
due to making use of a new concept of a non-sequential process.
The main feature of this concept is that processes are considered 
as joneisting of partially ordered occurrences of situations and 
changes, as it was suggested in Winkowski (4J.
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